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iv PREFACE. 

be to call into exercise, to discipline, and to invigorate the 
poweid of the niind. It is the logic of the mathematics which 
constitutes their principal value, as a part of a course of col- 
legiate instruction. The time and attention devoted to them, 
is for the purpose of forming sound reasonersy rather than ex- 
pert mathematicians. To accomplish this object it is neces- 
sary that the principles be clearly explained and demonstra- 
ted, and that the several parts be arranged in such a manner, 
as to show the dependence of one upon another. The whole 
should be so conducted, as to keep the reasoning powers in 
continual exercise, without greatly fatiguing them. No 
other subject affords a better opportunity for exemplifying the 
rules of correct thinking. A more finished specimen of clear 
and exact logic has, perhaps, never been produced, than the 
Elements of Geometry by Euclid. 

It may be thought, by some, to be unwise to form our gen- 
eral habits of arguing, on the model of a science in which 
the inquiries are accompanied with absolute certainty; while 
the common business of life must be conducted upon probable 
evidence, and not upon principles which admit of complete 
demonstration. There would be weight in this objection, if 
the attention were confined to the pure mathematics. But 
when these are connected with the physical sciences, astro- 
nomy, chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment upon all the various de- 
grees of probability which occur in the concerns of life. 

So far as it is desirable to form a taste for mathematical 
studies, it is important that the books by which the student is 
first introduced to an acquaintance with these subjects, should 
not be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken interest, by rhetorical ele- 
gance, by exciting the passions, or by presenting images to 
the imagination. The beauty of the mathematics depends 
on the distinctness of the objects of inquiry, the symmetry of 
their relations, the luminous nature of the arguments, and the 
certainty of the. conclusions. But how is this beauty to be 
perceived, in a work which is so much abridged, that the 
chain of reasoning is often interrupted, important demonstra- 
tions omitted, and the transitions from one subject to another 
so abrupt, as to keep their connections and dependencies out 
of view.? 

It may not be necessary to state every proposition and its 
proof, with all the formality which is so strictly adhered to 
by Euclid ; as it is not essential to a logical argument, that 
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as these are acquired, he should be guided in his inquiries by 
the genius and spirit of original authors. 

In the selection of materials, those articles have been 
taken which have a practical application, and which are pre- 
paratory to succeeding parts of the mathematics, philosophy, 
and astronomy. The object has not been to introduce ori^ 
ginal mailer. In the mathematics, which have been cultiva^ 
ted with success from the days of Pythagoras, and in which 
the principles already established are sufficient to occupy the 
most active mind for years, the parts to which the student 
ought ^r^f to attend, are not those recently discovered. Free 
use has been made of the works of Newton, Maclaurin, 
Saunderson, Simpson, Euler, Emerson, Lacroix, and others, 
but in a way that rendered it inconvenient to refer to them, 
in particular instances. The proper field for the display of 
mathematical geniusy is in the region of invention. But 
what is requisite for an elementary work, is to collect, ar^ 
range and illustrate, materials already provided. However 
humble this emplo)anent, he ought patiently to submit to it, 
whose object is to instruct, not those who ha\^e made consid« 
erable progress in the mathematics, but those who are just 
commencing the study. Original discoveries are not for the 
benefit of beginners^ though they may.be of great importance 
to the advancement of science. 

The arrangement of the parts is such, that the explanation 
of one is not made«to depend on another which is to follow* 
The addition, multiplication, and division of powers^ for in-» 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap- 
plications to particular cases may not, always, be readily un- 
derstood. On the other hand, if they are very numerous, 
they become tedious and burdensome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explained and applied, in subordinate 
articles. 

A particular demonstration is sometimes substituted for a 
general one, when the application of the principle to other 
cases is obvious. The examples are not often taken from 
philosophical subjects, as the learner is supposed to be fa- 
miliar with none of the sciences except arithmetic. In treat- 
ing of negative quantities, frequent references are made to 
mercantile concerns, to debt, and credit, &c. These are 
merely for the purpose of illustration. The whole doctrine 
of negatives is made to depend on the single principle, that 
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2 MATHEMATICS. 

length, breadth, and thickness. But motum^ though a quan- 
tity, is not, strictly speaking, a magnitude. It has neither 
length, breadth, nor thickness.* 

6. Trigonometry and Conic Sections are branches of 
the mathematics, in which the principles of geometry are 
applied to triangles, and the sections of a cone. 

7. Mathematics are either pure or mixed. In pure mathe- 
matics, quantities are considered, independently of any sub- 
stances actually existing. But, in mixed mathematics, the 
relations of quantities are investigated, in connection with 
some of the properties of matter, or with reference to the 
common transactions of business. Thus, in Surveying, 
mathematical principles are applied to the measuring of 
land ; in Optics, to the properties of light ; and in Astrono- 
my, to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguished, for the clearness and distinctness of it^ princi- 
ples ; and the irresistible conviction, which they carry to the 
mind of every one who is once made acquainted with them. 
This is to be ascribed, partly to the nature of the subjects, 
and partly to the exactness of the definitions, the axioms, 
and the demonstrations. 

9. The foundation of all mathematical knowledge must 
be laid in definitions. A definition is an explanation of what 
is meant, by any word or phrase. Thus, an equilateral tri- 
angle is defined, by saying, that it is a figure bounded by 
three equal sides. 

It is essential to a complete definition, that it perfectly dis- 
tinguish the thing defined, from every thing else. On many 
subjects it is difllicult to give such precision to language, that 
it shall convey, to every hearer or reader^ exactly the same 
ideas. But, in the mathematics, the piincipal terms may be 
BO defined, as not to leave room for the least difierence of 
apprehension, respecting their meaning. All must be agieed, 
as to the nature of a circle, a square, and a triangle, when 
they have once learned the definitions of these figures. 

Under the head of definitions, may. be included explana- 
tions of the characters which are used to denote the relations 
of quantities. Thus the character \/ is explained or defined, 
hy saying that it signifies the same as the words square root. 

1 0. Tlie next step, after becoming acquainted with the 
meaning of mathematical teniis, is to bring them together, in 

* Some writers, however, use magnitude as synonymous with quantity 
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4 MATHEMATICS. 

16 When that which is required to be done, is so easy, as 
to be obvious to every one, without an explanation, it is call- 
ed a postulate. Of this nature is the drawing of a straight 
line, from one point to another. 

17. A quantity is said to be giveriy when it is either sup- 
posed to be already knovm^ or is made a conditiony in the 
statement of any theorem or problem. In the rule of pro- 
portion in arithmetic, for instance, three terms must be given 
to enable us to find a fourth. These three terms are the 
data^ upon which the calculation is founded. If we are re- 
quired to find the number of acres, in a circular island ten 
miles in circumference, the circular figure, and the length of 
the circumference are the data. They are said to be given 
by suppositiony that is, by the conditions of the problem. A 
quantity is also said to be given, when it may be directly and 
easily iirferred fi-om something else which is given. Thus, if 
two numbers are given, their sum is given; because it is ob- 
tained, by merely adding the numbers together. 

In Geometry, a quantity may be given, either in posi^ion^ 
or fnagnituuky or both. A line is given in position, when its 
rituation and direction are known. It is given in magnitude, 
when its length is known. A circle is given in position, when 
die place of its centre is known. It is given in magnitude^ 
when the length of its diameter is known. 

18. One proposition is contrary , or contradictory to another, 
when, what is aflinned, in the one, is denied, in the other. 
A proposition and its contrary, can never both be true. It 
cannot be true, that two given lines are equal, and that they 
are not equal, at the same time. 

19. One proposition is the converse of another, when the 
order is inverted ; so that, what is given or supposed in the 
6rst, becomes the conclusion in the last; and what is given 
in the last, is the conclusion, in th$ first. Thus, it can be 
proved, first, that if the sides of a triangle are equal, the an- 
gles are equal ; and secondly, that if the angles are equal, 
the sides are equal. Here, in the first proposition, the equal- 
ity of the sides is given ; and the equality of the angles in^ 
f erred: in the second, the equality of the angles is given, and 
the equality of the sides infen*ed. In many instances, a pro- 
Dosition and its converse are both true ; as in the preceding 
example. But this is not always the case. A circle is a 
figure bounded by a curve ; but a figure bounded by a curve 
.s not of course a circle. 






t MATHEMATICS. 

SI. It is trae, that, in nfiany of the branches which have 
been mentioned, the ordinary business is frequently trans- 
acted, and the mechanical operations performed, by persons 
who have not been regularly instructed in a course of mathe- 
matics. Machines are framed, lands are surveyed, and ships 
are steered, by men who have never thoroughly investigated 
the principles, which lie at the foundation of their respective 
arts. The reason of this is, that the methods of proceeding, 
in their several occupations, have been pointed out to them, 
by the genius and labor of others. The mechanic often 
works by rules, which men of science have provided for his 
use, and of which he knows nothing more, than the practical 
appUcation. The mariner calculates his longitude by tables, 
for which he is indebted to mathematicians and astronomers 
of no ordinary attainments. In this manner, even the ab- 
struse pai'ts of the mathematics are made to contribute their 
Hid to the common arts of life. 

22. But an additional and more important advantage, to 
persons of liberal education, is to be found, in the enlarge- 
ment and improvement of the reasoning powers. The mind, 
like the body, acquires strength by exertion. The art of 
reasoning, like other arts, is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- 
dies are pecuUarly fitted for this discipline of the mind. 
They are calculated to form it to habits of fixed attention ; 
of sagacity, in detecting sophistry ; of caution, in the admi^* 
sion of proof ; of dexterity, in the arrangement of arguments ; 
and of skill, in making all the parts of a long continued pro- 
cess tend to a result, in which the truth is clearly and firmly 
established. When a habit of close and accurate thinking 
is thus acquired, it may be applied to any subject, on which 
a man of letters or of business may be called to employ his 
talents. " The youth," says Plato, " who are furnished with 
mathematical knowledge, are prompt and quick, at all other 
sciences." 

It is not pretended, that an attention to other objects of 
inquiry is rendered unnecessary, by the study of the mathe- 
matics. It is not their office, to lay before us historical facts ; 
to teach the principles of morals ; to store the fancy with 
brilliant images ; or to enable us to speak and write with 
rhetorical vigor and elegance. Tlie beneficial effects which 
they produce oh the mind, are to be seen, principally, in the 
regulation and increased energy of the reasoning povoers 
These they are calculated to call into frequent and vigorous 
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SECTION I. 

NOTATION, NEGATIVE aUANTITDES, AXIOMS, &e. 

Art. 23. ALGEBRA may be defined, a general method 

OF INVESTIGATING THE RELATIONS OF QUANTITIES, BY LET- 
TERS, AND OTHER SYMBOLS. This, it must be acknowledged, 
is an imperfect account of the subject; as every account 
must necessarily be, which is comprised in the compass of a 
definition. Its real nature is to be learned, rather by an 
attentive examination of its parts, than from any summary 
description. 

The solutions in Algebra, are of a more general nature 
than those in common Arithmetic. The latter relate to par- 
ticular numbers; the former to whole classes of quantities. 
On this account. Algebra has been termed a kind of universal 
Arithmetic. The generality of its solutions is principally 
owing to the use of letters^ instead of numeral figures, to 
express the several quantities which are subjected to calcula- , 
tion. In Arithmetic, when a problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algebraic solution 
may be equally applicable to all other quantities which have 
the same relations. This important advantage is owing to 
the diflTerence between the customary use of figures, and the 
manner in which letters are employed in Algebra. One of ^ 
the nine digits, invariably expresses the same number: but a 
letter may be put for any number whatever. The figure 8 
always signifies eight ; the figure 5, five, &c. And, though 
one of the digits, in connection with others, may have a lQca$ 
value, diflferent from its simple value when alone ; yet the 
same combination always expresses the same number. Thus 
263 has one uniform signification. And this is the case with 
every other combination of figures. But in Algebra, a letter 
may stand for any quantity which we wish it to represent. 
Thus b may be put for 2, or 10, or 60, or 1000. It must no< 
be understood from this, however, that the letter has no de 



NOTATION. 9 

terminate value. Its value is fixed for the occasion. Foi 
the present purpose, it remains unaltered. But on a different 
occasion, the same letter may be put for any other number. 
A calculation may be gieatly abridged by the use of let- 
ters; especially when very large numbers are concerned. 
And when several such numbers are to be combined, as in 
multiplication, the process becomes extremely tedious. But 
a single letter may be put for a large number, as well as 
for a small one. The numbers 26347297, 68347823, and 
27462498, for instance, may be expressed by the letters, i, c, 
and d. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, in the form of a word, and the product will be sim- 
ply bed. Thus in Algebra, much of the labor of calcula- 
tion may be saved, by the rapidity of the operations. Solu- 
tions are sometimes effected, in the compass of a few lines, 
which, in common Arithmetic, must be extended through 
many pages. 

24. Another advantage obtained from the notation by let- 
ters instead of figures, is, that the several quantities which 
are brought into calculation, may be preserved xC^i^^nct Jram 
each other.; though carried through a number of complicated 
processes ; whereas, in arithmetic, they are so- blended to- 
gether, that no trace is left of what they were, before the 
operation began. 

25. Algel^a differs farther from arithmetic, in making use 
of unknown quantities, in canying on its operations. In 
arithmetic, all the quantities which enter inio a calculation 
must be known. For they are expressed in numbers. And 
every number must necessarily be a determinate quantity. 
But in Algebra, a letter n?ay be put for a quantity, before 
its value has been ascertained. And yet it may have such 
relations to other quantities, with which it is connected, as 
to answer an uuportant purpose in the calculation. 

NOTATION. 

26. To facilitate the investigations in algebra, the seveial 
steps of the reasoning, instead of being expressed in toords^ 
are translated into the language of signs and symbols, which 
may be considered as a species of short-hand. This serves 
to place the quantities and their relations distinctly before 
the eye, and to bring them all into view at once. They arc 
thus more readily compared and xmderstood, than when ro- 

a* 



10 ALGEBRA. , 

moved at a distance from each other, as in the common 
mode of writing. But before any one can avail himself of 
this advantage, he must become perfectly familiar with the 
new language. 

27. The quantities in algebra, as has been already ob- 
served, are generally expressed by ktters. The first letters of 
the Alphabet are used to represent knavm quantities ; and 
the last letters, those which are unknovm. Sometimes the 
quantities, instead of being expressed by letters, are set down 
in figures, as in common aritlmietic. 

28. Besides the letters and figures, there are certain char- 
acters used, to indicate the relations of the quantities, or the 
operations which are performed with them. Among these 
are the signs -f- a.nd — , which are read plus and minus^ or 
more and less. The former is prefixed to quantities which 
are to be added; the latter, to those which are to be sub^ 
traded. Thus a^b signifies that b is to be added to a. It 
is read a plus 6, or a added to 6, or a and b. If the expres- 
sion be a-i, i. e. a minus (; it indicates that b is to be sub- 
tracted from a. 

29. The sign -)- is prefixed to quantities which are con- 
sidered as ajfirmative or positive ; and the sign — j to those 
which are supposed to be negative. For the nature of this 
distinction, see art. 54. 

All the quantities which enter into an algebraic process, 
are considered, for the purposes of calculation, as either posi- 
tive or negative. Before the first one, unless it be negative, 
the sign is generally omitted. But it is always to be under- 
stood. Thus a-^b, is the same as -j-o-f-b. 

30. Sometimes both + and — are prefixed to the same 
letter. The sign is then said to be ambiguous. Thus a+b 
signifies that in certain cases, comprehended in a general so- 
lution, b is to be added to a, and in other cases subtracted 
from it. 

31. When it is intended to express the difference between 
two quantities without deciding which is the one to be sub- 
tracted, the character tf> or -*- is used. Thus a^b, or aa^b 
denotes the difference between a and b, without determining 
whether a is to be subtracted from b, or b from a. 

32. The equality between two quantities or sets of quanti- 
ties is expressed by parallel lines =. Thus a-^b^d sig- 
nifies that a and b together are equal to d. And 04-^'=^ 
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=r(-f-g:=& Signifies that a and d equal Cj which is equal tc 
6 and g-, which are equal to h. So 8-f-4=16-4=10-|-2= 
7+2+3=12. 

33. When the first of the two quantities compared, is 
greater than the other, the character^ is placed between 
them. Thus a>6 signifies that a is greater than 6. 

If the first is less than the other, the character < is used ; 
as a<Ch; i. e. a is less than b. In both cases, the quantity 
towards which the character opensy is greater than the other. 

34. A numeral figure is often prefixed to a letter. This 
is called a co-efficient. It shows how often the quantity ex- 
pressed by the letter is to be taken. Thus 26 signifies twice 
h ; and 96, 9 times 6, or 9 multiplied into 6. 

The co-eflicient may be either a whole number or a flec- 
tion. Thus §6 is two-thirds of h. When the co-efficient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la; i. e. once a. 

35. The co-efficient may be a letter^ as well as a figure. 
In the quantity mh^ m may be considered the co-efficient of 
b; because 6 is to be taken as many times as there are units 
in m. If m stands for 6, then mb is 6 times b. In 3a6c, 3 
may be considered as the co-efficient of abc; 3a the co-effi- 
cient of &c; or Sa6, the co-efficient of c. See art 42. 

36. A simple quantity is either a single letter or number, 
or several letters connected together without the signs -f- 
and-. Thus a, a6, abd and Sb are each of them simple 
quantities. A compound quantity consists of a number of 
simple quantities connected by the sign + or - . Thus a+ 
6, d - y, t - (I+3A, are each compound quantities. The mem- 
bers of which it is composed are called terms, 

37. If there are two tenns in a compound quantity, it is 
called a binomial. Thus a+6 and a-b are binomials. The 
latter is also called a residtuxl quantity, because it expresses 
the difference of two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three tenns, is sometimes called a trinomicd; one of four terms, 
a quadrinomialj &c. 

38. When the several members of a compound quantity 
are to be subjected to the same operation, they are fi-equent- 

ly connected by a line called a vinculum. Thus a-6+c 
shows that the sum of b and c is to be subtracted flrom a. But 
a-6+c signifies that b only is to be subtracted from a 
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while c is to be added. The sum of c and dy subtracted 

from the sum of a and 6, is c^b - c-\-d. The marks' used 
for parentheses, ( ), are often substituted instead of a line, for 

a vinculum. Thus x - {a+c) is the same as a? - a-\'C. The 
equality of two sets of quantities is expressed, without using 
a vinculum. Thus a+6=:c-f-d signifies, not that b is equal 
to c; but that the sum of a and b is equal to the sum of c 
and.d. 

39. A single letter, or a number of letters, representing any 
quantities with their relations, is called an algebraic express 
Stan; and sometimes a formula. Thus a-f-64-3d is an 
algebraic expression. 

40. The character x denotes multiplication. Thus ax& 
is a multiplied into b: and 6x3 is 6 times 3, or 6 into 3. 
Sometimes a point is used to indicate multiplication. Thus 
a. ( is the same as ax&* But the Bign of multiplication Is 
more commonly omitted, between simple quantities; and 
the letters are connected together, in the form of a word or 
syllable. Thus ab is the same as a.b or axb. And bcde 
is the same as tx^X^X^- When a compotind quantity is 
to be multiplied, a vinculum is used, as in the case of sub* 
traction. Thus the sum of a and b multiplied into the sum 

of c and d, is a-f-6 X c+rf, or (o+t) X t^+^)* -^^ 
(6+2) X 5 is 8 X 5 or 40. But 6 + 2x5 is 6+10 or 16. 
When the marks of parentheses are used, the sign of multi- 
plication is frequently omitted. Thus (a?+j/) (a? - y) is (x+y) 
X {x-y.) 

41. When two or more quantities are multiplied together, 
each of them is called a factor. In the product a&, a is a 

factor, and so is fr. In the product »XH-^> ^ ^^ ^^^ ^^ ^^® 
factors, and a+m^ the other. Hence every co-efficient may be 
considered a factor. (Art. 35.) In the product 3y, 3 is a 
factor as well as y. 

42. A quantity is said to be resolved into factors^ when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. Thus 3ao may be resolved into, 
the two factors 3a and 6, because 3axfr is 3a&. And Samn 
may be resolved into the three factors 5a, and m, and n. 
And 48 may be resolved into the two factors 2 X 24, or 3 X 1 6, 
or 4x12, or 6x8 ; or into the three factors 2x3x8, or 4x 
6X2, &c. 
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• 48. The value of an expression, is the number or quantity, 
for which the expression stands. Thus the value of S-f-4 is 
7; of 3x4 is 12; of V is 2. 

49. The RECIPROCAL of a quantity^ is the quotieiU uririnr 
from dividing a unit by tluU quantity. Thus the reciprocu 

of a is - ; the reciprocal of o-f- J is -77-1 5 the reciprocal of 4 
. 1 

IS -• 
4 

50. The relations of quantities, which in ordinary language, 
are signified by toords, are represented in the algebraic nota- 
tion, by signs. The latter mode of expressing these rela- 
tions, ought to be made so familiar to the mathematical 
student, that he can, at any time, substitute the one for the 
other. A few examples are here added, in which, words 
are to be converted into oigns. 

1. What is the algebraic expression for the following 
statement, in which the letters a, 6, c, &c. may be supposed 
to represent any given quantities 1 

The product of a, 6, and c, divided by the difference of C 
and dy is equal to the sum of b and c added to 15 times h» 

Ans. — T=6-f-c+15A. 

2. The product of the difference of a and h into the siun 
of 6, c, and d^ is equal to 37 times m, added to the quotient 
of b divided by the sum of A and b. Ans. 

3. The sum of a and 6, is to the quotient of b divided by 
C; as the product of a into c, to 12 times h. Ans. 

4. The sum of a, 6, and c, divided by six times their pro- 
duct, is equal to four times their siim diminished by d. Ans. 

5. The quotient of 6 divided by the sum of a and 6, is 
equal to 7 times rf, diminished by the quotient of 6, divided 
by 36. Ans. 

51. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraic 
signs into common language. 

What will the following expressions become, when words 
are substituted for the signs 1 

.1. -~— =«6^-6m-^ r— . 

h ' a+c 

Ans. The sum of a and b divided by A, is equal to the 

product of a, 6, and c diminished by 6 times m, and increased 

by the quotient of a divided by the sum of a and c. 
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2. a6m+-^+ 2n=S x4 x8+?ili+2 XlO= 
m-6 8-6 



m-6 



tn-d 



n-d n - 6 C 



^ac+5m 4rf-6xa-c ^ 

2n+3 ^ ^ n 

POSITIVE AND NEGATIVE QUANTITIES * 

64. To one who has just entered on the study of algebra, 
there is generally nothing more perplexing, than the use of 
what are called negative quantities. He supposes he is about 
to be introduced to a class of quantities wnich are entirely 
new ; a sort of mathematical notlungs^ of which he can form 
no distinct conception. As positive quantities are realy he 
concludes that those which are negative must be imaginary. 
But this is owing to a misapprehension of the term negative, 
as used in the mathematics. 

55. A NEGATIVE quantity is one which is required 
TO BE SUBTRACTED. When several quantities enter into 
a calculation, it is frequently necessary that some of them 
should be added together, while others are subtracted. The 
former are called affirmative or positive, and are marked with 
the sign <{- ; the latter are termed negative, and distinguished 
by the sign -. If, for instance, the profits of trade are the 
subject of calculation, and the gain is considered positive ; 
the loss will be negative ; because the latter must be subtracted 
from the former, to determine the clear profit. If the sums 
of a book account are brouglit into an algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident^ necessitated to return 
several miles, this backward motion is to be considered negO' 
tive^ because that, in determining his real progress, it must 
be subtracted from the distance which he has travelled in 
the opposite direction. If the ascent of a body from the earth 
be called positive, its descent will be negative. These are 
only different examples of the same, general principle. In 

♦ On the subject of negative ouantities, sec Newton's Universal Arithmetic, 
Maseres on the Negative Sign, Mansfield's Mathematical Essays, and Mac- 
laurin'Si Simpson's, Eulcr's, Saunderson's, and Ludlam's Algebra. 
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against him. In common language, he is 500 dollars worse 
than nothing. 

59. In this way, it frequently happens, in the course of an 
algebraic piocess, that a negative quantity is brought to stand 
alone. It has the sign of subtraction, without being con- 
nected with any other quantity, from which it is to be sub- 
tracted. This denotes that a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees ; her 
motion first diminishes her latitude, then reduces it to noth- 
tngy and finally gives her 5 degrees of south latitude. The 
sign - prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the sotUhward motion, 
after balancing the 20 degrees of north latitude. If the mo- 
tion southward is only 15 degrees, the remainder must be 
+5, instead of - 5, to show that it is a part of the ship's 
northern latitude, which has been thus far diminished, but not 
reduced to nothing. The balance of a book account will be 
positive or negative, according as the debt or the credit is the 
gieater of the two. To determine to which side the remain- 
der belongs, the sign must be retained, though there is no 
other quantity, from which this is again to be subtracted, or to 
which it is to be added. 

60. When a quantity continually decreasing is reduced to 
nothing, it is sometimes said to become afterwards less than 
nothmg. But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
minibhed, till it vanishes, and gives place to an opposite quan- 
tity. The latitude of a ship crossing the equator, is first 
made less than nothing, and afterwards contrary to what it 
was tiefore. The north and south latitudes may therefore 
oe p/operly distinguished, by the signs -j- and — ; all the 
positive degrees being on one side of 0, and all the negative, 
)n the other ; thus, 

+6, +5, +4, +3, +2, +1, 0, - 1, - 2, - 8, - 4, - 5, &c. 

The numbers belonging to any other series of opposite 
quantities, may be arranged in a similar manner. So that 
i) may be conceived to be a kind of dividing point between 

* The expression ^Hess than nofWng*," may not be wholly improper ; if it is 
hfitended to oe understood, not literally^ but merely as a convenient phrase 
adopted for the sake of avoiding a tedious circumlocution ; as we say " the sun 
rises," instead of saying " the earth rolls round, and brings the sun into view.'' 
The use of It in this manner, is warranted by Newton, Euler and others. 
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positive and negative numbers. On a thermometery the de« 
grees above may be considered positive, and those below 0, 
negative.- 

61. A quantity is sometimes said to be subtracted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be added to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, G-|-6 means 6 degrees above 0; and 0-6, 6 
degrees below 0. 

AXIOMS. 

62. Tlie object of mathematical inquiry is, generally, to 
investigate some unknown quantity, and discover how great 
it is. This is effected, by comparing it with some other 
quantity or quantities already known. The dimensions of 
a stick of timber, are found, by applying to it a measuring 
rule of known length. The weight of a body is ascertained, 
by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it. And any 
quantity is determined, when it is foimd to be equal to some 
known quantity or quantities. 

Let a and 6 be known quantities, and y, one which is un* 
known. Then y will become known, if it be discovered to 
be equal to the sum of a and b : that is if 

y=a4-6. 
An expression like this, representing the equality between 
one quantity or set of quantities, and another, is called an 
equation. It will be seen hereafter, that much of the business 
of algebra consists in finding e(|uationd, in which some un- 
known quantity is shown to be equal to others which are 
kno^vn. But it is not often the fact, that the first compari- 
son of the quantities, furnishes the equation required. It 
will generally be necessary to make a number of additions, 
subtractions, multiplications, &c. before the unknown quanti- 
ty is discovered. But in all these changes, a constant equaUty 
must be preserved, between the two sets of quantities com- 
pared. This will be done, if, in making the alterations, we 
are guided by the following axioms. These are not inserted 
here, for the purpose of being proved; for they are self- 
evident. ^Art. 10.) But as they must be continually intro- 
duced or implied, in demonstrations and the solutions ol 
problems, thev are placed together, for the convenience ol 
reference 
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63. Axiom 1. If tlie same quantity or equal quantities be 
added to equal quantities, their sums will be equal. 

2. If the same quantity or equal quantities be subtracted 
from equal quantities, the remainders will be equal. 

3. If equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same or equal 
quantities, the quotients will be equal. 

5. If the same quantity be both added to and suhtractea 
from another, the value of the latter will not be altered. 

6. If a quantity be both multiplied and divided by another, 
the value of the former will not be altered. 

7. If to unequal quantities, equals be added, the greater 
will give the greater sum. 

8. If from unequal quantities, equals be subtracted, the 
greater will give the greater remainder. 

9. If unequal quantities be multiplied by equals, the 
greater will give the greater product. 

1 0. If unequal quantities be divided by equals, the greater 
will give the greater quotient. 

11. Quantities which are respectively equal to any other 
quantity are equal to each other. 

12. The whole of a quantity is greater than a part. 

This is, by no means, a complete list of the self-evident 
propositions, which are furnished by the mathematics. It is 
not necessary to enumerate them all. Those have been 
selected, to which we shall have the most frequent occasion 
to refer. 

64. The investigations in algebra are carried on, princi- 
pally, by means of a series of equations and proportions. But 
mstead of entering directly upon these, it will be necessary 
to attend in the first place, to a number of processes, on 
which the management of equations and proportions de- 
pends. These preparatory operations are similar to the cal- 
culations under the common rules of arithmetic. We have 
addition, multiplication, division, involution, &c. in algebra, 
as well as in arithmetic. But this application of a common 
name, to operations in these two branches of the mathemat- 
ics, is often the occasion of perplexity and mistake. The 
learner naturally expects to find addition in algebra the same 
as addition in arithmetic. They are in fact the same, in 
many respects : in aU respects perhaps, in which the steps of 
the one will admit of a direct comparison, with those of the 
other But addition in algebra is more extensive^ than in 



22 ALGEBRA. 

any others, the expression for the whole, will contain all 
these quantities connected by the sign -f-- 

67. Again, if the difference of a and b be added to c ; the 
sum will be a- 6 added to c, that is a-b-^-c. And if a- 6 
be added to c-dy the sum will be a-6-f-c-rf. In one of 
the compound quantities added here, a is to be diminished 
by 6, and in the other, c is to be diminished by d; the sum 
of a and c must therefore be diminished, both by 6, and by 
rf, that is, tlie expression for the sum total, must contain - b 
and - d. On the same principle, all the quantities which, in 
the parts to be added, have the negative sign, must retain this 
sign in the amount. Thus a4-26-c, added to c2-/i iTt, is 

68. The sign must be retained also, when a positive quan- 
tity is to be added, to a single negative quantity. If a be 
added to - 6, the sum will be - b-\-a. Here it may be object- 
ed, that the negative sign prefixed to 6, shows that it is to be 
svhtracted. What propriety then can there be in adding it 1 
In reply to this, it may be observed, that the sign prefixed 
to b while standing alone, signifies that b is to be subtracted, 
not from a, but from some other quantity, which is not here 
expressed. Thus - b may represent the lossy which is to be 
subtracted from the stock in trade. (Art. 55.) The object 
of the calculation, however, may not require that the value 
of this stock should be specified. But the loss is to be con- 
nected with a profit on some other article. Suppose the 
profit is 2000 dollars, and the loss 400. The inquiry then, is 
what is the value of 2000 dollars profit, when connected with 
400 dollars loss ? 

The answer is evidently 2000-400, which shows that 
2000 dollars are to be added to the stock, and 400 subtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the stock. 

69. Quantities are added, then, by writing them one 

AFTER ANOTHER, WITHOUT ALTERING THEIR SIGNS ; observ- 
ing always, that a quantity, to which no sign is prefixed, is 
to be considered positive. (Art. 29.) 

The sum of a-^rriy and 6-8, and 2A-3m-|-d, and fc-n 
and r-|-3m-i/, is 

a^,^^_6 - 84-2A - Sm+d-\-h - n-\-r+Sm - y. 

70. It is immaterial in what order the terms are arranged. 
The sum of a and b and c is either o+6+c, or a-\-c-\-by or 
c-|-fr-|-a. For it evidently makes no difference, which of the 
quantities is added first. The sum of 6 and 3 and 9, is the 
same as 3 and 9 and 6, or 9 and 6 and 3. 
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And - a:r <- Sao; - £iKr=- 6ax. Or thus, 

-Sic - ax -"206- my -8ac&-8Wjf 

- be -So* - cA-Smy - ocA- 6rfy 

-66c -2ar -7afr-8my -6acA-7tcJy 

-96c -10a6-12nq( 



73. It may perhaps be asked here, as in art. 68, what pro« 
priety there is, in adding quantities, to which the negative 
sign is prefixed ; a sign which denotes subtraction ? The an- 
swer to this is, that when the negative sign is applied to sev- 
eral quantities, it is intended to indicate that th^se quantities 
are to be subtracted, not from each othery but from some other 
quantity maiked with the contrary sign. Suppose that, in 
estunating a man's property, the si^m of money in his pos- 
session is marked -]-, and the debts which he owes are mark- 
ed -. If these debts are 200, 300, 500 and 700 dollars, and 
if a is put for 100 ; they will together be - 2a • 3a - 5a - 7a. 
And the several terms reduced to one, will evidently be 
-17a, that is, 1700 dollars. 

74. Case II. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, BUT THE SIGNS UNLIKE, TAKE 
THE LESS CO-EFFICIENT FROM THE GREATER; TO THE DIF- 
FERENCE, ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE SIGN OF THE GREATER CO-EFFICIENT. 

Thus, instead of 8a- 6a, we may write 2a. 

And instead of 76 - 26, we may put 56. 

For the simple expression, in each of these instances, is 
equivalent to the compound one for which it is substituted. 
To +66 +46 56c 2hm -dy+6m 3A- dar 

Add -46 -66 -76c -9Am 4({y- m 5h+4dx 

Sum+26 - 26c Sdy+5m 



76. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It belongs 
to a consequent reduction. . Suppose 66 is to be added to 
a - 46. The sum is a - 46+66. (Art. 69. ) 

But this expression may be rendered more simple. As it 
now stands, 46 is to be subtracted from a, and 66 added. 
But the amount will be the same, if, without subtracting any 
thing, we add 26, making the whole a+26. And m all sim- 
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If 4&, and -Cy, and Sx, and 17A, and - Sd^ and 6, be added , 
their sum will be 

46 - 6y+Sx+l7h - 5d+6. (Art. 69.) 

Different letters can no more be united in the same term, 
than dollars and guineas can be added, so as to make a 
single sum. Six guineas and 4 dollars are neither ten guineas 
nor ten dollars. Seven hundred and five dozen, are neither 
12 hundred nor 12 dozen. But, in such cases, the algebraic 
signs serve to show how the different quantities stand related 
to each other ; and to indicate future operations, which are 
to be perfoiTOcd, whenever the letters are converted into 
numbers. In the expression a-f-6, the two tenns cannot be 
united in one. But if a stands for 15, and if, in the course 
of a calculation, this number is restored ; then a-|-6 will be- 
come 154-6, which ifc equivalent to the single term 21. In 
the same manner, a - 6, becomes 15-6, which is equal to 9. 
The signs keep in view the relations of the quantities till an 
opportunity occurs of reducing several terms to one. 

80. When the quantities to be added contain several terms 
which are cdikcy and several which are unlike^ it will be con« 
venient to arrange them in such a maimer, that the similar 
terms may stand one under another. 

To Sbc - 6d-^2b - 3y ) These may be arranged thus : 

Add Sbc+x - M+bg [ 36c-6d+26-3y 

And 2d+y+3a:+6 ) - 36c - 3d + x+bg 

2d + y+3;c +6 

• 

The sum will be - 7d + 26 - 2j(4.4ar+6g+ 6. 

Examples, 

1. Add and reduce 064-8 to cd-3 and 5a6-4m+2. 
The sum is 6a64-7+cd-4m. 

2.' Add x-fSy-dar, to 7-a:-8+Aw?. 
Ans. 3i/ - da: - 1 -|- Am. 

3. Add a6m-3a;-j-6m, to y-a:+7 and 5a; -6y+9' 
" 4. Add 3am+6-7a?y-8, to lOai/ - 94.5ain. 

5. Add 6a/ij/4-7d-14-wwyj ^o 3a/iy-7d+17-WM:y 

6. Add 7ad[-A4-8a:y-ad, to 5ad4-A-7a;y. 

7. Add 3a6 - 2aj(4-ar, to ah-^ay-^-bx-h. 
8 Add 26y - Saa:+2a, to 36a: - i^+d. 
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The only diflerence then between adding a positive quan- 
tity and subtracting it, is, that the sign is changed fircun 4- 
to-. 

Again, if m-n is subtracted from 6, the remainder is, 

For the less the quantity subtracted, the gretUer will be the 
remainder. But in the expression m-n, m is diminished by 
n; therefore, 6-m must be increased by n; so as to become 
b-m^n: that is, m-n is subtracted from 6, by changing 
-)-w» into -m, and -n into -f-»> and then writing them after 
bf as in addition. The explanation will be the same, if there 
are several quantities which have the negative sign. Hence, 

82. To PERF0R5I SUBTRACTION IN ALGEBRA, CHANGE THE 
SIGNS OF ALL THE QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, FROM -|- TO -^ OR FROM - TO -j-y 
AND THEN PROCEED AS IN ADDITION. 

The signs are to be changed, in the subtrahend only. 
Those in the minuend are not to be altered. Although the 
rule here given is adapted to every case of subtraction ; yet 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. In the first place, the signs may be aKfce, and the min- 
uend greater than the subtrahend. 

From 4-28 166 lida -.28 -166 -Uela 

Subtract +16 126 6da -16 -126 -6da 



Difference 4-12 46 hda -12 -46 -8({a 

Here, in the first example, the -f- before 16 is supposed 
to be changed into -, and then, the signs being unlike, the 
two terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the - in 
the subtrahend, is supposed to be changed into -{>• I^ in^y 
be well for the learner, at fiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving them to be changed. When he has become familiar 
with the operation, he can save himself the trouble of tran- 
scribing. 

This case is the same as subtraction in arithmetic. The 
two next cases do not occur in common aritlunetic. 

84. In the second place, the signs may be alike, and the 
minuend less than the subtrahend. 
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87. When there are several terms alike^ they may be re- 
duced as in addition. 

1. From ab subtract Sam-\'am^7am^2am^6am. 

Ans. oft -3am -am -7am -:2am- 6am= oft -loom. (Art. 72.) 

2. Fromy, Bubtract-a-a-a-o. 
Ans. y-|-a-|-a-|-a-|-a=y-|-4a. 

3. From ax^bC'\-Sax^7bcy subtract 4bC''2aX'\-bc^4ax. 

Ans. ax-^bC'\'Sax^7bC'-4bC'\-2ax^bc^4ax-=taX'{'bc. 
(Art. 78.) 

4. From ad^Sdc^-bx^ subtract Sad^Jbx-^de-^ad. 

88. When the letters in the minuend are different from 
those in the subtrahend, the latter are subtracted, by first 
changing the signs, and then placing the several terms one 
after another, as in addition. (Art. 79.) 

From 3a6-|-8-my-f JA, subtract «-dr+4%-6m«. 

Ans. Sab'\-S''niy-^dh^X'\-dr^4hy'\-bmx. 

88. b. The sign -, placed before the marks of parenthesiSf 
which include a number of quantities, requires, that when 
these marks are removed, the signs of aU the quantities thus 
included, should be changed. 

Thus a- (6-c-|-({) signifies that the quantities ft, -e, and 
-^c{, are to be subtracted from a. The expression will then 
become a-6-f-c- A 

2. lSad'\-xy'\-d - {7ad - xy-^-d+hm - ry) = 6ad+2xy - km 

8. 7a6c-8+7«-(3a6c-8-(tr+r)=4a6c+7a:4-clr-r. 

4. 3arf4.&-2y-(7j/+3A-mar+4arf-Ay-ad) = 

5. 6am-iy+8-(16-j-3rfy-8-j-am-e+r) = 

6. 7ay-2a?+6-(4Tf&-<qf+a:+36) = 

88 c. On the other hand, when a number of quantities are 
introduced within the marks of parenthesis, with-immedi* 
a.ely preceding; the signs must be changed. 

Thus - m+b - (fer+SA=: - (m - b+dx - 3A.) 
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Multipljang by 3, is taking the multiplicand three Hmes^ at 
a+a+Oy &c. 

MULTIPLTINO BY A FRACTION IS TAKING A CERTAIN 
PORTION OF THE MULTIPLICAND AS MANT TIMES, AS THERE 
ARE LIKE PORTIONS OF A UNIT IN THE MULTIPLIER.* 

Multiplying by j, is taking j of the multiplicand, once^ as |a. 
Multiplying by }, is taking ^ of the midtiphcand, twice^ as 

Multiplying by }, is taking 4 of the multiplicand, three times. 
Hence, if the multiplier is a unity the product is equal to 
the multiplicand : If the multiplier is greater than a miit, the 
product is greater than the multiplicand : And if the multipli- 
er is less than a unit, the product is less than the multiplicand. 

Multiplication bt a NEGATIVE quantity, has the 

SAME RELATION TO MULTIPLICATION BY A POSITIVE QUANTITY, 

which subtraction has to addition. In the one, the 
sum of the repetitions of the multiplicand is to be added, to 
the other quantities with which this multiplier is connected. 
In the other, the sum of these repetitions is to be subtracted 
from the other quantities. This subtraction is performed at 
the time of multiplying, by changing the sign of the pro- 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a number. We 
sometimes speak of multiplying by a given werght or measure^ 
a sum of monej/y &c. But this is abbreviated language. If 
construed literally, it is absurd. Multiplying is taking either 
the whole or a part of a quantity, a certain number of tvme^. 
To say that one quantity is repeated as many times, as an- 
other is heavy y is nonsense. But if a part of the weight of a 
body be fixed upon as -a unity a quantity may be multiplied 
by a number equal to the number of these parts contained 
in the body. If a diamond is sold by weight, a particular 
, price may be agreed upon for each grain, A grain is here 
the unit; and it is evident that the value of the diamond, is 
equal to the given price repeated as many times, as there are 
grains in the whole weight. We say concisely, that the price 
is multiplied by the weight : meaning that it is multiplied by 
a number equal to the nimiber of grains in the weight. In a 
similar manner, any quantity whatever may be supposed to 
be made up of parts, each being considered a um/, -and any 
number of these may become a multiplier. 

* See Note C. 
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cd, or to the number in the perpendicular row fiot times re* 
peated ; that is, to 5x3» or 3x5- This explanation may be 
extended to a series of factors consisting of any numbers 
whatever. For the product of two of the factors may ht 
considered as one number. This may be placed before or 
after a third factor : tlie product of three, before or after a 
fourth, &c. 

Thus 24=4x6 or 6x4=4x3x2 or 4x2x3 or 2x3x4 

The nroduct of a, i, c, and dy is ahcd^ or acdb^ or dcha^ or bade. 
It will generally be convenient, however, to place the letters 
in alphabetical order. 

96. When the letters have numerical CO-EFFI- 
CIENTS, THESE MUST BE MULTIPLIED TOGETHER, AND 

PREnXED TO THE PRODUCT OF THE LETTERS. 

Thus, 3a into 26, is 6a6. For if a into b is a(, then 3 times 
a into 6, is evidently Sat : and if, instead of multiplying by 
i, we multiply by twice 6, the product must be twice as great; 
that is 2xSa6or 6ai. 

Mult. 9afr \%hy Sdh 2ad 7bdh Say 

Into Sd:y 2rx my IShmg x 8mar 

Prod. 21abxy Sdhmy 7bdhx 

97. If either of the factors consists of figures only^ these 
must be multiplied into the co-efficients and letters of the 
other factors. 

Thus Sab into 4, is 12a(. And 36 into 2«, is 72ar. And 
24 into hyy is 24hy. 

98. If the multiplicand is a compound quantity, each of its 
termt must be multiplied into the multiplier. Thus b-^-c-^-d 
into a is ab-{-ac-{-aa. For the whole of the multiplicand is 
to be taken as many times, as there are units in the multi- 
plier. If then a, stands for 3, the repetitions of the multipli- 
cand are, 

b+c+d 

b+c+d 
b+c+d 

And their sum is Sb+Sc+Sd, that is, ab+ac+ad. 
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Sd 



Mult. d+2xy 2h+m 
Into 36 6dy 



Prod Sbd+6bxy 



S/iZ+1 
my 

Sfdmy-^'my 



2fcm-fS-^-rff 
46 



99. The preceding instances must not be confounded 
with tliose in which several factors are connected by the 
sign X 9 or by a point In the latter case, the multiplier is 
to be written before the other factors without being repeated. 
The product of bxd into a, is abxd, and not dbx<^d. For 
bxd is bdy and this into a, is abd. (Art. 94.) The expression 
bxd is not to be considered, like b-^d, a. compound quantity 
consisting of two terms. Different terms are always separn- 
ted by+or-. (Art. 36.) The product of bx^X^Xy in* 
to a, is axb XhX^Xy or abhmy. But i-f-A-j-m-f-y into o^ 
is ab']-ahr^am-\-ay. 

100. If both the factors are compound quantities, each 
term in the multiplier mmt be mulHplied into each in the mtdti^ 
plicand. 

Thus a+6 into c-\-d is ac-^ad-^bc-^-bd. 

For the units in the multiplier a^b are equal to the units 
in a added to the units in b. Therefore the product produ- 
ced by a, must be added to the product produced by ft. 
The product of c+rf into a is ac-^ad > * . qq 
The product of c-^d into b is bc-\-bd J 
The product of c-^d into a-^b is therefore aC'-\'ad'\'bc^bd 



Mult. Sx+d 
Into 2a-4-Am 



4ay+2b 

3c -f-*"* 3« 



1 
4 



Prod. Gax-{-2ad-{-ShmX'{'dhm 



Sax+Sx'\-4a+4 



Mult. 2h+7 into 6rf+l. Prod. 12dH-'*2<H-2M-7. 
Mult, dy+rx-^h into 6m4-44-7y. Prod. 
Mult. i+6b+ad into 3r+4+2A. Prod. 

101. When several terms in the product are oliA^e, it will 
be expedient to set one under tJie othevy and then to unite 
them, by the rules for the reduction in addition. 
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Mult. b+a b+c+2 a+ y+1 

Into b+a b+c+S 86+2a:-f7 

bb+ab bb+bc+2b 

-l-oi-f-aa be -fcc-f 2c 

+Si +3c+6 



Prod. bb+2ab+aa bb+2bc+5b+cc+5c+6 



Mult. Sa+d+4 into 2a+Sd+ 1 . Prod. 
Mult. 64.crf4.2 into S6-f 4cd+7. Prod. 
Mult. 3b+2x+h into a X <* X 2a:. Prod. 

103. It will be easy to see that when the multiplier and 
multiplicand consist of any quantity repeated as a factory this 
factor will be repeated in the product, as many times as in 
the multiplier and multiplicand together. 

Mult. axax<> Here a is repeated three times as a factor. 
Into ax^ Here it is repeated fiotce. 

Prod. aX^^XaX^X^i* Here it is repeated jip« ttmet. 

The product of bbbb into bbb^ is bbbbbbb. 
The product of 2a;x3a:X4a: into 5xX6x, is 2xxSa;X4aPX 

104. But the namerdl co-efficierUs of several fellow-factors 
may be brought together by multipUcation. 

Thus 2ax3& into 4ax56 is 2axS6x4ax56, or 120aa6ft. 

For the co-efficients wcefactorSy (Art. 41.^ and it is imma- 
terial in what order these are arranged. (Art. 95.) So that 
2ax36x4ax56=2x3x4x5x«XflX*X*=120aa66. 

The product of 3ax46A into 5mx6y> is SSOabkmy. 

The product of 46x6d into 2ir+l, is 48bdx+24bd. 

105. The examples in multiplication thus far have been 
confined to positive quantities. It will now be necessary to 
consider in what manner the result will be affected, by mul- 
tiplying positive and negative quantities together. We shall 

That -I- ii^to + produces -f* 

— into 4- - 
-|- into - - 

- into - -f- 
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And the product 6a-4a» is the same as the product 2a. 
Therefore a into -4, is -4a. 

But if the multiplier had been (6-{-4,) the two products 
must have been <idaed. 

Multiplying a > . ^, ( Multiplying a 

Into 6+4 5 *® ^^^ ^^^ ^ I Into 10 

And the prod. 6a-|-4a is the same as the product 10a. 

This shows at once the difference between multiplying by 
a posUwe factor, and multiplying by a negatwe one. In the 
former case, the sum of the repetitions of the multiplicand is 
to be added to, in the latter, sttbtracted fronty the other quan- 
tities, with which the multiplier is connected. For every 
negative quantity must be supposed to have a reference to 
some other which is positive; though the two may not 
always stand in connection, when the multiplication is to be 
performed. 

Mult, a+b Sdy+hx+2 Sh+S 

Into 6-x mr--ab ad-~6 



Prod, ab+bb -^ax-bx Sadh+Sad - 1 8A - 18 

108. If two negatives be multiplied together, the product 
will be affirmative : - 4 x - a=+4a. In this case, as in the 
preceding, the repetitions of the multiplicand are to be ^- 
traded^ because the multiplier has the negative sign. These 
repetitions, if the multiplicand is -a, and the multiplier -4, 
are -a-a-a-a=:-4a. But this is to be subtracted by 
changing the sign. It then becomes +4a. 

Suppose -a is multiplied into (^-4.) As 6-4=2, the 
product is, evidently, twice the multiplicand, that is, -2a. 
But if we multiply - a into 6 and 4 separately ; - a into 6 
is - 6a, and - a into 4 is - 4a. (Art. 106.) As in the multi- 
plier, 4 is to be subtracted from 6 ; so, in the product, - 4a 
must be subtracted from - 6a. Now - 4a becomes by sub- 
traction 4"4a. The whole product then is - 6a4-4a which is 
equal to - 2a. Or thus. 

Multiplying - a ) . , C Multiplying - a 

Into C - 4 J ^^ ^'^^ ^^^^ ^ i Into 8 

And the prod, - 6a4-4a, is equal to the product - 3a. 
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111. For many purposes, it is sufficient merely to indicate 
tlie multiplication of compound quantities^ witjiout actually 
multiplying the several terms. Thus the product of 

a-f 6-j-c into ^m-J-y, is (a+i-f-c) x (A+"H-y-) (-^* 40.) 
The product of 
o-fm into A-f a: and rf-f-y* ^s (a-^-m) X ('^4"*) X (^+y«) 

By this method of representing multiplication, an important 
advantage is often gained, in preserving the factors distinct 
from each other. 

When the several terms ar& multiplied in form, the expres 
sion is said to be expanded. Thus, 

(o-j-fc) X (c+^) becomes when expanded acJ^ad^be-^bd 

112. mth a given multiplicand, the less the multiplier, 
the less will be the product. If then the multiplier be 
reduced to notfungy the product will be nothing. Thus axO 
=0. And if be one of any number of fellow-factors, the 
product of the whole will be nothing. 

Thus, a6xcxSdxO=3a6cdxO=:0. 

And (o+i) X (c+d) X (A - m) X 0=0. 

113. Although, for the sake of illustrating the diflferent 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars; yet it will scarcely be 
necessary for the learner, after he has become familiar with 
the examples, to burden his memory with any thing moie 
than the following general rule. 

Multiply the letters and co-efficients of each term 
IN the multiplicand, into the letters and co-efficients 
of each term in the multiplier; and prefix to each term 
OF the product, the sign required by the principle, that 

like signs PRODUCE-f-, AND DIFFERENT SIGNS - . 

1 . Mult. a+Sb - 2 into 4a - 66 - 4. 

2. Mult. 4a6xiPX2 into 3my-l+A. 

3 ^Iult. (7aA-t()x4 into4a:x3x5xrf- 

4. Mult. (6a6-M+l)x2into (8+4a:-l)x<'. 

5. Mult. 3rtj/4-y-4-f/iinto ((/+ar)x(^+y.) 

6. Mult. 6aa:-(4A-rf) into (64.1)x(A+lO 

7. Mult. 7ay - 1 -|-ft x (rf - a?) into - {r+S - 4m.) 
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Art. 114. IN muItiplicaUon, we have two fectora given, 
and are required to find tlieir product. By multiplying th^ 
factors 4 and 6, we obtain the product 24. Bat it is fre- 
quently necessary to reverse this process. The number 24, 
and one of the factors may be given, to enable us to fmd the 
other. The operation by which Uiis is effected, is called 
Dimsurn. We obtain the number 4, by dividing 24 l>y & 
The quantity to be divided is called the dividend ; the gi»m 
factor, the divisor ; aad that which is requirtd, the quotient 

115. DIVISION IS FINDING A QUOTIENT, WHICH MULTI- 
PLIED INTO THE DIVISOR WILL PRODUCE THE DIVIDEND.^ 

In multiplication the multiplier is always a number. (Art 
91.) And the product is a quantity of the dame kiod, as the 
multiplicand. (Art 92.) The product of 3 rods into 4, is 19 
rods. When we come to cUviedon, Xhe product and eUher of 
the factors may be given, to find the other : that is, 

The divisor may he ^ number^ and then the quotient will 
be a quantity of the same kind as the dividend ; or. 

The dwisor may be' a quantity of the same kind 98 thu 
dividend ; and then the quotimt wiU be a number. 

Thus 12 ro(b-f-4=3 ro4s. But 12 ro(b-f-3ro(b=4. 

And 12 rods'^24=:irod. And 12 rod«-f.24 rods^i 

In the first case, the divisor being a ni«mfrer, shows into 
how many parts the dividend is to be separated ; and the quo- 
tient shows what these parts are. 

If 12 rods be divided mto 3 parts, each will be 4 rods long* 
And if 1.2 rods be divided into 24 parts, each will be half a 
rod long. 

In the other case^ if the divisor is less than the dividend, 
the former shows into what parts the latter is to be divided ; 
and the quotient shows how many of these parts are o<mtained 



^ The rtnuAnder is here rappooed to be included in the quotieB^ as is 
Moni y the case in algcfonu 



y 

r 



4S ALGEBRA. 

in the dividend. In olher words, division in this case con- 
sists in finding AO10 ojiea one quantUy is cantamed m another. 

A line of S rods, is contained in one of 12 rods, four times. 

But if the divisor is ^eater than the dividend, and yet a 
quantity of the same kind, the quotient shows what part of 
tne divisor is equal to the dividend. 

Thus one half of 24 rods is equal to 12 rods. 

116. As the product of the divisor and quotient is equal to 
the dividend, the quotient may be found, by resolving the 
dividend into two such factors, that one of them shall be the 
divisor. The other will, of com*se, be the quotient. 

Suppose aid is to be divided by a. The factor a and bd 
will produce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is the quotient. Hence, 

When the divisor is found as a factor in the divi- 
dend, THE division IS PERFORMED BT CANCELLING THIS 
FACTOR. 

Divide ex dh drx kmy dhxy abed abxy 
By e d dr hm dy b ax 

Quot X X hx by 



In each of these examples, the letters which are common 
to the divisor and dividend, are set aside, and the other let- 
ters form the quotient. It will be seen at once, that the pro- 
duct of the quotient and divisor is equal to the dividend. 

117. If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 

Div. aab bbx aadddx aammyy aaaxxxh yyy 
By a b ad amy aaxx yy 

Quot ab addx ahx 



In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the same with one in the 
divisor. 

118. If the dividend consists of arvy factors iohatever, ex- 
jfmkgmg one of them is dividing by iu 



DIVISION. 



43 



Div. a (b+d) a (b+d) (b+x) (c+d) (b+y) X (rf - h)s 
By a b+d b+x rf-A 



Quot. b+d a 



c+d 



(b+y) XX 



In all these instances the product of the quotient and divi- 
sor is equal to the dividend by Art. 111. 

• 119. In performing multiplication, if the factors contam 
numeral figt/resy these are multiplied into each other. (Art4 
96.) Thus 3a into 7b is 21a6. Now if this process is to be 
reversedy it is evident that dividing the number in the product, 
by the number in one of the factors, will give the number in 
the other factor. The quotient of 21ab-r-3a is 76. Hence, 
In division, if there are numeral co-efficients prefixed to the 
letters, the co-efficient of the dividend must be dimdedy by the co^ 
efficient of the divisor. 

Div. 6ab 16dxy 25dhr 12a^ S4drx 20km 
By 2b Adx dh 6 34 m 



QuotSa 



2^ 



drx 



120. When a simple factor is multiplied into a compound 
one, the former enters into every term of the latter. (Art. 
98.) Thus a into b+dy is ab+ad. Such a product is easily 
resolved again into its original factors. 

Thus aft+ad= ax (6+d). 

(d)+ac+ah=iax{b+c+h). 

amh+amx+amy=amx{h+x+y). 

4ad+Sah+l2am+4ay=z4ax{d+^h+Sm+y). 

Now if the whole quantity be divided by one of these factors, 
according to Art. 118, the quotient will be the other factor. 

Thus, (a6+ad)^a=i+A And {ab+ad)^{b+d)=a. 
Hence, 

. If the divisor is contained in every term of a compwmd divi- 
dend, it mxist be cancelled in each. 

Div. ab+ae bdh+bdy aah+ay drx+dhx+dxy 

By a bd a dx 



Quot. b+e 



ah+y 



And if there are co-efficientSy these must be divided, in each 
term also. 



y 



» 
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Div. ttit^Mat VOtv-ifXU lSJb+8 $5<fili4-14<b 

By Sa U 4 7d 

QuoL 2H-4e SAor+S 



ISl. On the other hand, {J a compound exptessum coniab^ 
mg a$Ky factor in every term^ be dmded by the other quaniMei 
contnected by their rigne^ the quotient mil be thai factor. See the 
find port of the preceding article. 

Div. ab'\-ae'\'ah aimh+amx'\-amy Aab-\Say ahm^ahy 
By b+c+h M-«+y b+2y m+y 

Quot. a 4a 



ISS. In division, as well as in multiplication, the caution 
must be observed, not to confound terms with factors. See 
Art 99. 



Thusroi+oc) 
But [abxac' 
And lab-]-ac 
Bu( {abxoc] 



a—b+c. (Art. 120.) 
'a=:aabC'^a=ab€. 
.(fc+c)=a. (Art. 121.) 
\bX^)=aabC'r'bc=::aa. 



lS!3. In division, the same rule is to be observed 

RESPECTING TitE SIGNS, AS IN MULTIPLICATION ; THAT IS, 
IF THE DIVISOR AND DIVIDEND ARE BOTH POSITIVE, OR 
BOTH NEGATIVE, THE QUOTIENT MUST BE POSITIVE : If 
ONE IS POSITIVE AND THE OTHER NEGATIVE, THE QUO- 
TIENT MUST BE NEGATIVE. (Art. 105.) 

This is manifest from the consideration that the product of 
the divisor and quotient must be the same as the dividend. 

-ax+b=-abl . ) -06-^+6= -a 

DiV. abst Sa-^lOay Sax ^ Say 6amxdh 
By -a -2a 8a -2a 

Quot. - tap - 44-6y - 3m x<iA= - ihdm 
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Dir. 


ah 




dhs 


ohm- 


-Sa»f 


abA-lx 


tarn 


By 


ae 
ab 


b 


*/ 


ab 




by 


ftxy 




hm- 


Sy 


QM 


Quot 


, 01 


r- 















ae 


e 




b 






ay 



•These reductions are made upon the principle, that a given 
divisor is contained hi a given dividend, just as many times, 
as double the divisor in double the dividend ; triple the divi- 
sor in triple the dividend, &c. See the reduction of fractions. 

127. If the divisor is in some of the terms of the dividend, 
but not in all ; those which contam the divisor may be divi- 
ded as in Ait. 116, and the others set down in the form of a 
fraction. 

Thus (oM- J)-7-a is either — ^^, or —-I — , or b-A — . 

Div. dxy+rx-'hd SoA-f-od-fx bm+9y 2my-\^dh 

By a a «-& 2m 



^^mm 






128. The quotient of any quantity divided by itself or it$ 
tqualf is obviously a unit* 

Thus-=1. And~ = l. And— -r=rl. And^r^^=sl. 

Div. ax+x Sbd'-Sd 4axy--4a+8ad 3ai-fS-6m 
By X Sd 4a 3 

Quot.o+l xy-l+Zd 



Cor. If the dividend is greater than the divisor, the q«o- 
aent must be greaXer than a unit : But if the dividend is lesi 
than the divisor, the quotient must be less than a unit. 
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131. Secondly, if the given divisor is contained in the 
ffiven dividend a certain number of times, the same divisor 
18 contained. 

In half that dividend, half as many times ; 

In ont third of the dividend, one third as many times, &c. 

That is, if the divisor remains the same, dmding the dm* 
dmd by any other quantity, is, in effect, dmding tlu quoHent 
by that quantity. 

Thus 24-^6=:4 

Dividing the dividend by 2, j24H-6=i4 

Dividing by n, 424-^6 = -^4 

132. Thirdly, if the g^ven divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, 

Tuice that divisor is contained only half as many times ; 
Tfdree times the divisor is contained (me tidrd as many times* 

That is, if the dividend remains the same, multiplying the 
divisor by any quantity, is, in effect, dieiding the quotient by 
that quantity* 

Thus 24-^6r=4 

Muhiplying the divisor by S, 24-r 2 X 6 = 4 

Multiplying by n, 24-J-n X 6 = I 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend. 

Half that divisor is contained twice as many times ; 

One third of the divisor is contained thrice as many times* 

That is, if the dividend remains the same, dividing Uu did* 
SOT by any other quantity, is, in effect, muUiphiing the gtioffenl 
by that quantity* 

Thus 24-f.6=4 

Dividing the divisor by 2, 24-f.j6=2x4 

Dividuig by n, 24-^ J 6 = n x 4 

For the method of performing division, when the divisor 
and dividend are both compound ^tion/i/iesy.see one of the fol- 
lowing sections* 
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Art. 134. EXPRESSIONS in the form of fractions occin 
more frequently in Algebra than in arithmetic. Moat in* 
stances in division belong to this class. Indeed the numera- 
tor of every fraction may be considered as a (Lindend, of 
which the denominator is a divisor. 

According to the common definition in arithmetic, the 
denominator shows into what parts an integml unit is sup- 
posed to be divided ; and the numerator shows how many 
of these parts belong to the fraction. But it makes no dif- 
ference, whether the whole of the numerator is divided by 
the denominator ; or only one of the integral units is divided, 
and then the quotient taken as many times as the number of 
units in the numerator. Thus J is the same as i-f-i-)-}. 
A fourth part of three dollars, is ec^ual to three fourtlis of one 
dollar. 

135. The value of a fraction, is the quotient of the nume- 
rator divided by the denominator. 

6 ah 

Thus the value of ~ is 3. The value of _ is a. 

2 b 

From this it is evident, that whatever changes are made 

in the terms of a fraction ; if the quotient is not altered, the 

value remains the same. For any fi'action, therefore, we 

may substitute any other fraction which will give the same 

quotient. 

mu 4 10 4ba Sdrx 6+2 « t? .u .• * • 

Thus-=: — = — =_--— =r— I--,&c. For the quotient m 

2 5 2ba 4drx 3+1 * 

each of these instances is 2. 

136. As the value of a fraction is the quotient of the nu 
merator divided by the denominator, it is evident from Art. 
128, that when the numerator is eqtuil to the denominator, the 
value of the fraction is a unit ; when the numerator is less 

* norsley*8 Mathematics, Camus* Arithmetic, Emeraon, Euler, Saundcrson, 
andLudlam. 
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than the den<»ninator, the value is tern than a unit; and when 
the numerator is greater than the denominator, the value ir 
greater than a unit. 

The calculations in fractions depend on a few general 
principles, which will here be stated in connexion with each 
other. 

137. If the denominator of a fraction remains the same^ mviU 
tiplytng the numerator by any quantity^ ie multiplying the 
VALUE by that quantity ; and dimdvng the numerator^ ie dividing 
the value. For the numerator and denominator are a divi- 
dend and divisor, of which the value of the fraction is the 

Suotient And by Art 130 and 131, midtiplying the divi- 
end is in effect multipl3nng the quotient, and dividing the 
dividend is dividing the quotient. 

rru • *!. A_ *• ob Sab lahd \ab - 
Thus m the fractions — , , , 2 — , &c. 

a a a a 

The quotients or values are 6, 36, Ihdy ^, &c. 

Here it will be seen that, while the denominator is not 
altered, the value of the fraction is multiplied or divided by 
the same quantity as the numerator. 

Cor. With a g^ven denominator, the greater the nume- 
rator, the gieater will be the value of the fraction ; and, on the 
other hand^ the greater the value, the greater the numerator. 

138. If the numerator remains the samsj multiphfing the ile- 
nominator by any quantity y is dividing the value by that quantity ; 
and dividing the denominatory is muUtplying the value. For 
multiplying the divisor is dividing the quotient ; and dividing 
the divisor is multiplying the quotient. (Art. 13S, 133.) 

T *u 4^^ ,' ^ 24o6 24ab 24ab 24ab « 
In the fractions -^ _, _, _, &c. 

The values are 4a, 2a, 8a, 24a, &c 

Cor. With a given numerator, the greater the denominator, 
the less will be the value of the fraction ; and the less the 
value, the greater the denominator. 

139. From the last two articles it follows, that dividing the 
numerator by any quantity, will have the same effect on the 
value of the fraction, as multiplying the denominator by that 
quantity ; and multiplying the numerator will have the same 
effect, as dividing the denominator. 
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140. It is also evident from the preceding articles, that if 

THE ^UMERATOR AND DENOMINATOR BE BOTH MULTIPLIED, 
OR BOTH DIVIDED, BT THE SAME QUANTITY, THE VALUE OF 
THE FRACTION WILL NOT BE ALTERED. 

-_, bx abx Sbx -Ibx iabx ^ ^ . , * 

Thus -r =— t =-oi =-Tr="r-r > &c« For in each of 
b ab 3b ib iab 

these instances the quotient is x. 

141 . Any integial quantity may, without altering its value, 
be thrown into the form of a fraction, by multiplying the 

Juantity into the proposed denominator, and taking the pro^ 
uct for a numerator. 

* a ah ad-\-ah Qadh « ^i i 

Thus a=Y=-T =~"tVt ^"aJF* ^' quotient 

of each of these is a. 
6o d+h=^. Andr+l=i*r+!^'". 

1 42. There is nothing, perhaps, in the calculation of alge- 
braic fractions, which occasions more perplexity to a learner, 
than the positive and negative signs. The changes in these 
are so frequent, that it is necessary to become familiar with 
the principles on which they are made. The use of the sign 
which is prefixed to the dividing line, is to show whether the 
value of the whole fraction is to be added to, or subtracted 
from, the other quantities with which it is connected. (Art. 
43.) This sign, therefore, has an. influence on the several 
tenns taken collectively. But in the numerator and de- 
nominator, each sign affects only the single term to which it 
is applied. 

The value of-r is a.' (Art. 135.) But this will become 

negative, if the sign - be prefixed to the fraction. 

«. ab ^ ab 

Thus y+-^ =!/+«. Buty--^=y-a. 

So that changing the sign which is before the whole frac- 
tion, has the effect of changing the value from positive to 
negative, or from negative to iwsitive. 

Next, suppose the sign or signs of the numerator to be 
changed. 

ab "fib 

By Art. 1 23, -r =+0. But -j- = - a. 
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And T — =-j-a-c. But r^ — ^-o-f^* 

That is, by changing all the signs of the munemior, the 
value of the fraction is changed from poeitive to negative, or 
the contrary. 

Again, suppose the sign of the denommatar to be changed. 
As before -r =+a. But — T-=-a. 

143. We have then, this general proposition; If the 

SIGN PREFIXED TO A FRACTION, OR ALL THE SIGNS OF THE 
NUMERATOR, OR ALL THE SIGNS OF THE DENOMINATOR BE 
CHANGED ; THE VALUE OF THE FRACTION WILL BE CHANGED, 
FROM POSITIVE TO NEGATIVE, OR FROM ' NEGATIVE TO POSI- 
TIVE. 

From this is derived another important principle. As each 
of the changes mentioned here is from positive to negative, 
or the contrary ; if any two of them be made at Che same 
time, they wiU balance each other. 

Thus by changing the sign of the numerator, 

-. s4-a becomes Il._=: -a. 
b b 

But, by changing both the numerator and denominator, il 
becomes— £.=:-f'^ where the positive value is restored. 

By changing the sign before the fraction, 

y+^ =y+a becomes y - -. =y - «. 
6 b 

But by changing the sign of the numerator also, it becomes 

y--Il~- where the quotient -a is to be subtracted fronii y, 
6 

or which is the same thing, (Art. 81,) -^-a is to be added. 
making y-j-^ ^ ^^ ^^ Hence, 

144. If all the signs both of the numerator and 
denominator, or the signs of one of these with the 
sign prefixed to the whole fraction, be changed at 
the same time, the value of the fraction will not be 

ALTERED. 
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IfUMERATOR INTO ALL THE DENOMINATORS EXCEPT ITS OWN, 
FOR A NEW NUMERATOR ; AND ALL THE DENOMINATORS TO- 
GETHER, FOR A COMMON DENOMINATOR. 

Ex.. 1. Reduce ^ and -, and - to a common denominator. 

i d y 

axrfxy=«'y ) 

ex&XSf=<^^ > the three nmneraton. 
^X^Xy^f^^y ^^ ccHaomoQ denominator. 

The fractions reduced are f ^^ and .-3f, and -—2. 

bay bay bay 

Here it will be seen, that the reduction consbts in multi- 
pi ving the numerator and denominator of each fraction, into 
all the other denominators. This does not altor the yalue. 
(Art 140.) 

Sl Reduce^, and?*, and 5i. 
Sm g y 

3; Reduce ^ and ^, and ^^; . 
S s d+k 

A. Reduce — r, and ^ 

a-^b a- ft 

After the fractions have been reduced to a commcm de» 
iMMUMttor, they may be brought to lower tenn% by the rule in 
the last article, if there is any quantity which will divide th« 
denominator^ and aU the numerators without a remainder. 

An mUgtr and a fraction, are easily reduced to a commor 

(Art 141.) 



• . ('('ii 



Thus «aud . are equal to? and^, or ^ andl. 
* 1 c c c 

Ando,*,-*, 1 are equal to ?!!5?. *??. ?9t, *? 
my my my my my 

t47. To REDUCE AN IMPROPER FRACTION TO A MIXED 
QUAKTITT, DIVIDE THE NUMERATOR BT THE DENOMINATOR, 

as in Art 127. 

Thus ^^^+^ =^n^ 



Reduce a ' ^ * >n>ic<l T*" 

For the reduction of a mired qvaniily to s 
lion, see Art. 150. And for the reductio 
fraction to a eiinple one, see Art. 160. 

ADDITION OF FRACTIO 

148. In adding fractions, we may either 
after the other, with their eigns, as in tlie adc 
or we may incorporate them into a single fn 
lowing nje : 

Reduce thg fractions to a conmoi 
hake the sighs before tueh all positivl 
tmeik numerators. 

The common denominator shows into whi 
gral unit is supposed to be divided ; and the i 
tlie nuiR^ of these parts belonging to each 
{Aft. 134.) Therefore the numerators ta}i 
the whole number of parts in oU the fractioi 

Thus,f=^+i. Aiid|=i+i+}. 
Therefore, ^-1-^=1+1+1+1-1-1=^ 

The numerators are added, according to 
addition of integers. (Art. 69, &c.) It is 
sum is to be j^oced over the common de 
avoid the perplexity which might be occosioi 
it will be expedient to make those prefixta 
iiiul<»inly poeitive. But in doing tliis, car< 
not to alter the value. This will be preservei 
in the numerator are changed at the same tii 
fore the fraction. (Art. 144.) 

It is as evident that ^ and n of a pov 
pound, OS that Z ounces and 4 ounces, are 6 

£. Add^ and ^ First reduc« them to at 
natoT. They will then be — and S, and th 
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S. Given ^ and - "{" , to find their sum. 

4M.!5and - !r±^=?^ and - grfr+rfi _ 3Am-»«fr-.da 
rf SA 3dA 3<iA Sdfc 

4." and _*-»»-« . ->4-'» -ay -M+«fa» 

y -m -my -my - n^ my 

6.-±-and_L=2£Zf«±?*±**=f±ttt (Artn.) 
o-f-fr a- 6 aa-\'ab'-ab^bb aa-o6 

7. Addli^to:-* . 8.Add:;£toIlI|- An8.-6. 

149. For many purposes, it is sufficient to add fraeUons in 
thd same manner as inte^rs are added, by writing them one 
ailer another with their signs. (Art 69.) 



Thus the sum of?, and - and - _-,is f+- - iL j 

fry 2m b y 2m 

In the same manner, fractions and integers may be added. 
The sum of a and ~ and 3m and — ,is a4-3m4-l-^ 

y ^ y ^ 

150. Or the integer may be incorporated with the fmction, 
by converting the fonner into a fraction, and then adding the 
numerators. See Art. 141. 

n« - J ^ • ^ . i ^wi , & am4-fr 

The sum of a and -, is-rH — = — = — -i— . 

m' 1 ' m m ' m m 

The sum of 3(i and --^,18 2X-LI-. 

Incorporatmg an integer with a fraction, is the same as re* 
ducmg a mixed quantity to an improper fraction. For a mixed 
quantity is an integer and a fraction. In arithmetic, these 
are generally placed together, without any sign between 
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4. From tt^ subtract ?£z!i Ans. VHz^. 

5. From tJ. subtract - *. Ans. ^y-^V+f^. 

m y my 

6. From ^:i^ subtract Izi. 7. From - subtract 1. 

a m a b 

152. Fractions may also be subtmctedi like integers, by 
setting them down, after their signs are changed, without re- 
d iicing them to a common denominator. 

From * subtract - *±1 Ans.*+M:i 
m If my 

In the same manner, an integer may be subtracted 6cfm 
a fraction, or a fraction from an integer. 

From a subtract _ Ans. a-- • 

m m 

163. Or the integer may be inccnpcHrated with the fractioDt 
as in Art. 150. 

Ex. 1. From * subtract m. Ans. * - m^^ZlSt. 

y y y 

2. From 4a+t subtract So^ *L. Ans. ^^*t*"*^> 

e a cd 

S. From 1+*Z£ subtract izi Ans.^^?'^, 

a a a 

4. Fromo+SA-lli subtract 8a -fc+^i^ 

^^2 ^3 



MULTIPLICATION OF FRACTIONS. 

154. By the definition of multiplication, multiplying by a 
fraction is taking apart of the multiplicand, as many times as 
there are like parts of an unit in the multiplier. (Art. 90.) 
Now the denominator of a fraction shows into what parts the 
integral unit is supposed to be divided ; and the numerator 
shows how many of those parts belong to the given fraction. 
In multiplying by a fraction, therefore, the multiplicand is 
to be divided into such parts, as are denoted by the denom- 
inator ; and then one of these parts is to be repeated, ad 
many times, as is required by the numerator. 



! 
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S. Mult. ?±* * and4-. 4. Mult ^, ^zj, and* 
n ' h r+2 Ay d+l 7 

157. The multiplication may sometimes be shortened, by 
rejecting equal factors, from the numerators and denomina- 
tors. 

1. Multiply - into — and — Product — . 

Here a, being in one of the numerators, and in one of the 
denominators, may be omitted. If it be retained, the product 

will be — . But this reduced to lower terms, by Art. 145, 
ary 

will become — as before. 
ry 

2. Multiply 21 into ^ and ?*. Product ?*. 

Ill Sa 2a 6 

' It is necessary that the factors rejected from the numera- 
tors be exactly equal to those which are rejected from the 
denominators. In the last example, a being in two of the 
numerators, and in only one of the denominators, must be re- 
tained in one of the numerators. 

3. Multiply ±ti into !!2f. Product ??!Hh*». 

y « oA ah 

Here, though the same letter a is in one of the numerators^ 
and in one of the denominators, yet as it is not in every term 
ci the numerator, it must not be cancelled. 

4. Multiply 6!?+^ into* and*:. 

h m 5a 

If any difficulty is found, in making these contractions, it 
will be better to perform the multiplication, without omitting 
any of the factors ; and to reduce the product to lower terms 
afterwards. 

158. When a fraction and an tn/«ger are multiplied to- 
gether, the numerator of the fraction is multiplied into the 
integer. The denominator is not altered ; except in cases 
where division of the denominator is substituted for multipli- 
cation of the numerator, according to Art. l39. 



Thiw 0X-= 

y 

Sorx§x5+l= 
a o 

159. A FRACT 
TO ITS DENOHIN. 



in both (hs nui 
(Art 145.) 

On the same 
factor in its dene 

Thu8 t xy= 
by 

160. From thi 
follows that wha 

is the product o 

14 ''"■!»' 

(Art. 164.) 

Hence, nducm 
lame as multiplyi, 

Ex 1. Reduce 
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161. The expreflsion ia» 16, 4y, &c. are equivalent to 

^ 1, ^. For }a is } of 0, which is equal to ^X^s • 
3 6 7 S S 

(Art. 158.) So)b:sixfr=^ 

5 ^ 



DIVISION OF FRACTIONS. 

163. To DIVIDE ONE FRACTION BT ANOTHER, INVERT THE 
DIVISOR, AND THEN PROCEED AS IN MULTIPLICATION* (AxL 
165.) 

Ex. 1. Divide ?.by4 Ans. ?X-=?^. 

a c be 

To understand the reason of the rule, let it be premised, 
that the product of any fraction into the same fraction inverted, 
is always a unit. 

Thus ffx*-=^=l. And^x^=l. 
b a ab hr^-y d 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product will 
be equal to the dividend. Now, by the definition, (art. 115,) 
** division is finding a quotient, which multiplied into the di- 
visor will produce the dividend." And as the dividend mul- 
tiplied into the divisor inverted is such a quantity, the quo^ 
tie4it is truly found by the rule. 

This explanation will probably be best understood, by at- 
tending to the examples. In several which follow, the proof 
of the division will be given, by multiplying the quotient into 
the divisor. This will present, at one view, the dividend 
multiplied into the inverted divisor, and into the divisor itself 

2. Divide HL by ?*. Ans. "1 X^=^. 
2d y 2d Sh 6dh 

Proot ^, X-^-^. the dividend. 
6dh y 2d 

S. Divide f±^ by ^ Ans. ^x^=?2±& 
r y r 5d 5dr 

Froot 2d:^x^=^±l 
6dr y r 
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65. A fraction sometimes occurs in the numerator or de- 
nominator of another fraction, as f?. It is often convenient, 

b 

in the course of a calculation, to transfer such a fraction, 
from the numerator to the denominator of the principal frac* 
tion, or the contrary. That this may be done without alter- 
ing the value, if the fraction transferred be inveried^ is evi- 
dent from the following principles : 

First, Dividing by a fraction, is the same as multqdying by 
the fraction tttoerto^. ^Art. 162.) 

Secondly, Dhnding the numerator of a fraction has the 
same effect on the value, as multiplying the denominator; and 
multipl3rin^ the numerator has tne same effect, as dividing 
the denommator. (Art 139.) 

Thus in the expression I? the numerator of f^ is multiplied 

into }. But the value will be the same, if, instead of multi- 
plying the numerator, we divide Xhe denominator by §, that is, 
multiply the denominator by |. 

Therefore i^'rri?. So * =!*. 

X tx im m 

AndJ^= * ^-±~ AndtZl^tjd^. 

*+y lx(M-») *M-ly **» «» 

166. Multiplying the numeralorf is in effect multiplying the 
value of the fraction. (Art 137.) On this principle, a frac- 
tion may be cleared of a fractional co-efficient which occurs 
in its numerator. 

ThiM L«=ixr=^- And i?=lx2-= il 
65666 y & y by 

And iM4?=Lx*±^=*±f. And if=fl, 
m 3 m 3m 5a SOa 

On the other hand, 'f!=*.X-=??. 

ix 1 X X 

And ;L=» x?=?2. And_lL-=J^. 
Sy 3 y y 5rf+5ar d+x 

167. But multipl)riiig the denonwnatory by another fraction, 
IS. m efTect dividing the value ; (Art. ISd.) that is, it is mttZ(t- 
piying the value by the fraction inverted. The principal frac- 
tion may therefore be cit^ared of a fractional co-efficient, 
whicb occurs in its denominator. 



66 ALGEBRA. 

PRESSIONfl FOR THE SAME QUANTITY.* Thus ff-4-^=^+^ ^ 

an equation, in which the sum of x and a, is equal to the sum 
of 6 and c. The quantities on the two sides of the sign of 
equality, are sometimes called the members of the equation ; 
the several terms on the left constituting the first member^ 
and those on the rights the second member. 

169. The object aimed at, in what is called the resohsiion 
or reduction of an equation, is to find the value of the unknown 
mantity. In the first statement of the conditions of a problem, 
the known and unknown quantities are frequently thrown 
promiscuously together. To find the value of that which is 
required, it is necessary to bring it to stand by itself, while 
all the others are on the opposite side of the equation. But 
in doing this, care must be taken not to destroy the equation, 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the terms^ without af- 
fecting the equality of the sides. 

170. The reduction of an equation consists, then, 

IN BRINGINa the UNKNOWN QUANTITY BY ITSELF, ON ONE 
SIDE, AND ALL THE KNOWN QUANTITIES ON THE OTHER SIDE, 
WITHOUT DESTROYING THE EQUATION. 

To effect this, it is evident that one of the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal ; 

If the same or equal quantities be added to each. Ax. 1. 
If the same or equal quantities be subtracted from each. Ax. 2. 
If each be multiplied by the same or equal quantities. Ax. S. 
If each be divided by the same or equal quantities. Ax. 4. 

171. It may be farther observed that, in general, if the 
iinknown quantity is connected with others by addition, mul- 
tiplication, division, &c. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the 
equation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by divisiony &c. The 
reason of this will be seen, by attending to the several cases 
in the following articles. The knoum quantities may be ex- 
pressed either by letters or figures. The unknoton quantity 
IS represented by one of the last letters of the alphabet, gen- 
erally X, y, or z. (Art. 27.) The principal reductions to 



♦See Note D. 
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173. When known ^UANTiTtES arc connected with thb 

UNKNOWN QUANTITY BY THE SIGN -f OR -, THE EQUATION 18 
REDUCED BY TRANSPOSING THE KNOWN QUANTITIES TO 
THE OTHER SIDE, AND PREFIXING THE CONTRARY SIGN. 

This is called reducing an «^«iuition by addition or subtraC' 

Han, because it is, in effect, a^^iing or subtracting certain 

quantities, to or from, each of the members.* 

Ex.1. Reduce the equation jr-f-3b-fii=&-ii 

Transposing-f Sfrf we have x - m=& - d - 36 

And transposing - m, x=zh^d - 36-|-m. 

174 When several tenns on the same side of an equation 
are oltfce, they may be united in one, by the rules for reduc- 
tion in addition. (Art. 72 and 74.) 

Ex. S. Reduce the equation X'{-Sb - 4h=z7h 

Transposing 56 - 4h «= 76 - 56-f-4& 

Uniting 76 - 56 in one term ^r = 26-f-4&. 

175. The vnknatm quantity must also be transposed, 
whenever it is on both sides of the equation. It is not mate- 
rial on which side it b finally placed. For if x=S, it is evi- 
dent that 3s«. It may be well, however, to bring it on that 
side, where it will have the afSrmative sign, when the equa- 
tion is reduced. 

Ex.S. Reduce the equation 2x'^9h=zh \ d \ Sot 

By transposition ih-h-d^^Sx^-Zx 

Ajnd k^d=x. 

176. When the same termy with the same sign, is on oppo^ 
nte rides of the equation, instead of transposing, we may ex- 
punge it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2.) 

Ex. 4. Keduce the equation x-^Shr^-d^b-^-Sh-^ld 

Expunging 3& ap-frf=64-7rf 

And x=h+6d. 

177. As all the terms of an equation may be transposed, 
or supposed to be transposed; and it is iimnatenal which 
member is written first ; it is evident that the signs ofaU the 
terms may be changed, without affecting the equality. 

Thus,if we have ap-6=d-a 

Then by transposition - rf-}-^= "" * +^ 

Or, inverting the members - x-^-bs: - d4-a. 

178. If all the terms on one side of an equation be trans* 
posed^ each member will be equal to 
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Thus, if x+b=zdy then ar-f 6 - d=0. 

It is frequently convenient to reduce an equation to this 
fonn, in which the positive and negative terms bcUance each 
other. In the example just given, x-^b is balanced by - d. 
For in the first of the two equations, x-^-b is equal to d. 
Ex. 5. Reduce c^2x - 8=6 - 4+a:4-a. 

6. Reduce y-^-ab - hm=:a^2y - ab^km. 

7. Reduce A+30+7a:=8 - 6h+6x - d+b. 

8. Reduce bh+2l - 4x+d=z 12 - 3x+d - 7bh. 

REDUCTION OF EQUATIONS BY MULTIPLICATION. 

179. The unknov/n quantity, instead of being connected 
with a known quantity by the sign + or -, may be divided 

by it, as in the equation f.= 6. 

a 

Here the reduction cannot be made, as in the preceding 
instances, by transposition. But if both members be miiftt- 
plied by a, (Art. 170,) the equation will become, 

x=ab. 

For a fraeHon is muUmUed into Us denominator^ by removing 
the denommator. This nas been proved from the properties 
of fractions. (Art« 159.) It is also evident from the sixth 
axiom. 

Thus«;^2f-?^==Hd^^^f±5f,&c. For in each 
a S a+5 d+5 

of these instances, x is both multiplied and divided by the 
same quantity ; and this makes no alteration in the value. 
Hence, 

180. When the unknown quantitt is DIVIDED by a 

KNOWN QUANTITY, THE EQUATION IS REDUCED BY MULTI* 
PLYING EACH SIDE BY THIS KNOWN QUANTITY. 

The same transpositions are to be made in this case, as in 
the preceding examples. It must be observed also, that every 
term of the equation is to be multipUed. For the seversd 
terms in each member constitute a compound multipUcand, 
which is to be multipUed according to Axt. 98. 

Ex. 1. Reduce the equation f-|.a=fc4'^ 



e 



Multiplying both sides by 



The product is «-j-ac=ic+cil 

And 1^ af=4c+cd-ac. 
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2. Reduce the equation -Z — 1-5=20 

Multiplying by 6 a: - 4+30= 120 

And ff= 120+4 - S0r=94. 

S. Reduce the equation ^JL^-^d^zh 

^ a+b 

Multiplying by a+b (Art 100.) x+ad+bd=:ah+bh. 
And :r=a/^-6&-ad-M• 

181. When the unknown quantity is in the denominatar of 
a fraction, the reduction is made in a similar manner, by mul- 
t][dying the equation by this denominator. 

Ex. 4. Reduce the equation -— 1-7=8 

Multiplying by 10 - « 6+70 - 7«=80 - 8* 

And x^4. 

182. Though it is not generally necessary j yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of known quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction^ 
which contains the unknown quantity. 

Take for example -=^- 

a b e 

MulUplying by b *x=aif?** 

e 

Midtiplying by e bcx=zacd+abh. 

Or we may muiti{dy by the product of aU the denomina- 
tors at once. 

a d h 

In the same equation fs^-U^ 

a b c 

MulUplying by abe oAex^abcd ^dbch 

a b e 

Then by cancelling from each term, the letter which is 
common to its numerator and denominator, (Art. 145,) we 
have bcx^acd+abhy as before. Hence, 

183. An equation may be cleared op FRACTIONS by 

HULTIPLYINO EACH SIDE INTO ALL THE DENOMINATORS. 
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Thus the cqualMm * =-+1 - * 

a d g m 

is the same as dgmxz=ittbgm+aiem -r odgK 

X 2.4.6 



And the equation —=—+-. . 

^ 2 3 5 ' 2 

is the same as 80:r= 40+48-|-180. 

In clearing an equation of fractions, it will be necessary 
to observe, that the sign -prefixed to any fraction, denotes 
that the whole value is to be subtracted, (Art. 142,) which is 
done by changing the signs of all the terms in the numerator. 

The equation ^zA=e - ^b-^^Sn 

X r 

is the same as ar-^ dr=:€rx ^Sbx-^2hmx-^6nx. 
REDUCTION OP EQUATIONS BY DIVISION. 
184. When the unknown quantity is MULTIPLIED 

INTO ANT KNOWN QUANTITY, THE ICQUATION IS REDUCED BT 
DIVIDING BOTH SIDES BT THIS KNOWN QUANTITY. (Ax. 4.) 

Tlx. 1. Reduce the equation m^b-^Sh^d 

By transposition uxsz d-j^h - b 

Dividmg by a g=^^*"*> 

a d 
2. Reduce the equation 2a:=— - 7-+** 

c h 
Clearing of fractions Mix^zoh^cd^^ck 



Dividing by 2ch 



^^cd^4bch 



tch 

185. If the unknown quantity has co-efficienls in several 
terms, the equation must be divided by all these co-efficient% 
c<mnectedby their signs, according to Art. 121. 

Ex. S. Reduce the equation Sj?-5x=ra- d 

That is, (Art. 120.) (3 - b) X«=a - d 

Dividing by S - i gss ^" 

3 — 6 

4. Reduce the equation as-4*x=: A- 4 

Dividing by o+l a?= "'^, 
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Ex. 5. Reduce the equation g-^_r=^'' . 

h 4 

CleariDg of fractions 4Jix - 4x=:ah-\'dh «- 4& 
Dividing by 4A-4 ir=l!*i^*=i*. 

186. If any quantity, either known or unknown, is found 
as a factor in eo/ry terrOf the equation may be divided by it. 
On the other hand, if any quantity is a divisor in every term, 
the equation may be mtdlipUed by it. In this way, the factor 
or divisor will be removed, so as to render the expression more 
simple. 

Ex. 6. Reduce the equation ax+Sdb^Bad^a 

Dividing by a x^Sb^6d^l 

And x=6d+l-Si. 

7. Reduce the equaUon !±1 - *.==*z£ 

X X 9 

Multiplying by x (Art 159.) of+I - 1^=* - ^ 

And a?=A-d+6-l. 

S. Reduce the equation x x (o-f^) "^ a - 6 s= d X (<>+&) 

Dividing by a+6 (Art. 118.)ar- l=:d 
And ap=:d+l« 



187. Sometimes the conditions of a problem are at fiist 
stated, not in an equation, but by means of a propartitm. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a future section, so far as 
to admit the prmciple that ^* when four quantities are in geo- 
metrical proportion, the product of the two extremes is equal 
to the product of the two means :" a principle which is at 
the foundation of the Rule of Three in arithmetic. See 
Arithmetic. 

Thus, if a : 6 : : c : d, then adz^bc. 

Andif S :4::6 :8, then 3x8=4x6. Henc^, 

188. a proportion is converted into an equation by 
making the product of the extremes, one side of the 
equation; and the product of the means, the other side. 
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Ex. 1. Reduce to an equation ax:b:*.ch:d» 

The product of the extremes is adx 
The product of the means is bch 
The equation is, therefore adx^bch. 

3. Reduce to an equation a-|-6 : € : : A- m : y. 

The equation is ay'\'by=zch''Cm 

- 189. On the other hand, an equation mat be con- 
verted INTO A PROPORTION, BY RESOLVING ONE BIDE OF THE 
EQUATION INTO TWO FACTORS, FOR THE MIDDLE TERMS OF 
THE PROPORTION : AND THE OTHER SIDE INTO TWO FACTORS^ 
V*OR THE EXTREMES. 

As a quantity may often be resolved into different pairs of 
factors ; (Art. 42,) a variety of proportions may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proportion abc=deh. 

The side abc maybe resolved into axbc^ or abx^f or acxb. 
And deh may be resolved into dx^K^^^^X^h or dh X ^ 

Therefore a: d:: eh: be And ac:dh::e : b 

And ab:de::h: c And ac:d::eh:by &c. 

For in each of these instances, the product of the extremes 
is abcy and the product of the means deh, 

2. Reduce to a proportion ax-^-bx^cd^ch 

The first member may be resolved into xx (<H~^) 
And the second into c X (<^ - ^0 

Therefore x : ciid-h: a-)-6 And d-^h: x:: o+J : c, &e. 

190. If for any term or terms in an equation, any other ex- 
pression of the same value be substiluled^ it i" manifest that 
the equality of the sides will not be affected. 

Thus, instead of 1 6, we may write 2 X S, or _?, or 25 - 9, &c. 

4 

For these are only different forms of expression for the same 
quantity. 

191. It will generally be well to have the several steps, in 
the reduction of equations, succeed each other in the follow- 
ing order. 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite the terms. (Arts. 17;5, 4, 5.) 
Thirdly, Divide by the co-efficients of the unknown quan- 
tity. (Arts. 184, 5.) 
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EXAMPLES. 

1 Reduce the equation ??4.6=*f-f7 

4 8 

Clearing of fractions 24x-f 192=20jr-fSS4 
Transp. and uniting terms 4:r=S2 
Dividing by 4 :r =: 8. 

2. Reduce the equation ^-|.A=fL*--|-iI 

a be 

Clearing of fractions bcx-^-dbx - acx= abed - abeh 
Dividing «= abcd-abch 

bc^ab-^ae 

5. Reduce 40- 6^;- 16= 120 - Ux. Ans. a:= 12. 

4. Reduce fzi+i=20.izi£. Ans. «=i* 

2 ' 3 2 4 

6. Reduce ?+f.=20-?L 6. Reduce Ll£-4=5. 

3 5 4 X 

7. Reduce — — 2=8. 8. Reduce -rfL=l. 

9. Reduce x+t+L=:in. 10. Reduce 1+- -i= I v 

^2^3 2 3 4 10^ 

11. Reduce izi+6x=??iz5 

4 ^ 5 

12; Reduce 3x+g£J:g=5+"^"^l 

^5 ^2 

13. Reduce ?izi-2=lilif^+x. 

3 3 ^ 

14. Reduce 21+?fJlH=?^+?Zjl!i. 

16 8^2 

15. Reduce 3:r-^-4=5f+li-i . 

4 3 12 

16. Reduce Zf±f.lH:ff+6=?f±2. 

3 5^2 

17. Reduce ILlSf .!f±5=5-6x+Z^i 

5 3 3 

18. Reduce ^.§iz!+4=?2:Zf -?iz5+lizi. 

5 2 7^5 
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19. Reduce ?f±I+I^JlL?=!£ld. 

20. Reduce ?^^ : lizf. : :7:4. 

2 4 



SOLUTION OF PROBLEMS. 

192. In the solution of problems, by means of equations, 
two things are necessary: First, to translate the statement of 
the question from common to algebraic language, in such a 
manner as to form an equation: Secondly, to reduce this 
equaticHi to a state in which the unknown quantity will stand 
by itself, and its value be given in known terms, on the op- 
posite side. The manner in which the latter is effected, has 
already been considered. The former will probably occasion 
more perplexity to a beginner ; because the conditions of 
questions are so various in their nature, that the proper me- 
thod of stating them cannot be easily learned, like the reduc- 
tion of equations, by a system of definite rules. Practice, 
however, will soon remove a great part of the difficulty. 

193. It is one of the principal peculiarities of an algebraic 
solution, that the qtumHhf sought is itself introduced into tiie 
operation. This enables us to make a statement of the con 
ditions in the same form, as though the problem were already 
solved. Nothing then remains to be done, but to reduce the 
equation, and to find the aggregate value of the known quan- 
tities. (Art. 53.) As these are equal to the unknotm quantity 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved. 

Problem 1. A man being asked how much he gave for his 
watch, replied ; If you multiply the price by 4, and to the 
product add 70, and from this sum subtract 50, the remain* 
der will be equal to 220 dollars. 

To solve this, we must first translate the conditions of the 
problem, into such algebraic expressions as will form an equa- 
tion. 

Let the price of the watch be represented by x 
This price is to be mult'd by 4, which makes 4a? 
To the product, 70 is to be added, making 4x4-70 
From this, 50 is to be subtracted, making 4:^4''^^'"^^ 
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Here we have a number of the conditionsy expressed in 
algebraic terms ; but have as yet no equatum. We must ob- 
/serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be equal to 220. 

We have, therefore, this equation 4a:+70- 50=220 

'W'^ich reduced gives x=50. 

Here the value of x is found to be 50 dollars, which is the 
price of the watch. 

194. To prove whether we .have obtained the true value of 
the letter wnich represents the unknown quantity, we have 
only to substitute this value, for the letter itself, in the equa* 
tion which contains the firs! statement of the conditions of 
the problem ; and to see whether the sides are equal, after 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is the quantity sought. Thuef, in the 
preceding example. 

The original equation is 4ar-{-70 - 50=220 

Substituting 50 for rr, it becomes 4x504-70 - 50=220 
That is, 220=220. 

Prob. 2. What number is that, to which, if its half be add- 
ed, and from the sum 20 be subtracted, the remainder will be 
a fourth of the number itself t 

In stating questions of this kind, where fractions are 
concerned, it should be recollected, that ix is the same as 

1; that fo=-, &c. (Art. 161.) 
8 5 

In this prU>lem, let x be put for the number required. 
Then by the conditions proposed, af+o "" ^~T 
And reducing the equation «= 16. 

Proof, 16+1? -20=1?. 

2 4 

Prob. 3. A father divides his estate among his three sons^ 
in such a manner, that. 

The first has $1000 less than half of the whole ; 

The second has 800 less than one third of the whole ; 

The third has 600 less than one fourth of the whole ; 

What is the value of the estate ? 

If the whole estate be represented by x, then the several 

^jfiares will be |. - 1000, and ^ - 800, and ^ -600. 
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And as these constitute the whole estate, they are together 
equal to x. 

We have then this equation 5 - 1000+5 - 800+5- 600=a?. 

« «5 4 

Wliich reduced gives «= 28800 

Proof ^^^^ - 1000+!5^ - 800+!??2? - 600=28800. 

195. To avoid an unnecessary introduction of unknown 
quantities into an equation, i-t may be well to observe, in this 
place, that when the sum or difference of two quantities is 
given, both of them may be expressed by means of the same 
letter. Foi if one of the two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other. And if the difference of two quantities be subtracted 
from the greater, the remainder will be the less. 

Thus if the sum of two numbers be 20 

And if one of them be represented by x 

The other will be equal to 20 - x. 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotienta 
will be 9. 

Here, if x be put for the smaller part, the greater will be 
48 -X. 

By the conditions of the problem >+ — ^=9* 

4 6 

Therefore x=12, the less. 

And 48 - x=rS6, the greater. 

196. Letters may be employed to express the knoivn quan- 
tities in an equation, as well as the unknown. A particular 
value is assigned to the numbers, when they are introduced 
into the calculation : and at the close, the numbers are ro« 
stored. (Art. 52.) 

Prob. 5. If to a certain number, 720 be added, and th^ 
sum be divided by 125 ; the quotient will be equal to 739Sl 
divided by 462. What is tliat number? 

Let x= the number required. 

a=:720 d=7392 

b=:125 A=::462 

8 
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Then by the conditions of the problem fll[?s= -. . 

b h 

Therefore «=Mz^ 

A 

Regtoringthenumber8,»=0g^X^S^'^)-(!i0X^g^)=128a 

462 

197. When the resolution of an equation brings out a 
negative answer, it shows that the value of the unknown 
quantity is contrary to the quantities which, in the statement 
of the question, are considered positive. See Negative Quan- 
tities. (Art. 54y &c.) 

Prob. 6. A merchant gains or loses, in a bargam, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end he finds he has gained 200 dol- 
lars, by the three together. How much did he gain or lose 
bv the first 1 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished bv contrary signs. (Art. 
57.) If the profit is marked -f-, the loss must be - . 

Let xz= the sum required. 

Then according to the statement «-4~^^~'6^=^^ 

And «= - 90 

The negative sign prefixed to the answer, shows that there 
was a hse in the first bargain ; and therefore that the proper 
sign of X is negative also. But this being determined by the 
answer, the omission of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude. 
What was her latitude at starting 1 

Let x=: the latitude sought. 

Then marking the northings 4-> ^nd the southings - ; 
By the statement x+i - 13+17 - 19= - 1 1 

And x=zO. 

The answer here shows that the place from which the ship 
started was on the equator, where the latitude is nothing. 

Prob. 8. If a certain number is divided by 12, the quo- 
tient, dividend, and divisor, added together, w^iil amount to 
64. What is the nunibci 1 
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Let 2= the number sought 
Then 

And 

- Prob, 9. An cetate is divide 

a manner that 

The first has 200 dollars iiu 
The second has 340 dollars 
The third Iiae 300 dollars if 
The fourth has 400 dollars i 
What is the value of the e» 

Prob. 10. "^^liat is that num 
500; as a fii)h part of it is grei 

Prob. II. There are two iii 
and which are to eacli other at 
bersT 

Prob. 12. Three persono, A 
lotteiy. A draws 200 dollars 
getlier with a lliird of what C 
oa A and B both. What is tli 

Prob. 13. "What number is 
by three times the number, as 

prob. 14. A ship and a boa 

same time. The ship pnsws o 

,13 miles below. Tlie ship i! 

boat descends three. At win 

they be together % , , i 

Prob. 1 5. Wiot number is I 
cceds an eighth part of it by t 

Prob. 16. Divide a prize of 

parts, that one of them shall b 

Ans. T 

Prob, 17. What sum of moi 
fourth part, and fillli part, addi 
loi'sT 
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Prob. 18. Two travellers, ,3 and J?, SCO miles apart, travel 
towards each other till they meet. «9's progress is 10 miles 
an hour, and ^s 8. llow far does each travel before they 
meet 1 , . Aus. A goes 300 miles, and B 160. 

Prob. 19. A man spent one third of his life in England, 
one fourth of it in Scotland, and the remainder of it, which 
was 20 yeais, in ttie United States. To what age did he 
Uve 1 Ans. to the age of 48. 

Prob. 20. What nmnber is that \ of which is greater than 

1 of it by 96 ] ^ ^ 

Prob. 21. A post is ; in the earth, ? in the water and IS 
feet above the water. What is the length of the post 1 

Ans. 35 feet. 

Prob. 22. Wiat number is that, to which 10 being added, 

2 of the sum will bo 66 1 

Prob. 23. Of the trees m an orchard, } are apple trees^ t\ 
pear trees, and the remainder peach trees, which are 20 
more than *, of the whole. What is tb^ whole munber in 
the orchard 1 Ans. 800. 

Prob. 24. A gentleman bought several gallons of wine for 
94 dollars; and after using 7 gallons' himself, sold \ of the 
remainder for 20 dollars. How many gallons had he at first 1 

'y " '^ - > ;,-,'. _ c Ans. 47. 

\ Prob. 25. Jl and B have the pame income. A contracts 
an annual debt amounting to ^ of it ; B live? upon jl of it ; 
at the end of ten yeai*s, B lends to Jl enough to pay off his 
debts, and has 160 dollars to spare. What is the income of 
erxhl ' Ans. 280 dollais. 

Prob. 26. A gentleman lived single \ of his whole life; 
and after having been married 5 years more than \ of his 
life, he had a son wlio died- 4 years before him, and who 
leached only half the age of his father. To what age did 
the father live ? f : Ans. 84. 

Prob. 27. What number is that, of which if J, i, and f be 
added together the sum will be 73 ? Ans. 84. 

Prob. 28. A person after spending 1 00 dollars more than \ 
of his i))come, had remaining 35 dollars more than { of it* 
Required his income 
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\ Prob. 29. In the composition of n quantity of gunpowder 
The mire was 10 lbs. more than | of the whole. 
The sulphxir 4^ lbs. less than ^ of the whole. 
The charcoal 2 lbs. less than \ of the nitre. 

What was the amount of gunpowder 1 Ans. 69 Ibe. 

Prob. 30. A cask which held 146 gallons, was filled with 

a mixture of brandy, wine, and water. There were 15 gal- 

Ions of wine more than of brandy, and as much water as the 

\ brandy and wine together. What quantity was there af 

each? 7 5 

Prob. 31. Four persons purchased a farm in company for 
4755 dollars ; of which B paid three times as much as A ; 
C paid as much as A and B ; and D paid as much as C and 
B. What did each pay 1 Ans. 317, 951, 1268, 2219. 

Prob. 32. It is required to divide the number 99 into five 
such parts, that the first may exceed the second by 3, be less 
than the third by 10, greater than the fourth by 9, and less 
than the fifth by 16. 

Let x=z the first part. 
Then a: - 3= the second, a: - 9= the fourth, 

a:-f 10= the third, a:+16=r the fiflh. 

Therefore ar+ar- S+x+lO+ar - 9+«+16=99. 

And x=l7. 

Prob. 33. A father divided a small sum among four sons. 
The third had 9 shillings more than the fourth ; 
The second had 12 shillings more than the third ; 
The first had 18 shillings more than the second ; 
And the whole srnn was 6 shillings more than 7 times the 
siun which the youngest received. 
What was the sum divided 1 Ans. 153. 

Prob. 34. A farmer had two flocks of sheep, each contain- 
ing the same number. Having sold from one of these 39, 
y and from the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain 1 

Prob. 35. An express, travelling at the rate of 60 miles t 
day, had been dispatched 5 days, when a second was sent 
after him, travelling 75 miles a day. In what time will tlie 
one overtake the other 1 Ans. 20 days. 

Prob. 36. The age of jJ is double that of B, the age of B 
triple that of C, and the sum of all their ages 140. What i# 
the age of each ] g^ 
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Prob. S7« Two pieces of cloth, of ihe same price by the 
yardy but of diflerent lengths, were bought, tlie one for five 
pounds, the otner for %\, If 10 be added to the length of. 
each, the siuns will be as 5 to 6. Required the length of each 
piece. ^ 

Prob. 3& ^ and B began trade with equal sums of money. 
The first .j^ar, A gained forty pounds, and B lost 40. The 
8ecf(fi& year, A lost \ of what he had at the end of the first, 
hXik'B gained 40 pounds less than twice the sum which A 
baid lost. B had then twice as much money as A. What 
■um did each begin with 1 Ans. 320 pounds. 

* Prob. 39. What number is that, which being severally ad- 
ded^to 36 and 52, will make the former sum to the latter, as 
Sto41 

Prob. 40. A gentleman bought a chaise, horse, and har- 
ness, for 360 dollars. The horse cost twice as much as the 
harness ; and the chaise cost twice as much as the harness 
ajad horse together. What was the price of each 1 

* Prob. 41. Out of a cask of wine, from which had leaked 
I; part, 21 gallons were afterwards drawn ; when the cask was 
found to be half full. How much did it hold ? 

Pi'ob. 42. A man has 6 sons, each of whom is 4 years older 
than his nbxt younger brother ; and the eldest is three times 
as old q^ ihe youngest. What is the age oi each 1 

PrSti^S. Divide the number 49 into two such parts, that 
the ffnealer increased by 6, shall be to the less diminished by 
ll,fl9to2. 

Prob. 44. What two numbers are as 2 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 ? 

Prob. 45. A person bought two casks of porter, one of 
which held just 3 times as much as the other ; from each of 
these he drew 4 gallons, and then found that there were 4 
times as many gallons remaining in the larger, as in the other. 
IIow many gallons were there in each ? '^ 

Prob. 46. Divide the number 68 into two such parts, that 
the diflerence between the greater and 84, shall be equal to 
3 times the difference between the less and 40. 

Prob. 47. Four places are situated in the order of the let- 
ters A. B. C. JD. The distance from «/9 to i> is 34 miles. 
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The distance from AioBiB to the distance from C to X> as / 
2 to 3. And i of the distance from Jl to B. added to half ^> -^r 
the distance from C to D, is three times the distance from ^ . ' ^ 
B to C. What are the respective distances? 

Ans From Jl to 27=12; from £ to C=4; from C to D=18. 

Prob. 48. Divide the number 36 into 3 such parts, that*} 
^ of the first, J of the second, and J of the third, shall be equal 

to each other, S > f 'V . . i, _ / ; - 

5 f ~ \ / ' / . , 

Prob. 49. A merchant supported himself 3 years, for 60 

pouiids a year, and at the end of each year, added to that 

^ part ol his stock whicn whs riot thus expended, a sum equal 

to one third of this part. At the end of ^he third year, his 

original stock was doubled. What was that stock? 

Ans. 740 pounds. 

Prob. 50. A general having lost a battle, found that he 
had only half of his army4-3600 men left fit for action ; \ of 
the army+600 men being wounded ; and the rest, who were 

Lof the whole, either slain, taken prisoners, or missing. Of 
>w many men did his army consist ? Ans. 24000* 

For the solution of many algebraic problems, an«acqualnt- 
ance with the calculations of powers and radical quantities is 
required. It will therefore be necessary to attend to these 
before finishing the subject of equations. 



SECTION VIIL 

INVOLUTION AND POWERS. 



Art. 198. WHEN a quantity is multiplied into iT 
SELF, the product is called a POWER. 

Thus 2 X 2=4, the square or second power of % 

2x2x2=8, the cube or third power. 
2x2x^x2=16, the fourth power, &c. 

So 10 X 1^^=100, the second power of 10. 

10x10x10=1000, the third power. 
10x10x10x10=10000, the fourth power, &c 
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And aX(i=f^ the second power ol a 

axaX<>=<>^Mi, the third oower 
axaX<>X<>=^<i^Mki, the fourUi power, &o 

199. The original quantity itself though not, hke (he pow- 
ers proceeding from it, produced by multiplication, is never- 
tlieless called the first power. It is also called the root of 
the other powers, because it is that from which they are all 
derived. 

200. As it is inconvenient, especially in the case of high 
powers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge- 
nerally adopted. The root is written only once ; and then a 
number or letter is placed at the right hand, and a little ele- 
vated, to signify how many tunes the root is employed as a 
^actor^ to produce the power. This number or letter is called 
the index or exponent of the power. Thus a' is put for axa 
or aOf because the root a, is twice repeated as a factor, to 
produce the power aa. And a' stands for aaa; for here a 
18 repeated three times as a factor. 

The index of the first power is 1 ; but this is commonly 
omitted. Thus a^ is the same as a. 

201. Exponents must not be confounded with coefficients. 
A co-efficient shows how often a quantity is taken as a part 
of a whole. An exponent shows how often a quantity is 
taken as a factor in a product. 

Thus 4ft=a-fa-fa-|-a. But a^:=:aX^X^X^ 

202. The scheme of notation by exponents has the pecu- 
liar advantage of enabling us to express an unknown power. 
For this purpose the index is a letter^ instead of a numerical 
figure. In the solution of a problem, a quantity may occur, 
which we know to be some powei of another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or some higher power. Thus in the expression a*, the index 
X denotes that a is involved to some power, though it does not 
determine what power. So i" and d" are powera of h and d; 
and are read the mth power of 6, and the nth power of d. 
When the value of the index is found, a number is generally 
substituted for the letter. Thus if m=:3 then 6"* =6^; but 
if m = 5, them t* = 6*. 

203. The method of expressing powers by exponents is 
also of great advantage in the case of compound quantities. 
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Thus a+b+4^ or a+b+d" or (a+6+d)% is (a+h+d)x 
(a+b+d) X (a+b+d) that is, the cube of (o-f 6+rf). But 
this involved at length would be 

a^+Sa^b+Sa'd+Sab^+eabd+Sad^+b^+Sb'd+Sbd^+i^. 

204. If we take a series* of powers whose indices increase 
or decrease by 1, we shall find that the powers themselves 
increase by a canimon multiplier^ or decrease by a common dp- 
visor; and that this multipher or divisor is the original quan- 
tity from which the powers are raised. 

Thus in the series aaaaa^ aaaOy aaa, aa^ a ; 

Or a* a* a» a* a' ; 

the indices counted from right to left are 1 , 2, 3, 4, 5 ; and 
the common difference between them is a unit. If we be- 
gin on the riglit and multiply by a, we produce the several 
powers, in succession, from right to left. 

Thus aXfl=<»* the second term. And a^Xf*=a*> 
a? X «= ^'^ the third tenn. a» X <»= «% &c 

If we begin on the leji^ and divide by a, 
We have a'^-i-azzza* And a^-^^a'. 

205. But this division may be carried still farther ; and 
we shall then obtain a new set of quantities. 

Thus a.i.a=-=l. (Art.128.) l-f.a=J-. (Art 163.) 

a a aa 

l-^a=L i^a=J--,&c. 

a aa aaa 

The whole series then 

.111, 

IS aaaaay aaaa^ aaa^ ao, a, 1, ~, — , , occ. 

a aa aaa 

Or a\ a*y o\ a% o, 1, -, - , -, &c. 

a a^ a^ 

Here the quantities on the rigid of 1, are tlie ndprocris of 
those on the left, (Art. 49.) The former, Iherefoie, inny be 
properly called reciprocal powers of a; while the iaticr may 
be termed, for distinction's sake, direct powers of a. It may 
be added, that the powers on the left arc also the reciprocals 
of those on the right. 

- - ■ 

* NoTF..-^The term $eries is applied to a niimW of quantities sucfeedin^ 
each other, in Kome regular order. It is not confined to any pariicuJar law ol 
increase or decrease. 
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F«rl4=lxl=MArt.ie*.)Andl4=«.. 

1^ =1 X r=«'- l-^-\=«% &c. 

o* 1 o* 

206. The same plan of notation is applicable to eompotmd 
quantities. Thus from a-{-bf we have the series, 

(■^"••c^"'- (•+')• '• (i)' lip- i^w- "• 

SOT. For the convenience of calculation, another form of 
notation is given to reciprocal powers. 

According to this, — or — ssa""*. And — or -.=0""'. 

a or aaa tr 

1 or \ =a--^. -L. or l=a-*, &c. 
aa a* aaaa a^ 

And to make the indices a complete series, with 1 for the 

common diflference, the term f.or 1, which is considered as 

a 

no power, is written a*. 
The powers both direct and reciprocal* then. 

Instead of aaaa, aaa^ aa^a^^ ^^^, — , , &c^ 

a a aa aaa aiuia 

Will be a\ a\ a*, a\ a\ a'\a'% a"', a"*, &c. 

Or a+^, an a^\ a+', xf, a'\ a'\ a""', a"*, &c. 

And the indices taken by themselves will be, 

-t-4,+3,4.2,4- 1 ,0, - 1 , - 2, - 3, - 4, &c. 

208. The root of a power may be expressed by more let- 
ters tlmn one. 

Thus aax<3M, or aal' is the second power of aa» 

And aax««X««, or aal"^ is the third power of aa, &c. 

Hence a certain power of one quantity, may be a dilTerent 
|)0\ver of another quantity. Thus a* is the second power of 
a\ and the fourth power of a. 

209. All the powers of I are the same. For Ixljor 
1X1X1, &c. is still 1. 

See Note £. 
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mvonrrion 

210. Involution is finding' any power of n quantity, by 
multiplying it into itself. The reason of the following gene- 
ral rule is manifest, from the nature of powers. 

MULTiPLr THE QUANTITY INTO ITSELF, TILL IT IS TAKEN 
AS A FACTOR, AS MANY TIMES AS THERE ARE UNITS IN THE 
INDEX OF THE POWER TO WHICH THE QUANTITY IS TO BE 
RAISED. 

This rule comprehends all the instances which can occur 
in involution. But it will be proper to give an explanation 
of the manner in which it is applied to particular cases. 

211. A single letter is involved, by giving it the index of 
the proposed power; or by repeating it as many times, as there 
are units in that index. 

The 4th power of a, is a* or aaaa, (Art. 198.) 

The 6th power of y, is y* or yyyyyy. 

The nth power of or, is :r" or xxx. . .n times repeated. 

212. The method of involving a quantity which consists 
of several factors^ depends on the principle, that the power of 
the product of several factors is equal to the product of their 
powers. 

Thus {ayY=:a^ y*. For by Art. 210; (ay)*=ayx<9- 

But ay X «y = «y «y = <wtyy = <»'y^ 

And {adyy=ady Xf^yX^y " '^ timesrsa-Jy. 

In finding the power of a product, therefore, we may either 
involve the whole at once ; or we may involve each of the 
factors separately, and then multiply their several powers in- 
to each other. 

Ex. 1. The 4th power of d/iy, is {dhy)\ or d^A*y\ 

2. The 3d power of 46, is (46)^ or 4V, or 64t'. 

3. The nth power of 6ad, is (Cod)", or ea''d\ 

4. The 3d power of 3m x2y, is (3mx2y)*, or 27m' x8y*. 

213. A compound quantity consisting of tenns connected 
by ^ and - , is involved by an actual multiplication of its 
several parts. Thus, 
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(a-(-6)*=ra4.6, ihe first power. 



a'-- 



ab 



{a'\-by=za*'\'2ab'\'b% the second power of (a-f-b*) 
a+b 



+ a% 



2o6*4-t' 



{a+by=za''+3a%+Sab^+b\ the thud power. 
a4- b 



+ a»6- 



■3a'6»- 



. ab' 
•3ab'+b* 



(a+by:=:a'+4a'b+6cfb''+4ab^+b\ the 4th power, &c. 

2. The square of a -6, is a' -206+61 

8. Tlie cube of a+1, is a'+3a»+3a+l. 

4. The square of o+fc+A, is a'-|-2a64-2a/i+6«+26A+/^ 

5. Required the cube of a-l-2(/4-3. 

6. Required the 4th power of 64-2. 

7. Required the 5th power of :r-f-l. 

8. Required the Gtb power of 1 -6. 

214. Tlie squares of binomial and residual quantities occur 
80 frequently in algebraic processes, that it is unportaiit to 
make them famiUar. 

If we multiply a-f-A into itself, and also a -A, 

We have a+h And a- & 

a+h 



a^+ah 
+ah+h!' 

a'^+Zah+h^ 



a-K 

cf-^ah 
^ah+hf 

a*'-2ah^h\ 



Here h will be seen thai, in each case, the first and last, 
(enns are s<|uares of a and h; and that the middle tenn is 
twice the product of a into h. Hence the squares of bino- 
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mial and residual quantities, without multiplying each of the 
terms separately, may be found, by the following proposition,* 

The square of a binomial, the terms op which arb 
both positive, is equal to the square of the first term 
-{-twice the product of the two terms, -f-tue squarr 
of the last term. 

And the square of a residual quantity, is equal to the 
square of the first term, - twice the product of the two ierm% 
-|- the square of the last lerm. 

Ex. 1. The square of 2a4-t, is 4a*4.4afc4.6^ 

2. The square of A-|-l, is h^+2h+l. 

8. The square of ab+cd^ is a*6«-|-2a6cd-f.cV. 

4. The square of 6y+3, is 36y«-f-36y-f 9. 

5. The ajuare of Sd - A, is 9(i» - 6dh+h\ 

6. The square of a - 1, is a* - 2a-f-l 

For the method of finding the higher powers of binoiiiiaI% 
see one of the succeeding sections. 

215. For many purposes, it will be suflUcient to express the 
powers of compound quantities by exp<menl$y without an actual 
multiplication. 

Thus the square of o-f 6, is oHpTl', or (o-f-t)'. Art. 208. 
The nth power of ic+S-f-x, is (6c-|-8-}*i:)". 

. u cases of this kind, the vinculum must be drawn over oU 
the terms of which the compound quantity consists. 

216. But if the root consists of several factors^ the vineu- 
lum which is used in expressing the power, may either extend 
over the whole ; or may be applied to each of the factora 
separately, as convenience may require. 

Thus the square of o-f 6x<?+d, is either 

a+6xH"^t or o+S] xc+rfl 

For, the first of thest expressions is the square of the pro- 
duct of the two factors, and the last is the product of tneh 
squares. But one of these is equal to the other. (Art. 212.) 

The cube of axb+d, is (ax 6+5?, or a'x(6+d)'. 

* Euclid's Elements, Book 11. prop. 4. 
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SI 7. When a quantity whose power has been expressed by 
a vinculum a.id an index, is afterwards involved by an actual 
multiplication of the terms, it is said to be expanded. 

Thus (<H"')*> when expanded, becomes a*-{-2a5-{-i*- 
And {a+b+h)\ becomes a^+2ab+2ah+b*+2bh+h\ 

18. With respect to the sign which is to be prefixed to 
quantities involved, it is important to observe, that when the 

ROOT IS POSITIVE, ALL ITS POWERS ARE POSITIVE ALSO ; BUT 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA- 
TIVE, WHILE THE EVEN POWERS ARE POSITIVE. 

For the proof of this, see Art. 109. 

The 2d power of - a is-|-a* 
The 8d power is - a' 

The 4th power is + a* 
The 5th power is - a', &c. 

£19. Hence any odd power has the same sigpnas its root. 
Ytxii an even power is positive, whether its root is positive or 
negative. 

Thus-faX+«=o' 
And -ax -a^a*. 

S20. A QUANTITY WHICH IS ALREADY A POWER, IS INVOLV* 
ED BY MULTIPLYING ITS IND^X, INTO THE INDEX OF THE POW- 
ER TO WHICH IT IS TO BE RAISED. 

1. The Sd power of a\ is a' » *=za*. 

For a*:=iaa: and the cube of oa is aaxaaX(M^aaaacuiz:z<i^; 
which is the 6th power of a, but the 3d power of a*. 

For the further illustration of this rule, see Arts. 233, 4. 

2. The 4th power of o»6«, is a*^^6«^*=a' « bK 
8. The 8d power of 4 a% is 64 aV. 

4. The 4th power of 2a»xSa:*d, is 16a'*x81a;«<f. 
6. The 5th power of {a+b)\ is (c^b) * •. 

6. The nth power of a% is a'". 

7. The nth power of {x - j/)*, is (a:- y)*". 

8. i^V, « = a'+ Za'^b^+bK (Art. 21 4.) 

9. c^xFl* =a^:^6* 10. (aV/i*)'=a*6W«. 
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231. The rule is equally applicable to powers whose expo- 
nents are negative. 

Ex. 1. The 3d power of ar\ is ar^^=za^. 

For a-*= — , (Art. 207.) And the 3d power of this is 
aa 

aa aa aa aaaaaa a' 

a' 

2. The 4th power of a*i-* is o'i-**, or --. 

3. The cube of 2a:Y^, is 8a*y-»^. 

4. The squareof 6'ar*, is t*ar-*. 

6. The nth power of ar-"', is ar-**, or ~ 



222. It must be oliserved here, as in Art. 218, that if the 
sign which is prefixed to the power be -y it must be changed 
to +> whenever the index becomes an even number. 

Ex. 1. The square of - a', is -^-aK For the square of 
- a^ is - a' X - «'» which, according to the rules for the signs 
in multiplication, is -{-a*. 

2. Butthecttfccof-o'is-a*. Foc-a^X -«*X-«*=-«^* 

3. The square of - af^ is -f-**"- 

4. The nth power of - a\ is +*'"• 

Here the power will be positive or negative, according as 
the number which n represents is even or odd. 

223. A FRACTION is involved by involving both 

THE NUMERATOR AND THE DENOMINATOR. 

1. The square of ^ is ^. For, by the rule for tlie muItU 

b 0* 

plication of fractions, (Art. 155.) 

a^a^aa^a* 

b b^Wl* 

1 11 1 

2. The 2d, 3d, and nth powers of -, are -.*^ and -L. 



a^a* 



8. Thecubeof!f!^,is?^\ 

3y 27y» 

4 The nth power of ^is f!!^ 

aip a"y^ • 
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6. The square otZ^^^:, '„ ^^. 



-O' 



6. The cube of I.—, is I^ . (Art. 221 .) 



224. Examples of binomiait, in which one of the tenns is 
fraction. 

1. Find the square of *-(-»> luid s - j, as in art. 214. 

t. The square of a +?, is o'+i?-)-! 

8. Th© square of ar+^, is a*-f 4x+l. 

2 4 

4L Thesquareof^-A, i8a«-.?*5+^. 

"^ •» HI* 



S25. It has been shown, (Art. 165,) ihni n fracUtmal co^ 
efficienl may be transferred from the numerator to the de* 
nominator of a fractiors or from the denominator to the nu- 
merator. By recurring to the scheme of notation for recip- 
rocal powers, (Art. 207,) it will be ^een that any factor may 
also be transferred, i/tlie sign of Us index be changed, 

1 Thus, in the fraction _, we may transfer « fn»n the 

numerator to the denominator. 



V y y ^ y^ 

2. In the fraction iL. we may transfer y from the deno- 

minator to the numerator. 

For * — *v ' -.*vii-»- ^y* 
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S26. In the same manner, we may transfer a factor which 
has a positive index in the numerator, or a negative index in 
the denominator. 

1. Thus ~I"=r^^* For a^ is the reciprocal of aT*, 

1 oaf a 

(Arts. 205, 207,) that is, a:»= -zr" Therefore, "J"== jjy 

227. Hence the denominator of any fraction may be en- 
tirely removed, or the numerator may be reduced to a umt, 
without altering the value of the expression. 

a \ 
1. Thus T=rr=5> <>r ^'^* 

«-• 1 
*• 6^= 6VX-C-* ^^ Cx*tf-6- 



ADDITION AND SUBTRACTION OP POWERS. 

228. It is obvious that powers may be added, like other 
quantities, by writing them one after another with their signs. 
(Art. 69.) 

Thus the sum of a' and b\ is o'+ft*. 

And the sum of a« - fc» and A» -dS is a' -6"+A» - d*. 

229. The same powers of the same letters are like qtianHties; 
(Art. 45,) and their co-efficients maybe added or subtracted, 
as in Alts. 72 and 74. 

Thus the sum of 2a^ and 3a*, is 5a\ 

It is as evident that twice the square of a, and three times 
the s(|nare of a, are five times the square of a, as that twice 
a and three times a* are five tiiTies a. 

9* 
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To -3aV 86" Say -6aW 5(a+f)« 

Add -2x«y' 6tr -7ay 6aW 4(a+y)- 

Sum -5ar«y* -4a*y* 7(04.5)" 

230. But powers of different letters and different powers of 
the «am« letter^ must be added by writing them down with 
Uieir signs. 

The sum of a* and o* is a*4-<»'* 

It is evident that the square of a, and the cube of Of are 
neither twice the square of a, nor twice the cube of a. 
The sum of aV and SaV, is aV+Sa»t*. 

231. Subtraction of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
are to be changed according to Art. 82. 

From 2a* -36" 3AV o'6- SCa-^hy 

Sub. -6tf* 46" 4A'6* oV 2(a-A)* 



Diff. 8a* -fcV S(a-A)« 



MULTIPLICATION OP POWERS. 

232. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either with, or without, 
the sign of multiplication between them. (Art. 93.) 

Thus the product of a' into b\ is a*4*, or 00066. 
Mult. a?-» A^6- 3oy d&'a;- o'6y 

Into o* a* -2a? 46j/* a'»6'y 

Prod. a'^x'^ -6a*xy* a*6ya'6'y 

The product in the last example, may be abridged, by 
biinging together the letters which are repeated. 

It will then become o*6y 

The reason of this will be evident, by recurring to the se- 
ries of powers in Art. 207, viz. 

o+S o+S o+«, o+S a\ a"', (T*, cT*, cT*, &:c. 

Or, which is the same, 

aaaa, aaa, aa, o, 1, ~, — , — , ^^, &c. 
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By coinparing the several terms with each other, it will 
be seen that if any two or more of them be multiplied to- 
gether, their product will be a power whose exponent is the 
ium of the exponents of the factors. 

Thus a^Xa^=^MX<Ma=aaaaa=ff. 

Here 5, the exponent of the product, is equal to S-|-8, the 
sum of the exponents of the factors. 

So 0" Xa*=cr+~. 

For a% is a taken for a factor as many times as there are 
units in n ; 

And (T, is a taken for a factor as many times as there are 
units in m ; 

Therefore the product must be a taken for a factor as 
many times as there are units in both m and n. Hence, 

233. Powers of the same root mat be multiplied, 
bt adding their exponents. 

Thus a»xa*=a»**=a'. And «'Xa*Xx=«»***-'=«». 
Mult. 4a- Sx* by a'ty (fc+fc-y)- 

Into 2a" 2** b'y o*6^ 6-f&--y 

Prod. 8a^ by (b+h^y)'^' 

Mult. «*+a:^+jn/'+y' into«-y. Ans. «*-y\ 
Mult. 4x^+3jy-l into 2a;'-*. 
Mult, ir^+x - 5 into 2of+x+ 1 . 

234. The rule is equally applicable to powers whose expo 
nents are negative, 

1. Thus a-' X «"'•=«'"*. That is Ix— = ' 



aa aaa aaaaa 
2. y-xr"'=y"""* That is JLxli=-Lr 

y* y* jTyT 

5. -a-*xa"'=-a"'- 4. o-*x^=«'"•=«^*• 

6. a-"xa*=a"""- 6. y-«x»'=y'=l- 

235. If a+b be multiplied into a-fc, the product will be 
«P-6»: (Art. 110,) that is 
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The pmoDcrr or tbb tun and DirrERENCB or two 

QUANTITIES, IS EQUAL TO THE DIFFERENCE OF THEIR 
SQUARES. 

This is another instance of the facih'ty with which generom 
trulht are demonstrated in algebra* See Arts. SS and 77. 

If the siun and diflerence of the squares be multiplied, 
tlie product will be equal to the difference of the fourth 
powers, &c. 

Thus (a-y) X («+»)=«* -y'- 

y-yOx(a*+y^)=a«-y«,&c. 



DIVISION OF POWERS. 

236. Powers may be divided, like other quantities, by re* 
jecting from the dividend a factor equal to the divisor ; or by 
placing the divisor under the dividend, in the form of a frac- 
tion. 

Thus the 4uotient of c^M divided by b\ is (f. (Art 116.) 

Divide 9rfy UVaT a»i+3ay rfx («-*+»)• 
By -3rf 26* tf (a-A+y)' 

Quot. -Sy" 6+Sy' d 



_5 

The quotient of o^ divided by a", is -;. But this is equal 

to n^. For, in the series 

at*, a+", a+*, a^\ a\ o-', o-«, a-», a"*, &c. 

if any term be divided by another, the index of the quotient 
will be equal to the difference between the index of the divi- 
dend and that of the divisor. 

Th\m(f^(f=z^^^=a\ And a*-^rf'=f!-=a— . 

aaa (^ 

Hence, 

237. A POWER MAY BE DIVIDED BY ANOTHER POSTER OF 
THE SAME ROOT, BY SUBTRACTING THE INDEX OF THfi,AI- 
VISOR FROM THAT OF THE DIVIDEND. 



mmm^ 
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Tbu3 v*-f-2/*=!r'=y'. That is IQQf =:y. 

!W 

Anda-+*4^=:a-+*^=o\ That is 2?5"=ar. 

a 

Andar-f.x•=a^^=a•=l. That is -=1. 

Divide y'" 6* 8a*^ a^ 12(64-y)- 
By y* ft» 4a- a* S(6+y)' 



Quot. y* 2a* 4{*+y)"-" 

238. The nile is equally applicable to powers whose ex< 
poneuts are negative. 

Tlie quotient of or* by o"^, is a"*. 

Thit is -L-^-L = _1_ x^= *" ' 



aaaaa aaa aaaaa 1 aoooa aa 

«. -*-•-*-«-'=: -ar*. Thalis_L,-j-L=Jl.=_i-. 

-ar at" -«* -ar 

3. A»^A-'=A»+'=A'. That is A'^J =&«xJ=A*. 

4. 6a"^2/r'=3«r+«. 6. b(f^a=:ba\ 
6. i'^6*=6»-»=i-^. 7. a«^a'=a-'. 
a (a^+y^)"^(a'+y^)-=(a'+y'»)-— . 

9. (t-|-x)"-h(t+a:) = (6+x)— ». 

The multiplication and division of powers, by adding and 
subtracting tlieir indices, should l>e made very familiar ; as 
they have numerous and un|X)rtant applicatious, in the high- 
er branciios of algebra. 

EXAMPLES OP FRACTIONS CONTAININQ POWERa 

239. In t]ie section on fractionfi, the following examples 
were omitted for the sake of avoiding au anticipation of the 
subject of powers. 

1. Reduce — -. to lower terms. Ans. ^. 
3a^ 3 

ForJ^=5f22?=*2?. (Art 145.) 
Sa* Soa 3 ^ 

S. Reduce —— ^ lower terms. Ans. -. or Sor* 
Sx* 1 
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S. Reduce ?2!±i^ to lower terms. Ans. ^°+^. 

M 5 

4. Reduce 8«V-;2«V+6«y' to lower terms. 

^ ^.^Zi^'oblained by dividingeach term by i<^ 

5. Reduce -^ and — ^ to a common denominator. 

tf X*"* 18 a~*, the first numerator. (Art. 146.) 
0^ Xfl"' is o*=l, the second numerator. 
0^ X^^^ is a"', the common denominator. 

The fractions reduced are therefore — . and — • 



a-' a-' 



2a* €p 

6. Reduce — and -^ to a common denominator 

Ans. ??? and ?^ or ?.^ and Jl. (Art. 145.) 

bd! 5^ 5d' 5a^ ^ ' 

7. Multiply ^, into ^. Ans. ^f =?^. 

8. Multiply !^, into ^T^. 

9. Multiply 't±L, into ?Jli. 

10. MuWply il into ^I, and J^. 

1 1. Divide 5-, by ?^. Ans. ?!??!= ?. 

12. Divide ^Zf!, by ^Llfl\ 

a^ a 

13. Divide ^-»"', by ?^+*L* 

14. Dmde^\by^. 

or h 
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SECTION IX. 



EVOLUTION AND RADICAL aUANTTTIES.* 



Art. 240. If a quantity is multiplied into itself, the pro* 
duct is a potDer. On the contrary, if a quantity is resolved 
into any number of equal factors j each of these is a root of 
that quantity. 

Thus 6 is the root of bbb; because bbb may be resolved 
into the three equal factors, 6, and 6, and 6. 

In subtraction, a quantity is resolved into tteo parts. 

In division, a quantity is resolved into two factors. 

In evolution, a quantity is resolved into equal factors. 

241. A ROOT OF A QUANTITY, THEN, IS A FACTOR, WHICH 
MULTIPLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILL 
PRODUCE THAT QUANTITY. 

The number of times the root must be taken as a factor, 
to produce the given quantity, is denoted by the name of the 
root. 

Thus 2 is the 4th root of 16 ; because 2x2x2x2=16, 
where two is taken four times as a factor, to produce 16. 

So 0* is the square root of a* ; for <i?Xfl*=a*« (Art. 233.) 

And a* is the cube root of a* ; for a'Xfl'X«'=<'^» 

And a is the 6th root of o*; for axaXaXaXaXfl=«*. 

Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of the former. As 

b^ is the cube of i, 6 is the cube root of b\ 

242. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign >\/, and 
the other by a fractional index. The latter is generally to 
De preferred ; but the former has its uses on particular occa- 
sions. 



* Newton's Arithmetic, Maclaurin, Emenon, Euler, SaandenMO, uid 
Simpson. 
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Wlien a mot is expremd by the mdical sign, the sign is 
placed over the given quantity, in this manner, \/a. 

Thus X/a is the 2d or square root of a. 

X/a is the 3d or cube root, 

\/a is the nth root 

And Vo+y is the nth root of o-fy. 

243. The figure placed over the radical sign, denotes the 
number of factors into which the given quantity is resolved ; 
in other words, the number of times the root must be taken 
as a factor to produce the given quantity. 

So that V«X V^==<»- ' 

And V<»XV/^XV«=* 

And V^X V'-v** ^™®® =**• 

The figure for the square root is commonly omitted ; j^a 
being put for \/a. Whenever, therefore, the radical sign is 
used without a figure, the square root is to be understood. 

244. When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as multiplied together. 

Thus 2V<S is 2xV^ ^^^^^ ^^f ^ multiplied into the root of 
0, or, which is the same thing, twice the root of a. 

And x^bj is xx V^> ^^ ' times the root of 6. 

When no co-efficient is prefixed to the radical sign, 1 is 
mlways to be imderstood ; /^a being the same as 1 V^ ^^^^ 
is, once the root of tu 

245. The method of expressing roots by radical signs, has 
no very apparent connection with the other parts *of the 
scheme of algebraic notation. But the plan of indicating 
them by fractional indices^ is derived directly from the mode 
of expressing powers by integral indices. To explain this, 
let a* be a given quantity. If the index be divided into any 
number of equal parts, each of these will be the index of a 
root of a*. 

Thus the square root of a* is a*. For, according to the 
definition, JArt. 241,) the square root of a* is a factor, which 
multiplied uito itself will produce a*. But a'x«'=«*« (Art. 
233.) Therefore, a' is the square root of a*. The index of 
the given quantity a', is here divided into the two equal 
parts, 3 and 3. Of course, the quantity itself is resolved into 
iJie two equal factors, a' and a'. 
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The cube root of o^ is (f. For (;?x<^Xa'=a^- 

Here the index is divided into three equal parts, and the 
quantity itself resolved into tliree equal factors. 

The square root of o' is oj or a. For ax<»=<^- 

By extending the same plan of notation, fractional mdki» 
are obtained. 

Thus, in taking the square root of a* or a, the index 1 is 
divided into two equal parts, \ and | ; and the root is a*' 

On the same principle. 

The cube root of a, is a*=!^a. 

The nth root, is o"=rV/a, &c. 

J. — . 
And the nth root of o-f-^ is (a-4-a:)''= V^** 

246. In all these cases, the denominator of the fractional 
index, expresses the number of factors into which the given 
quantity is resolved. 

So that o'Xfl Xfl — «• And a"Xa'*....n times =0^ 

247. It follows fi'oni this plan of notation, that 

a^Xa^=«'"^^- For ifi'^^zzza^ or a. 

a^X^Xa^=^^'^^^^^a\ &c. 

where the multiplication is performed in the same manner 
as the multiplication of powers, (Art. 233,) Uiat is, by adding 
the indices. 

248. Every root as well as every power of 1 is 1. (Art 
209.) For a root is a factor, which multiplied into itself will 
produce the given quantity. But no factor except 1 can pro* 
duce 1, by being multiplied into itself. 

8o that 1", 1, V^' V^> ^^* ^^^ ^^^ equaL 

249. Negative indices are used in the notation of roots^ as 
well as of powers. See Art. 207. 

Thu8-T=«-i "!=«-* —=i(*ri 
a« c*^ a" 

10 
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POWERS OP ROOTa 



250. It has been shown in what manner any power or 
root may be expressed by means of an index. Tiie index 
of a power is a whole number. That of a root is a fraction 
whose numerator is 1. There is also another class of quan« 
titles which may be considered, either as powers of root% 
or roots of powers. 

Suppose a^ is multiplied into itself, so as to be repeated 
three tmies as a factor. 

The product a^+^+i or o* (Art. 247,) is evidently the 

cube of a^, that is, the cube of the square root of a. This 
fractional index denotes, therefore, a power of a root. The 
denominator expresses the root, and the numerator the power. 
The denominator shows into how many equal factors or roots 
the given quantity is resolved ; and the numerator shows how 
many of these roots are to be multiplied together. 

Thus a^ is the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 

factors or roots a , and a , and a . And the numerator shows 
that four of these are to be multiplied together ; wliich will 

produce the fourth power of a' ; that is, 

a X« Xo Xa =a . 

251. As oris a power of a root, so it is a root of a power. 
Let « be raised to the third power n^. The square root of 

this is a . For the root of e^ is a quantity which multiplied 
into itself will produce a'. 

But according to Art. 247, o*=a*Xa'Xa* ; and this 
multiplied into itself, (Art. 103,) is 

fl* X«* Xa* Xa* Xo* Xo*=o*- 
Therefore or is the square root of the cube of a. 

m 

In the same manner, it may be shown that cT is the mth 
power of the nth root of a; or the nth root of the mth pow- 
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er : that is, a root of a power is equal to the same potoer of the 
eame root. For instance, the fourth power of the cube root of 
Oy is the same as tlie cube root of the fourth power of a. 

252. Roots, as well as powers, of the same letter,. may be 
multiplied by adding their exponents, (Art. 247.) It will be 
easy to see, that the same principle may be extended to pow* 
ers of roots, when the exponents have a coumion denoniU 
nator. 

Thus a*Xo*=a*"''*=a* 

J. 
For the first numerator shows how often a^ is taken aa afac 

tor to produce a . (Art. 250.) 

And the second numerator shows how often a' is taken at 
a factor to produce a^. 

The sum of the numerators therefore, shows how often the 
root must be taken, for the prodwt, (Art. 103.) 

2 JL JL 

Or thus,a'=a*xa'. 



iL X JL J. 

And a'=<i'xo'Xo. 
Therefore a' Xa'=o' X»' X«' Xa' X«'=« • 



253. The value of a quantity is not altered, by applying 
to it a fractional index whose numerator and denominator 
are equaL 

Thusa=a*=a'=a^. For the denominator shows that 
a is resolved into a certain number of factors ; and the nu» 

merator shows that all these factors are included in a»» 
Thus a*=a' X« Xo > which is eoual to a. 

JL X ± ± 

And a-=a"xa''X«"—.n times. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 
be rendered more simple by rejecting the index. 

Instead of a*, we may write a. 

254. The index of a power or root may be exchanged^ fi» 
any other index of the same value. 

Instead of a , we may put a • 
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For in the latter of these expressions, a is supposed to be 
resolved into twice as many factors as in the former ; and the 
numerator shows that twice as many of these factors are to be 
multiplied together. So that the whole value is not altered. 

JL A. A 

Thusx'^=a?*=ar*, &c. that is, the square of the cube root 
is the same, as the fourth power of the sixth root, the sixth 
power of the ninth root, &c. 

A. « Sn t 1 • 

80 a* =z(r z=za' =:a^ . For the value of each of these m- 
dices is 2. (Art. 135.) 

255. From the preceding article, it will be easily seen, 
that a fractional index may be expressed in decimaU. 

1 . Thus 0*= o^*, or flP • * ; that is, the square root is equal to 
the 5th power of the tenth root. 

2. a^sro"*"^, or i3^-"; that is, the fourth root is equal to 
the 25th power of the 100th root. 

S. a*=zaf'' 5. o*=:o'» 



4. a^=:(f'^ 6. a^=rf 



.75 



In many cases, however, the decimal can be only an op- 
proximation to the true index. 

Thus a'=rf'' nearly. a*^=ci^"""* very nearly. 

In this manner, the approximation may be earned to any 
degree of exactness which is required. 

Thus a*=:a^""*. ' 
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These decimal indices form a very important class of num« 
bers, called logarithms. 

It is frequently convenient to vary the notation of powers 
of roots, by making use of a vinculum, or the radical sign \/. 
In doing this, we must keep in mind, that the power of a 
root is the same as the root of a power ; (Art. 251,) and also, 
that the denominator of a fractional exponent expresses a 
rooty and the numercUor a power. (Art 250.) 

Instead, therefore, of a , we may write (a*)', or (a*) , oc 

iya . 
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. The first of these three forms denotes the square of the 
cube root of a; and each of the two last, the cube root of Qvb 
square of a. 

m "Ij* "SIX .^ 

So a»z=ar^ —a \ =zJI^(r. 
And (fcx)^=(6V)i=:^6V. 



Anda+y»==o+y'[i=='^a+y . 



EVOLUTION. 

257. Evolution is the opposite of involution. One is find- 
ing a paider of a quantity, by multiplying it into itself. The 
. other is finding a rooty by resolving a quantity into equal fac- 
tors. A quantity is resolved into any number of equal fac- 
tors, by dividing its index into as many equal parts ; (Art 
245.) 

Evolution may be performed; then, by the following gen- 
eral rule; 

Divide the index of the quantity bt the number 
expressing the root to be found. 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of <f is a\ For a'x«*Xo'=a^. 

Here 6, the index of the given quantity, is divided- by 3t 
the nmnber expressing the cube root. 

2. The cube root of a or a\ is a' or iya. 

For a^xa^Xo^K or V^XV^X V«=«- (A''^- 243, 246.) 

3. The 6th root of a6, is (ab) ' or J^a6. 

4. The nth root of a' is a " or J^a\ 

5. The 7th root of 2(1- ar, is (2(1 - ar)^or 2/2(i-«. 
6 The 6th root of a - xL is a-xr or "^a - d . 

7. The cube root of a-, is a\ (Art. 163.) 



8. The 4th root of o-' is a 



-i. 



9. The cube root of a' is a*. 

m 

10. The nth root of «*, is a?*. 

10* 
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258. According to the rule just given, the cube root of the 
square root is found, by dividing the index | by S, as in ex- 
ample 7th. But instead of dividing by S, we may muU^ 
byi. For i^3=i^=Jx+. (Arties.) 

So l-f-n=2x-. Therefore the mth root of the nth 
m m n 

root of a is equal to a" " 



JL 

That is, a 



X 

m 



JLvA -* 

=11 =0 • 

Here the two fracticHial indices are reduced to one by mul- 
tiplication. 

It is sometimes necessary to revene this process ; to resolve 
an index into two factors. 

Thus «• =«* ^ » =« That is, the 8th root of « is equal 
to the square root of the 4th root. 



± 

m 



eoa+b\ =a+b\ =:a+b\ 

It may be necessary to observe, that resolving the index 
into factors, is not the same as resolving the quantity into 
factors. The latter is effected, by dividing the index into 
parts. 

S59. The rule in Art 257, may be applied to every case 
in evolution. But when the quantity whose root is to be 
found, is composed of several factors^ there will frequently 
be an advantage in taking the root of each of the factors 
separately. 

This is done upon the principle that the root of the product 
of several factors^ is equal to the product of their roots. 

Thus \^ab = ^a X V^* For each member of the equation 
if involved, will give the same power. 

The square of j\/aS ia ab. (Art. 241.) 
The8quareof\/flXV^>^sV«XV^XV*XV'^-(Ajt.l02.) 
ButVaXV^=«* (Art 241.) AndV*XV*=*' 
Tlierefore the square of V^XV*=V^XV^XV^XV* 
szoby wliich is also the square of j^ab. 

On the same principle, (oi)" =if 4*. 
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When» therefore^ a quantity consists of several factcws, we 
may either extract the root of the whole together; or we may 
find the root of the factors separately, and then multiply them 
into each other. 

Ex. 1. The cube root otoey, is either {xyy or x^y*, 

2. The 6th root of 3y, is iyEy or V^XV?- 

S. The 6th root of abh, is (a6A)* or aV** 

4. The cube root of 86, is (86)*, or 26*. 

5. The nth rootX)f a^y, is {sTy)* or «y". 

260. The root of a fraction is equal to the root 
of the numerator divided b7 the root of the der%) 

MINATOR. 

1. Thus the square root of ^=^. For —x^=^ 

JL J. X 

2. So the nth root of ?=— . ForiLx^-.» times =1 

* 6- 6- 6- * 

X aJx /** a/aA 

3. The square root of — , is -iL-. 4. \/ Z7=T/^* 

oy ^ay ^ ^^ 

261. For determining what sign to prefix to a root, it is 
important to observe, that 

An odd root of ant quantity has the same sign as 
the quantity itself. 

An EVEN ROOT OF AN AFFIRMATIVE QUANTITY IS AM- 
BIGUOUS. 

An EVEN ROOT OF A NEGATIVE QUANTITY IS IMPOSSIBLE. 

That the 3d, 5th, 7th, or any other odd root of a quantity 
must have the same sign as the quantity itself, is evident 
from Art. 219. 

262. But an even root of an i^firmative quantity may be 
either aiSrmative or negative. For, the quantity may be 
produced from the one, as well as from tj^e other. (Art. 21 9.) 

Thus the square root of o* is +a or -a. 



N 
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An even root of an affirmative quantity in, therefore, said 
to be anibigwms^ and is marked with both 4- &Qd -• 

Thus the square root of 36, is t/^Sb. 

The 4th root of ar, is ±x*. 

The ambiguity docs not exist, however, when, from the 
nature of the case, or a previous multiplication, it is known 
whether the power has actually been produced from a posi- 
tive or from a negative quantity. See Art. 299. 

263. But no jeven root of a negative quantity can be found. 
The square root of -o* is neither +<» ^^^ -^• 
For -|-ax+a=+a'. And -ax -a=+a' also. 

An even root of a negative quantity is, therefore, said to be 
impossible or imaginary. 

There are purposes to be answered, however, by applying 
the radical sign to negative quantities. The expression 

^ -a is often to be found in algebraic processes. For^ al- 
though we are imable to assign it a rank, among either posi- 
tive or negative quantities ; yet we know that when multi- 
plied into itself, its product is - a, because ^ - a is by notation 
a root of - a, that is, a quantity which multiplied into itself 
produces -a. 

This may, at first view, seem to be an exception to the 
general rule that the product of two negatives is affirm- 
ative. But it is to be considered, that ^ - a is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with that which is prefixed to the radical sign. The expres- 
sion ^ - a is not equivalent to -/y/a. The former is .a root 
of -a; but the latter is a root of -|-a: ^ 

For -V^X -^a=z^aa=ia. 
The roo t of - a, ho weve r, may be ambiguous. It may be 
either -f-^ - a, or -/y/ - a. 

One of the uses of imaginary expressions is to indicate 
an impossible or absurd supposition in the statement of a 
problem. Suppose it be required to divide the number 14 
mto two such parts, that their product shall be 60. If one 
of the parts be ar, tjjp other will be 14 -a?. And by the sup- 
position, 

a:x(I4-a:)=60, or 14x-a?'=60. 
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This reduced, by the rules in the following section, will 

give a?=7±V~n. 

As the value of x is here found to contain an imaginary 
expression, we infer that there is an inconsistency in the 
statement of the problem : that the number 14 trannot be 
divided into any two parts whose product shall be 60.* 

264. The methods of extracting the roots of compovmd 
quantities are to be considered in a future section. But 
there is one class of these, the squares of hmomial and re- 
sidual quantities, which it will be proper to attend to in this 

Elace. It has been shown (Art, 214,) that the square of a 
inomial quantity consists of three termsy two of which are 
complete powers, and the other is a double product of the 
roots of these powers. The square of a-f-6, for instance, is 

two terms of which, c^ and b\ are complete powers, and 2ab 
is twice the product of a into &, that is, the root of i^ into the 
loot of b\ 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be found, by taking the root of the two terms 
which are complete powers, and. connecting them by the 
sign +• The other term disappears in the root. Thus, tc 
find the square root of 

a?+2xy+f, 
take the root of a;*, and the root of y*, and connect them by 
the sign +• The binomial root will then be x-{-y. 

In a residual quantity, the double product has the sign - 
prefixed, instead of +• The square of a-i, for instance, is 
a« ^2ab+b\ (Art. 214.) And to obtain the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign -. Thus the 
square root of ar*-2ji/+J/* ^^ x -y. Hence, 

265. To EXTRACT A BINOMIAL OR RESIDUAL SQUARE ROOT, 
TAKE THE ROOTS OF THE TWO TERMS WHICH ARE COMPLETK 
POWERS, AND CONNECT THEM BT THE SIGN WHICH IS PREFIX 
ED TO THE OTHER TERM. 

Ex. 1. To find the root of a;«-f 2a?+l. 

The two terms which are complete powers are «* and 1 
The roots are x and 1. (Art. 248.) 
The binomial root is, therefore, «+i* 



• See Note F. 
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2. The square root of ai*-24P-fl, is «-l. (^rt 214.) 

3. The square root of a*-f o+J, is o-f]^. (ArU 224.) 

4. The square root of a*4-$<»+V9 is <H-|* 

6« . h 

5. The square root of o^+ai+J > ^^ ^"^"2* 

« r.,, 2a6 6« . b 

6. The square root of ^ +'7"+?> ^ ^+7' 

266. A ROOT WHOSE VALUE CANNOT BE EXACTLY EXPRESS- 
ED IN NUMBERS, IS CALLED A SURD. 

Thus y/2 is a surd, because the scjuare root of 2 cannot be 
expressed in numbers, with perfect exactness. 
In decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of such a 
quantity tehen tcLkm alone^ yet by muliiplying it into itself, or 
by combinhig it with other quantities, we may produce ex- 
pressions whose value can be determined. There is, there- 
fore, a system of rules generally appropriated to surds. But 
as all quantities whatever, when under the same radical sign, 
or having the same index, may be treated in nearly the same 
manner ; it will be most convenient to consider them toge- 
ther, under the general name of Radical Quantities ; under- 
standing by this term, every quantity wliich is found under 
a radical sign, or which has a fractional index. 

267. Every qiiantity which is not a surd, is said to be 
rationdl. But for the purpose of distinguisliing between ra- 
dicals and other quantities, the term rational will be applied, 
in this section, to those only which do not appear under a 
radical sign, and which have not a fractional index. 

REDUCTION OP RADICAL aUANTITIES. 

268. Before entering on the consideration of the niles for 
the addition, subtraction, multiplication and division of radi- 
cal quantities, it will be necessary to attend to the methods 
of reducing them from one form to another. 

Firsts to reduce a rational quantity to the form of a radi- 
cal; 

Raise the quantity to a power of the same name as 

THE riven root, AND THEN APPLY THE CORRESPONDING 
RADICAL SIGN OR INDEX. 
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Ex. t. Reduce a to the form -of the nth root 

The nth power of a is a\ (Art. 211.) 

Over this, place the radical sign, and it becomes \/<f. 

It is thus reduced to the form of a radical quantity, with^ 

n 

out any alteration of its value. For \/a^z=a» =0. 
2. Reduce 4 to the fbrm of the cube root. 

, Ans. V64 or (64)* 

5. Reduce 3a to the form of the 4th root. 

Ans. \/Sla*. 
4. Reduce iab to the form of the square root. 

Ans. (ia'i')"^. 

6. Reduce Sx« -xio the for m of the cube root. 

Ans. '^27x«^'. See Art. 212. 

6. Reduce a* to the form of the cube r<5bt. 
The cube of a* is a*. (Art. 220.) 

And the cube root of a* is i^o*=a*|^. 

In cases of this kind, where a power is to be reduced to 
the form of {he nth root, it must be raised to the nth power, 
not of the given letter^ but of the power of the letter. 

Thus in the example, o* is the cube, not of a, but of a". 

7. Reduce a^b* to the form of the square root. 

8. Reduce oT to the form of the nth root. 

269. Secondly^ to reduce quantities which have different 
indices, to others of the same value having a common index; 

1. Reduce the indices to a common denominator. 

2. Involve each quantity to the power expressed by the 
numerator of its reduced index. 

3. Take the root denoted by the common denominator. 

Ex. 1. Reduce cr and Ir to a conunon index. 

1st. Tlie indices i and i reduced to a common denomina* 
tor, are ft and ft. (Art. 146.) 

2d. The quantities a and 6 involved to the powers express- 
ed by the two numerators, are a* and 6'. 
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S<L The root denoted by the common denominator ie A* 

The answer, then, is a* I"* and fc*|**. 

The two qucintities are thus reduced to a common indei^ 
without any alteration in their values. 

For by Art 254, a^:=a^, which by Ajt. 258, =a'|*\ 

And universally a" =rf"" ssa"!**. 

2. Reduce or and bx^ to a common index. 

The indices reduced to a common denominator are | 
and t. 

The quantities then, are a* and (fcx) , or a*|', and 6*?]* 

8. Reduce a* and b ". Ajis. a* "|* and i*. 

4. Reduce «" and jf*. Ans. «*|** And y"]"". 

6. Reduce 2* and 3 \ Ans. 8* and 9^. 

6. Reduce (a-}-6)' and (x-y). Ans. a-f.6 | andx-y | • 

7. Reduce a' and Ir. 8. Reduce x^ and 5 . 

270. When it is required to reduce a quantity to a given 
index ; 

Divide the index of the quantity by tlie given index, place 
the quotient over the quantity, and set the given index ovei 
the whole. 

This is merely resolving the original index into two factors, 
according to Art 258. 

Ex. 1. Reduce a' to the index |. 

By Art. 162, i^+=ixf =»=i. 
This is the index to be placed over a, which then becomes 

± rL\i 

a* ; and the given index set over this, makes it o*^! , the an* 
0wer. 

2. Reduce a* and x* to the common index h 

2-7- J= 2 X 3 = 6, the first index ) 

i-f-i=tx3=l, the second index ) 

Therefore (a*)* and {x^) are the quantities required. 



\ 
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S. Reduce 4' and 3^, to the common index ' 

Answer, (4^)*and (3^)* 

271. Thirdly f to remove a part of a root from mider the 
radical sign ; 

If the quantity can be resolved into two factors, one of 
which is an exact power of the same name with the root ; 

FIND THE ROOT OF THIS POWER, AND PREFIX IT TO THE 
OTHER FACTOR, WITH THE RADICAL SIGN BETWEEN THEM. 

This rule is founded on the principle, that the root of the 
proditct of two factors is equal to the product of their roots. 
(Art. 259.) 

It will generally be best to resolve the radical quantity into 
such factors, that one of them shall be the greatest power 
which will divide the quantity without a remainder. If 
there is no exact power which will divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from ^8. 

The greatest square which will divide 8 is 4. 
We may then resolve 8 into the factors 4 and 2. For 4x2^8 

The root of this product is equal to the product of the roots 
of its factors ; that is, V^=V^X\/^' 

But >\/4 = 2. Instead of ^4y therefore, we may substitute 
its equal 2. We then have 2 X V^ ^r 2\/2. 

This is commonly called reducing a radical quantity to its 
most simple terms. But the learner may not perhaps at onoe 
perceive, that 2\/^ ^^ ^ more simple expression than \/8. 

2. Reduce \^a^x. Ans. V^'XV*=^XV*=<*V** 



3. Reduce yi^- Ans. V9x2=V^XV2=3V2, 

4. Reduce \/Q4Fi Ans i/GWxK/c=^4h\/c. 

* /a'b a* /£ 

5. Reduce s/ Ifd' Ans. cS/ cd' (Art. 260.) 

6. Reduce J^l^. Ans. a^6, or ab\ 

7. Reduce (a'-a«6)*. Ans. a{a^b)K 

8. Reduce (54a*'6)*. Ans. 3a^(26)^ 

9. Reduce \/9S^x, 10. Reduce V«'+«'^- 

n 
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272. By a contrary process, the co-efficient of a radical 
quantity may be introduced under tlie radical sign. 

1. Thus, alfyh—J^arh. 

For a=^a" or a-. (Art. 263.) And J^crXy/h—\/^* 

Here the co-efficient a is first raised to a power of the same 
name as the radical part, and is then introauced as a factor 
under the radical sign. 

2. a(x-6)*=(a»x^^)*=(<'«-<^i)* 



3. 2ai(2a6«)*=(l6a^6»)* 



ADDITION AND SUBTRACTION OP RADICAL 

QUANTITIES. 

273. Radical quantities may be added like rational quan- 
tities, fry wrUmg them one after another vnlh their eigne. (Art. 

690 
Thus the sum of \/a and \/fr, is \/a-f- V^' 

And the sum of a* -A' anda: -y", is a* -A'-f"* ST- 

But in many cases, several terms may be reduced to one, 
as in Arts. 72 and 74. 

The sum of 2\/a and 3\/^is 2\/a4-3\/^=^V^* 
For it is evident that twice the root of a, and three tim^s 
the root of a, are five times the root of a. Hence, 

274. l^lien the quantities to be added have the same radi- 
cal part, under the same radical sign or index ; add the ra- 
tionalpart4f and to the sum annex the radical parts. 

If no rational quantity is prefixed to the radical sign, 1 is 
always to be understood. (Art. 244.) 



To g-^/ojr 

Add ^oy 


5Va 




6bh^ a^b-h 
76 A* yA/b-h 


Burn S^oj; 




7{x+h)^ 


(<H-y)xv*-* 
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V 

275. If the radical parts are originally different, they niay 
eometiraes be made alike, by the reductions iu the preceding 
articles. 

1. Add j^S to \/50. Here the radical parts are not the 
same. But by the reduction in Art. 271, \^=2\/2, and 
V50=5V2. The sum then is 7\/2. 

2. Add VI 66 to V46. Ans. 4Vft+2V*=®V*- 

3. Add\/»'« to V**«- Ans. a\/^+*\/*= (**+**) XV* 

4. Add {S6a^y)* to (25y)*. Ans. (6a+5)xy* 

5. AM j\^\Sa to S^2a. 

276. But if the radical parts, after reduction, are different 
or have different exponents^ they cannot be united in the 
same term; and must be added by writing them one after the 
other. 

The sum of Sa/I and 2\/a, is 3\/6-f 2V«- 

It is manifest that three times the root of &, and twice the 

root of a, are neither five times the root of 6, nor five times 

the root of a, unless 6 and a are equal. 

The sum of \/a and ^o, is lya-^lya. 

The square root of a, and the cube root of a, are neither 
twice the square root, nor twice the cube root of a. 

277. Subtraction of radical quantities is to be performed in 
the sgme manner as addition, except that the signs in the sub- 
trahend are to be changed according to Art. 82. 



From j^ay 
Bub. SV^ 


4\/a+x 
S\/a+x 


9h* 
8h* 


a{x+y) -a-' 
bix+y) -to-' 


Diff. - 2 Voy 




-A 

a " 



From \/50, subtract y 3. Ans. 5 V2 - 2 V2 = 3 V2. (Art, 
275.) 

' From i^6*y, subtract lyby^. Ans. (6-y)X\/*y- 
From \/x^ subtract \/x. 

MULTIPLICATION OF RADICAL QUANTITIES 
278. Radical quantities may be multiplied, like other 
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quantities, by writing the factors one after another, either 
with or without the sign of multiplication between them. 
(Art 98.) 

Thus the product of \/a into \/b, is V^XV^- 

The product of A'^into y* is A'y . 

But it is often expedient to bring the factors under the 
same radical sign. This may be done, if they are first re- 
duced to a common index* 

Thus \/xX\^y=V*y" ^^^ ^^^ ^^^ ^^ ^^^ product of 
several factors is^qual to the product of their roots. (Art. 

259.) Hence, 

279. Quantities under the same radical sign or in- 
dex, MAT BE multiplied TOGETHER LIKE RATIONAL QUAN- 
TITIES, THE PRODUCT BEING PLACED UNDER THE COMMON 
RADICAL SIGN OR INDEX.* 

Multiply Jtyx into y/y, that is, ar into y*. 

The quantities reduced to the same index, (Art. 269.) are 

(«•) , and (y*)* and their product is, (a?'y*)*=J^x'y*. 

Mult. J^a^m ^dx cr («+y)* ^ 

Into ^a-^m j^hy xi (6+*)* «" 



\/a-|-tn 


A/dx 




A^a*-m* 



Prod. s^a^^rn^ (fi^^)^ ,a"«*)"^" 



Multiply A/Sxh mio \/2xh. Prod. ^Ux''b^:=Axh. 

In this manner the product of radical quantities often be- 
comes rational. 

Thus the product of \/2 into \/18=V36=6. 

And the product of (a'y')* into (a*y) =(a*y*)*=rfly. 

280. Roots of the same letter or quantity mat be 
multiplied, bt adding their fractional exponents. 

The exponents, like all other fractions, must be reduced 
to a common denominator, before they can be united in one 
jerm. (Art. 148.) 

* The case of an imaginary root of a negative quantity may be considflred 
an exception. (Art. 263.) 
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Thus a*xa*=o*"*^=o***=«* 

The values of the roots are not altered, by reducing their 
indices to a common denominator. (Art. 254.) 

Therefore the first factor a*=a^ 
And the second a^=a 

Buta*=a«x«*Xa*. (Art. 250.) 

And a^=a^xa * 

The product therefore is o* X<** Xa* Xa* X«^=« 

And in all instances of this nature, the common denomiiw 
ator of the indices denotes a certain root ; and the sum of 
the numerators, shows how often this is to be repeated as a 
factor to produce the required product. 

Thus a"Xa*=a«'xa"^=a"^. 

Mult. Sy* a*Xtt* (a+6)* (a-y)" «"* 
Into y* a^ («+fr)^ (a-y)* «"'* 



X X X X L % 



Prod. 3y^ («+*)* «""* 

The product of y' into y"'* is y*"*=y . 
The product of a" into a" *, is a"~ "=:a**= 1. 
And ar''~*Xa:*""=/"'^"*=a;^=I. 

The product of a* into a*^=a' x« =« • 

281. From the last example it will be seen, that potvert 
and roots may be multiplied by a common rule. This is one 
of the many advantages derived from the notation by frac- 
tional indices. Any quantities whatever may be reduced to 
the fonn of radicals, (Art. 268,) and may then be subjected 
to the same modes of operation. 

Thusy*xy*=y'^*=y^^ 

And apX«''=« "=«" • ||# 
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The product will become rational, whenever the numera- 
tor of the index can be exactly divided by the denominator. 

Thus cf x«Xa =»=<**• 

And (a+6)*x (a+b) ■"*=(a+i)*=a+6. 

JL 4 A 

And a*x^^=ar=:a. 

282. When radical quantities which are reduced to the 
same index, have rational co-efficients, the rational 

PARTS MAT BE MULTIPLIED TOGETHER, AND THEIR PRO- 
DUCT PREFIXED TO THE PRODUCT OF THE RADICAL PARTS. 

1. Multiply oj^b into cj^d. 

The product of the rational parts is ac. 
The product of the radical parts is j^bd. 
And the whole product is acj^bd. 

For aV* is a XV*- (Art. 244.) And c\/<Iis ^XV^* 

By Art. 1C2, axV* '^^^^ «XV^» is ^XV^XcXV^^; w 
by changing the order of the fiotctors, 

aXcX\/bX^^d—acx^/hdz:zacj\/bd 

2. Multiply (uh into bd^. 

When the radical parts are reduced to a common index, 

the factors become a{2?y and fc(<P)*. 

The product then is ab{x^JPy. 

But in cases of this nature we may save the trouble of re- 
ducing to a common index, by multiplying as in Art. 278. 

Thus ai^ into bd^ is a:i^b^. 
Mult. o(64-a:)"* aVy* a/^x ax"^ x\/S 

Into y(6-a:)* b\^hy b/^x fcy""* y\/9 

Prod. ay{V-^s^)^ abA/s^=abx Sxy 



283. If the rational quantities, instead of being eo^fficienU 
to the radical quantities, are connected with them by the 
signs + and - , each term in the multiplier must be multi- 
plied into each in the multiplicand, as in Art. 100. 



^MOT 



\ 
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Multiply o+V* 
Into c-j-V^ 

The product of o-f-VV ^^^^ l+^^VV^ 

1. Multiply j^a into )^6.' Ans. Sy<fb^. 

2. Multiply 6V5 into Sa/S. Ans. 30V10, 

3. Multiply 2V3 into 3V4. Ans. 6^432. 

4. Multiply >v'rf into ^aJ. Ans. J^oVcP. 

6. Multiply . /^ into ^ /^. Ans. . /3^. 
'^IT V^ V-y- 

6. Multiply a{a - a:)^ into (c - d) X (aa:)*. 

Ans. (oc - ad) X (o*« - oa*)'. 

DIVISION OF RADICAL QUANTITIES. 

^ 284. The division of radical quantities may be expressed, 
by writing the divisor under the dividend, in the form of a 
fraction. 

Thus the quotient of \/a divided by j^b, is ^. 

^b 

And (o+A)* divided by {b+x)^iai!ttEL. 

{b+x) - 

In these instances^ the radical sign or index is separately 
applied to the numerator and the denominator. But if the 
divisor and cKvidend are reduced to the same index or radical 
sign, this may be applied to the tohole quotient. 

Thus ^a4-\/fr=^=r/J For the root of a fraction 

is equal to the root of the numerator divided by the root of 
the denominator. (Art. 260.) 
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Again, y/ab'^y/h^ssiJ^a. For the product of this quotient 
'nto the divisor is equal to the dividend, that is, 

\/a X ^/6= ^oi. Hence, 
285. Quantities under the same radical sign or index 

MAT be divided LIKE RATIONAL QUANTITIES, THE QUOTIENT 
BEING PLACED UNDER THE COMMON RADICAL SIGN OR INDEX* 

Divide {sfy^y by y*. 

These reduced to the same index are {pfy*y and (y*)* : 

And the quotient is (a:*) • =ap*=x*. 

Divide V6^ ^/^^ {p^+ax)^ (a'A)- (ay)* 
By V3i V^i «* («^)* («»)* 



Quot. V2a» {€p+x)^ (ay)*. 



286. A ROOT IS DIVIDED BT ANOTHER ROOT OF THE 
SAME LETTER OR QUANTITY, BT SUBTRACTING THE INDEX 
OF THE DIVISOR FROM THAT OF THE DIVIDEND. 

Thus a^-^a*=:o*"*=a*"'*=a*=a*. 

For a'=a*=a* x<» X» and this divided by a* is 

a' 
In the same manner, itmay be shown that a^-i-a'ssa*"" ". 

Divide (3a) ^ (or)* a^ (&+»)* (rV)* 

(3a)* {ax)^ a- {h+yY (ly)* 



Quot (3a) i o^ W)"^ 



Powers and roots may be brought promiscuously together, 
and divided according to the same rule. See Art. 281. 
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Thus a'.2-a*=«*""i=o* For a*xa'=«*=«*- 

So jr-f-tr=jr-- 

287. When radical quantities which are reduced to the 
same index have rational co-efficients, the rationai 

PARTS MAT BE DIVIDED SEPARATELY, AND THEIR qUOTIENI 
PREFIXED TO THE QUOTIENT OF THE RADICAL PARTS. 

Thus acj^hd^ajs/b=ic^d. For this quotient multiplied 
into the divisor is equal to the dividend. 

Divide 24a?V«y ISdiVfca: 6y(a»a?')" 16VS2 *V*» 
By 6 \/a 2h\/x y{axy 8V4 V* 

4x\^y b{a^xy h/^x 



Divide ai{a;*6)* by a {x)K 
These reduced to the same index are ab{x*hy and a{x^y. 

The quotient then is 6(5)*= (6*)*. (Art. 272.) 

To save the trouble of reducing to a common index, the 
division may be expressed in the form of a fraction. 

The quotient will then be ^^ ^ •• 

o(x)* 

1. Divide V^hc by SV«<?- Ans. i V a^c 

2. Divide \0\/\Qb by b\/^. Ans. 2^27=6. 
S. Divide 10V27 by 2V3.' Ans. 15. 

4. Divide SylOS by 2V6- Ans. 12V2. 

5. Divide (a'fc'd')* by A^ Ans. {ah)K 

6. Divide (16a' - 12a»x)* by 2a. Ans. (4a- Sor)* 

INVOLUTION OP RADICAL QUANTITIES. 
288. Radical quantities, like powers, are involved 

BT BIULTIPLYING THE INDEX OF THE ROOT INTO THE INDEX OF 
THE REQUIRED POWER. 
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1. The square of o*=a*^^=:a*. For a^X(r^at 

2. The cube of a*=a^^*=a* For a*Xa*Xa*=«*. 

3. And universally, the nth power of a*=a*'^ =:a . 
For the nth power of (rrra^X^^^-^^-ntimesyand the sum 

n 

#f the indices will then be •• 

JL J. M JL 

4. The 6th power of or y , is a*y • Or, by reducing the 
roots to a common index, 

6. The cube of a"ar, is a"«* or (aV)»"». 

6. The square of ara:*, is a'« . 

The cube of a* is a*^*=a*=a. 

And the nth power of a", is a»=a. That is, 

289. A ROOT IS RAISED TO A POWER OF THE SAME NAJIBi 
ir REMOVING THE INDEX OR RADICAL SIGN. 



Thus tne cube of \/*+*> ^^ *+*• 

And the nth power of (a - y) ", is (a - y.) 

S90. Wlien the radical quantities Iiave rational co-effkiewttf 
these must also be involved. 

1. The square of a\/ar, is a'^x*. 
For aVa:Xfl\/*=^'\/*'- 

2. The nth power of d^x'*^ is tt"* «* 



8. The square of a^x-y^ is a' X (^ - y«) 
4. The cube of 3a\/y, is 27a'y. 

291. But if the radical quantities are connected with 
others by the signs-^&'nd -, tliey must be involved by a 
multiplication of the several terms, as in Art. 213. 
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Ex. 1. Required the squares of a-|->\/y ^^^ <>- VJf* 

a+ vy « - Vy 

o+vy «-Vy 

aVy+y - aVy+y 



8. Required the cube of a - j^b. 
8. Required the cube of 2{^-^a;• 



292. It is uanecessary to give a separate rule for the eoo^ 
ItUwn of radical quantities, that is, for finding the root of a 
quantity which is already a root. The operation is the same 
as in other cases of evolution. The fractional index of the 
radical quantity is to be divided, by the nuiuber expressing 
tlie root to be found. Or, the radical sign belonging to the 
required root, may be placed over the given quantity. (Art. 
257.) If there are rational co-efficients, the roots of tliese 
must also be extracted. 

I i-t-2 -i 
Thus, the square root of a , is a' • rso". 

The cube root of a(xyyf is a' (ay) . 

The nth root of ^al^iy, is W aiyby. 

293. It may be proper to observe, that dividing the Jrac- 
Uonal index of a root is the same in effect, as mtdliplymg the 
number which is placed over the radicsil sign. For this 
number corresponds with the denammatar of the fractional 
index ; and a fraction is divided, by multiplying its denomi- 
nator 

Thus \/a=za^. \/aszaK 

On the other hand, mtiUiplying the fractional index is 

equivalent to dwiding the number which is placed over the 

radical sign. 

± -l-v2 -*• 

Thus the square of \/a or a*, is \/a or a* ^ rsa*. 
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293. 6. In algebraic calculations, we have sometimes 
occasion to seek for a. factor, which multiplied into a given 
radical quantity, will render the product raHonal. In the 
case of a simple radical, such a factor is easily found. For 
if the nth root of any quantity, be multipliea by the same 
root raised to a power whose index is n - 1, the product will 
be the given quantity. 

So VaX\/«=«* And S/axV^=V^^^ 

And V«X V«'=«» &^c. And (o+fc)* x(o+*) '=»+*• 

And («+y)*x(«+y)*=«+y. 

293. e. A factor which will produce a rational product, 
when multiplied into a binomial surd containing only the 
square rooty may be found by applying the principle, that 
the product of the sum and difierence of two quantities, is 
equal to the difference of their squares. (Art. 235.) The 
binomial itself, after the sign which connects the terms is 
changed from 4- ^o - , or fiom - to 4-> ^^ be the factor 
required. 

Thus (j^a+yb) X (\/« - V*) = V^* - V6'=a - ^ which 
is free from radicals. 

go(l+V2)x(l-V2) = l-2=-l. 
And (3 - 2V2) X (3+2V2) = 1. 

When the compound surd consists of more than two terms. 
It may be reduced, by successive multiplications, first to a 
binomial surd, and then to a rational quantity. 

Thus ( VIO - V2 - V3) X (\/104- V24- VS) =5 - iAi/6^ 
a binomial surd. 

And (5 - 2V6) X i^+W^) = ^• 
Therefore (VIO-V^-V^) multiplied into (V10+V2+ 
V3)X(5+2V6) = 1. 

293. d. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a fraction. This may be 
effected, without altering the value of the fraction, if the 
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mimerator and denominator be both multiplied by a factor 
\irhich will reader either of them rational, as the case may 
require. 

1. If both parts of the fraction ^^ be multiplied by j^a, 

it will become V^Xv^ --..JL^ i^ which the rmMToXoT is a 

rational quantity. 

Or if both partsjof the given fraction be multiplied by V^ 

it will become j^— ?, in which the deMmmaiw is rationaL 

X 

«. The fraction -jL^=^b<(M::fL*=^l><(±!:f)? 

(o+x)* (a+x)*+* «+' 

3. The fraction ^^= (y+^)*+L y+» 



n~l 



. — 1 



4. The fraction 4 = T " =^^ 

6. Th.Wtlnn yg ■, V2X(3+V2) ^2+8V8 

3-V2 (3-V2)(3+V2) 7 

6. The fraction ? - 3(V5+V2) _.^ 

6_ 6x5^ _6^ 

7. The fraction ^J^Kj+i"" 5^^^ 

8. The fraction ^ 
8 _ 8x(V3-V2-l )(-V2) ^4^ 



V3+va+l (\/3+V2+l)(V3-V2-l)(-V2) 

2\/64-2\/2. 

2 

9. Reduce — to a fraction having a rational denominator. 

V3 

10. Reduce ^^ZJSlL to a fraction having a rational denom* 

iuator. 

293. e. The arithmetical operation of finding the proximate 

value of a fractional surd, may be shortened, bv rendering 

12 • o 
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either the namerator or the denominator radonaL The foot 
of a fraction is equal to the root of the numerator divided hf 
the root of the denominator. (Art. 260.) 

Thus • /?= ^^. But this may be reduced to ? 

^^ V«XVft*^\ f^Xii^ 293. d.) 
b 

The square root of f is ^ or -i-, or ^^. 

Wlien the fraction is thrown into this form, the process of 
extracting the root arithmelicailyy will be confined either to 
the numerator, or to the denominator. 

Thus the square root of |=^^=Vf XV|=^0l 

Examples for practke. 

1. Fmd the 4th root of 81a'. 
,2. Find the 6th -Foot of {a+b)^\ 

5. Find the nth root of {x - y) . 

4. Find the cube root of - 125a x*. 

4^ 
Ow Find the square root of .. 

9x»y* 

6. Find the 6th root of £?!£il!, 

243 

7. Find the square root of z' -* 6bs-{-W 

8. Find the square root of o'^-ay-f*™ 

9 Reduce oo^ to the form of the 6th root. 

10. Reduce -3y to the form of the cube root. 

11. Reduce a* and a' to a common index. 
13. Reduce 4' and 5^ to a common index. 

13. Reduce a^ and 6* to the common index . 

14. Red ice 2^ and 4^ to the common index*. 



i 
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15. Remove a factor from >\/294. 



16. Remove a factor from >\/«* - aV. 

17. Find the sum and difference of \/16a*x and ^4a*& 

18. Find the sum and difference of \/T92 and \/SL 

19. Multiply 7Vl8 into S{/4. 
to. Multiply 4+2 V2 into 2- V2- 

21. Multiply a(a+Vc)* into6(a-V0^ 

22. Multiply 2(a+i)^ into 3(a+6)-. 



23. Divide 6\/54 by 3a/2. 

24. Divide 4^72 by 2^18. 

25. Divide ^7 by V7. 

26. Divide S^M? by 4i/2. 

27. Find the cube of 17V21. 

28. Find the square of 5+ V^* 

29. Find the 4th power of i^6. 
SO. Find the cube of V^ "" V^* 

31. Find a factor which will maJce \/y rationaL 

32. Find a factor which will make ^5 - j^x rationaL 

83 Reduce ^^ to a fraction having a rational numerator. 

84. Reduce — ^— -- to a fraction having a rational dft» 
nominator. 



\ 
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SECTION X. 



REDUCTION OF EQUATIONS BY INVOLUTION 

AND EVOLUTION. 

Art. 294. IN an equation, the letter which expresses the 
unknown quantity is sometimes found under a radic(d sign. 
We may have 4y/r=a. 

To clear this of the radical sign, let each member of the 
equation be sciuared, that is, multiplied into itself. We shall 
then have 

^xXA/x^aa. Or, (Art. 289,) «=i[^. 

The equality of the sides is not afTected by this operation, 
because each is only multiplied into itself, that is, equal quan- 
tities are multiplied into equal quantities. 

The same principle is applicaffle to any root whatever.— 
If y/xzsa ; then x=z(^. For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 

295. When the unknown quantity is under a radical 

SIGN, the equation IS REDUCED BT INVOLVING BOTH SIDES, 

to a power of the same name, as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities ; so that all those 
which are not under the radical sign may stand on one side 
of the equation. 

Ex. 1. Reduce the equation ^^+^=9 

Transposing +4 j^x=z9 -4=5. 

Involving both sides x=:5*=25. 

• Reduce the equation a4-j^x-&=<{ 

By transposition, \/x=z d+b - a 

By mvolution, x=z (d+b - a)* 
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5. Reduce the equation j^ar-|-l=s4 
Involving both sides, jr4-l=:4*=64 
And «=63. 

4. Reduce the equation 4^SV^~'^=^+I 

Clearing of fractions, 84-6\/* *" 4= 1* 
And * 4^9 - 43»f • 

Involving both sides, x - 4=f | 

And jr=fl+4 

6. Reduce the equation \/a*+V^== — "^ 

Multiplying by V^'+V^* rf-|-iV^ap=S-j-<i 

And V^=S+^-<^ 

Involving both sides, a? = (3+^ "" ^)*' 

In the firstifitep in this example, multiplying the first mem* 

ber into V^4~ V^' ^^^ ^^ ^'^^ itself, is the same as squar- 
ing it., which is done by taking away its radical sign. The 
other member being a fraction, is multiplied into a quantity 
equal to its denominator, by cancelling the denominatcHr. 
(Art. 159.) There remains a radical sign over «, which 
must be removed by involving both sides of the equation. 

6. Reduce 3+2\/«-t=6- Ans. «=fH^. 

7. Reduce 4^-=8. Ans. «=20, 

8. Reduce (2j:+8)^+4=:7. An-. af=lS. 

9. Reduce y'124-«=s2-}-\/^- Ans. af=4. 

25a 



• • 



10. Reduce V^-<3*=V^-"i\/^ Ans. «=• ^ 

16 

11. Reduce V5XV*+2 =24-^5*. Ans. a?=^ 

12. Reduce £Z:?f «Vf Adb. «=JL. 
Id. Reduce V»+28^V»+f. Ans. ,=4 

12* 



130 ALGEfiRA. 

14 Reduce \/x+\/a-\-xss - . Ans. a?=:ia. 



2a* 



16. Reduce jr4"V<''+^= Ans. a?=aVi- 

Va*-f<r 



16. Reduce «4-^= V^+*\/6*+a;*» -^s. «= — 7- 



— 17. Reduce V2+^+V^= —==• -*^^' *=«• 

V2+a? 3 



18. Reduce V*-32=16- V*- Ans. «i=81. 
i 9. Reduce V4a?+17= 2 Va?+ 1 • Ajqs. a?= 1 6. 

20. Reduce ^- . 01 = ^ ^7:- 1 g * Ans. a:=o. 
V6a;+^ Wex+6 

REDUCTION OF EQUATIONS BY EVOLUTION. 

296. In many equations, the letter which expresses the 
unknown quantity is involved to some power. Thus in the 
equation 

a;*=16 

we have the value of the square of ar, but not of x itself. If 
the square root of both sides be extracted, we shall have 

x=z4. 

The equality of the members is not affected by this reduc- 
tion. For if two quantities or sets of quantities are equal, 
their roots are also equal. 

If (ar+«)"=64-^ then x-{'az=!^b-{-h. Hence, 

297. When the expression containing the unknown 
quantity 13 a power, the equation is reduced by ex- 
TRACTING THE ROOT OF BOTH SIDES, a root of the same name 
as the power. 

Ex. 1. Reduce the equation 64- a;" -8=7 

By transposition a;^=-.7-|-8 - 6=9 

By evolution x=t\^9=i±S. 

The signs -f- ^^^ ~ ^^^ ^^^ placed before V^> because 
an even root of an ai&rmative quantity is arnbigtums, (Art 
261.) 
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2. Reduce the equation 5:e^-S0=«'-|-S4 
Transposing, &c. a^=:16 

By evolution, «=sl4. 

3. Reduce the equation, 04*!.= A--. 
Clearing of fractions, &c. a*=*^^Zf!*?f 

By evolution, «=+ / Wfc-aM\* 

4. Reduce the equation, a^djT^z 10 - o^ 
Transposing, &c. a" = 

By evolution, x= { ] ■ 

298. From the preceding articles, it will be easy to see io 
what manner an equation is to be reduced, when the ex- 
pression containing the unknown quantity is a power, and at 
the same time under a radical sign ; that is, when it is a root 
of a power. Both involution and evolution will be necessary 
in this case. 

Ex. 1. Reduce the equation 3^«*=4. 

By involution «'*=:4'=64 

By evolution a:=±\/64=:±8. 

2. Reduce the equation ^x*-a= A - d 

By involution oT - a= A' - 2hd^^ 

And - a-=A»-2W+£p+a 

By evolution ' a?=V*'-2W+(P+a. 

3. Reduce the equation (x-\-ay = ..^i. — 

Multiplying by (a: -a)* (Art. 279.) («»-.a»)*=a4.6 
By involution a* - a«= fl?+2a6+6' 

Trans, and uniting terms a:*=2a'+2a64-'* 

By evolution «= (2a''-\-2ab+b*)K 
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ProbUm$. 

Prob. 1. A gentleman being asked his age, replied, ** If 
you add to it ten years, and extract the square root of the 
sura, and frora this root subtract 2, the remainder will be 6*** 
What was his age 1 

By the conditions of the problem >\/a:4-10 - 2=8 

I 

By transposition, >\/9-f.lO=64-S=8 

By involution, jr-{-10=8*=:64. 

And a;=64-10i3:64. 



Proof (Art. 194.) V54+10-8=6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of ttie sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is the num« 
berl 

Let xrs the number sought. 6=163 

a=22577" «=237. 

By the conditions proposed j^x-^a - &=c 

By transposition, \/:r-4~^=^4'^ 

By involution, x-4-^= (H~^)' 

And «=:(c4-6)*-a 

Restoring the numbers, (Art 52.) x=z (237-)- 1 63) * - 22577 
That is x=: 1 60000 - 22577= 137423. 

Proof VI 37423+22577 - 163=237. 

299. When an equation is reduced by extracting an even 
root of a quantity, the solution does not detennine whether 
the answer is positive or negative. (Art. 297.) But what 
is thus left ambiguous by the algebraic process, is frequently 
settled by the statement of the problem. 

Prob. 3. A merchant gains in trade a sum, to which 320 
dollars bears the same proportion as five times this sum does 
to 2500. What is the amount gained 1 

Let a?=the sum required. 
a=S20. 
6=2500. 



^ -*»' 
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By the supposdtion a:x::Sx:b 

Multiplying the extremes and means dx^=:afr 

And 



=(?)' 



Restoring the numbers, x= /^^X2500\ J _4oo. 

Here the answer is not marked as ambiguous, because by 
the statement of the problem it is gamy and not loss. It 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. 
Whenever the root of x' is ambiguous, it is because we are 
imorant whether the power has been produced by the mul- 
tiplication of -{-x, or of-x, into itself. (Art. 262.) But 
here we have the multiplication actually performed. By 
turning back to the two first steps of the equation, we find 
that 5x' was produced by multiplying 5x into x, that is -f*^^ 
into -|-ar. 

Prob. 4. The distance to a certain place is such, that if 
96 be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance 1 

Let s=: the distance required. 
By the supposition «*- 96=48 

Therefore «= ^144= 12. 

Prob. 5. If three times the square of a certain number be 
divided by four, and if the quotient he diminished by 12, the 
remainder will be 180. What is the number 1 

By the supposition — - 12= 180. 



Therefore »= a/256 = 1 6. 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remainder equal to 
four 1 Ans. 4. 

Prob. 7. What two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum multiplied into the les9 
produces 270 1 

Let 10a;=their sum. 

Then 7a;=the greater, and 3x=the less. 

Therefore a;=3, and the numbers required are 31 and 9 



/ 
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Prob. 8. What two numbers are those, whose difference » 
to ihe greater as 2 : 9, and the difference of whose squares 
is 1281 Ans. 18andl4. 

Prob. 9. It is required to divide the number 18 into two 
such parU, that the squares of those parts may be to each 
"^ other as 25 to 16. 

Let «= the greater part. Then 18 - x=rthe less. 

By the condition proposed «* : (18 -op)* : : 25 : 16. 

- Therefore 16a;»=25x(18-a:)«. 

By evolution 4x=5 x (18 - «.) 
And a;=:10. 

Prob. 10. It is required to divide the niunber 14 into two 
xsuch parts, that tlie quotient of the greater divided by the 
less, may be to the quotient of tlie less divided by the greater, 
as 16 : 9. Ans. The parts are 8 and 6. 

Prob. 11. What two numbers are as 5 to 4^ the sum of 
whose cubes is 5103 1 

Let 5x and 4x=:the two numbers. 

Then x=3, and the numbers are 15 and 12. 

Prob. 12. Two travellers ,5 and B set out to meet each 
other, •S leaving the town C, at the same time that B left D. 
They travelled the direct road between Cand />; and on 
meeting, it appeared that A had travelled 18 miles more 
than Bf and that A could have gone B^s distance in 1 5} days, 
but B would have been 28 days in going .^s distance. Re- 
quired the distance between C and D. 

Let x=:the number of miles •S travelled. 
Then a:- 18= the number B travelled. 



x-15 



=zJta daily progress. 



15i 
— ^B*a daily progress. 

Therefore a? : a:- 18: : ?zi§: * 

15} 28 

This reduced gives x=72, •fl's distance. 

The whole distance, therefore* from C to D=126 mill 
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Prob. 13. Find two mimbcra which are to each other as 8 
to 5, and whose product is 360. Ans. 24 and 15. 

Prob. 14. A gentleman bought two pieces of silk, v/hich 
together measured 36 yards. Each of them cost as many 
shillings by the yard, as there were yards in the piece, and 
their whole prices were as 4 to 1. What were the lengths 
of the pieces i Ans. 24 and 12 yards. 

Prob. 15. Find two numbers which are to each other as 
3 to 2 ; and the difierence of whose fourth pjwers is to the 
sum of their cubes, as 26 to 7. 

Ans. The numbers are 6 and 4. 

Prob. 16. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many servants 
attending him as there were gentlemen ; the number of dol- 
lars which each had was double the number of all the ser- 
vants, and the whole sum of money taken out was 3456 dol* 
lars. How many gentlemen were there? Ans. 12. 

Prob. 17. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company fur- 
nished four times as many men as there were companies in 
the whole regiment ; but these being found insufficient, each 
company furnished three men more ; when their number was 
found to be increased in the ratio of 17 to 16. How many 
companies were there in the regiment) Ans. 12. 

AFFECTED QUADRATIC EQUATIONS. 

300. Equations are divided into classes, which are distin- 
guislied from each other by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 
the first power of the unknown quantity are called equations 
of OTie dinuns^iony or equations of the first degree. Those in 
which the highest power of the unknown quantity is a square^ 
are called quadratky or equations of the second degree; 
those in which the highest power is a cube^ eouations of the 
third degree^ &c. 

Thus ap=a4-^> is an equation of the first degree. 

a^^Cy and x^+tix=dy are quadratic equation^ <n 
equations of the second degree. 

x^zzzhy and af+ax'-^bx^dy are cubk equations, or 
uations of the third degree. 
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SOI. Equations are also divided into pure and affected 
equations. A pure equation contains only one power of the 
unknown quantity. Tius may be tiie first, second, third, or 
any other power. An affected equation contains different 
powers of tiie imknown quantity. Thus, 

isfzizd - 6, is a pure quadratic equation. 
t]f'\'hx =dy an affected quadratic equation. 
C a:'=6-c, a pure cubic equation. 
i x'-f-^i^-h^^—^ ^^ affected cubic equation. 

A pure equation is also called a simple equation. But tlus 
term has been applied in too vague a manner. By some 
writers, it is extended to pure equations of every degree ; by 
others, it is confined to those of the first degree. 

' In a pure equation, all the terms which contain the un- 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules wlxich have already been given. But in 
an affected equation, as the unknown quantity is rai^d to Jt/- 
ferent potcers^ the terms containing these powers cannot be 
united. (Art. 230.) TJiere are particular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these, 
only the first will be considered at present. 

302. An AFFEcrED quadratic equation is one which 

CONTAINS THE UNKNOWN QUANTITY IN ONE TERM, AND THE 
SQUARE OF THAT QUANTITY IN ANOTHER TERM. 

The unknown quantity may be originally in several terms 
of the equation. But ail these may be reduced to two, one 
containing the unknown quantity, and the other its square. 

303. It has already been shown that a pure quadratic is 
solved by extracting the root of both sides of tlie equation. An 
affected quadratic may be solved in the same way, if the 
member which contains the unknown quantity is an exact 
square. Thus the eijuation 

may be reduced by evolution. For the first member is the 
square of a binomial quantity. (Art. 264.) And its root its 
«-j-a. Therefore, 

x-\-a=:\^b'\-hy and by transposiilg a. 
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304. But it is not often the case, that a member of an aft. 
fected quadratic, equation is an exact square, till an addi- 
tional lenn is applied, for the purpose of making the required 
reduction. In the equation 

the side containing the unknown quantity is not a complete 
square. Tlie two terms of which it is composed are indeed 
such as might belong to the square of a binomial quantity. 
(Art. 214.) But one term is wanting. We have then to in- 
quire, in what way this may be supplied. From having ftoo 
terms of the square of a binomial given, how shall we find 
the third ? 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers; ^Art. 
214,) or which is tlie same thing, the product of one of the 
roots into twice the other. In the expression 

the term 2ax consists of the factors 2a and x. The latter is 
the unknown quantity. The other factor 2a may be consid- 
ered the co-efficient of the unknown quantity ; a co-efficieqi 
being another name for a factor. (Art. 41.) As « is the 
root of the first term x^ ; the other factor 2a is tioice the root 
of the third term, which is wanted to complete tiie sciuare. 
Therefore half 2a is the root of the deficient term, and tf is 
the tenn itself. The square completed is 

«*+2aa:+a% 

where it will be seen that the last term if is the square of 
lialf 2a, and 2a is the co-efficient of a;, the root of the first 
term. 

In the same manner, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the square 
of half the co-eflicient of the root of the first term. From 
this principle is derived the following rule : 

w 

S05. To COMPLETE THE SQUARE in an aflected quadratic 
equation : take the square op half the co-efficisnt of 

THE FIRST POWER OF THE UNKNOWN QUANTITY, AND ADD IT 
TO BOTH SIDES OF THE EQUATION. 

Before completing the square, the known and unknown 
quantities must be brought on opposite sides of the equation 

A3 
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by transpoeition ; and the highest power of the unknown 
quantity must liave the affirmative sign, and be cleared of 
fractions, co-efficients, &c. See Arts. 308, 9, 10, 11. 

Afier the square is completed, the equation is reduced, by 
extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to one side of the equation, 
to complete the square, must be added to the other side also, 
to preserve the equality of the two members. (Ax. 1.) 

306. It will be important for the learner to distinguish be- 
tween what is peculiar in the reduction of quadratic equa- 
tions, and what is common to this and the other kinds which 
have already been considered. The peculiar part, in the 
resolution of affected quadratics, is the completing of the 
tquare. The other steps are similar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
familiar, there will be an advantage in beginning with exam- 
ples in which the equation is already prepared for this step. 

Ex. I. Reduce the equation :i^-|-6<M?=rfr 

Completing the square, «'-{-6aar+9a'=9a*-{-6 



Extracting both sides (Art. 303.) x+Saz=:±A/9if-\.b 

And «=-3a+V9?If6r 

Here the co-efficient of :r, in the first step, is 6a ; 

The square of half this is 90*, which being added to both 
sides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner 
AS in Art. 297, excepting that the square here being that of 
a btnomalf its root is found by the rule in Art. 265. 

2. Reduce the equation a^ ~8bx=zh 

Completing the square, a;* - 8fca:+ 1 66'= 1 6A*-f- A - 

Extracting both sides x - 4fc=i\/T6P+S 

And a?=46J:V166«-fA. 

In this example, half the co-efficient of x is 46, the square 
of which 166* is to be added to both sidesf of the equation. 
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S. Reduce the equation af-^^ax^ib-i-h 

Completing the square, a;'-|-ax4-^=r^-{.6^A 

4 4 

By evolution x+?=±(-+*+a)* 

4. Reduce the equation a^-^xzizh^d 
Completing the square, 2^-a?-f4:=:^^A-d 

And x=i±{l+h^d)K 

Here the co-efficient of x is 1, the square of half which is |. 

5. Reduce the equation a^-{'3x=sd^6 
Completing the square, x'-fSx-l-f^l^-d-fe 
And x^-im+d+6)K 

6. Reduce the equation oi^-^abx=ab~cd 

Completing the square, af^abx+—sz—^+ab''ed 

4 4 

And -x=?*±/i'^ 



-^i^+^-^Y- 



7. Reduce the equation d;'-f-_=:A 

6 

Completing the squaie, «»+f^+ «* = «* 4.* 
And 



24 Ua'^ j 



By Art. 1 58, ^= * x«. The co-efficient of x, therefora^ 
u f. Half of this is iL (Art. 1 C3.) the square of which it 
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mm 

8. Reduce ike equation a?~^ss7h. 



Completing the square, «• - --j — _=— '---l-TJl. 
And «=il/ * +7aU, 

X 1 

Here the fraction .= .X'« (Art. 158.) Therefore the 

b b 

co-efficient of « ia -.. 

807. In these and similar instances, tlie root of the third 
term of the completed square is easily found, because this 
root is the same iiaJf co-eificieiit from wiiicli the term has 
just been derived. (Art. 304.) Tiius in the lost example, 

half the co-efficient of x is — , and this is the root of the 

2b 

third term — ^ 
4b^ 

808. Wlien the first power of the unknown quantity is in 
several terms^ these should be united in one, if they can be 
by the rules for reduction in addition. But if there are lUe^ 
ral co^efficieuts, these may be considered as constituting, to- 
getlier, a compound co-efiicient or factor, into wliich the un- 
known quantity is multiplied. 

Thus ax+bx+dx={a+b+d)xx. (Art. 120.) The 
square of half this compound co-efficient is to be added to 
both sides of the equation. 

1. Reduce the equation «'+Sa?-(-2ar-f.ar=rf 
Uniting terms x*-j'Gx=d 
Completing the square x'4-6^-{~^=^~f'^ 
And ar= - SJV9+5. 

2. Reduce the equation x*'\-ax'\-bx=:zh 
By Art. 120. x''+{a+b) Xx=h 

Therefore x^+(a+b) xx+ (?±*) ' = (^) +A 



By evoluUon x+^:=±/l^\ V* 



^' '="^a/(^)+*- 



N 



QUADRATIC EQUATIONS. 141 

S. Reduce the equation a^-{-(w — ar= 6 
By Art 120 a»+(a - 1 ) x*=* 

Therefore ^+(« - 1) xx+ (^)*= (^) +* 

309. AAer becomings familiar with the method of complet- 
ing the square, in affected quadratic equations, it will h% 
proper to attend to the steps which are preparatory to this. 
Here, however, little more is necessary, than an application 
of rules already given. The known and unknown quanti- 
ties must be brought on opposite sides of the equation by 
transposition. And it will generally be expedient to make 
the square of the unknown quantity the first or leading term, 
as in the preceding examples. This indeed is not essential. 
But it will show, to the best advantage, the arrangement of 
the terms in the completed square. 

1 . Reduce the equation a+54? - 36 = Sa: - x* 

Transp. and uniting terms x'-j-2a:=:3fc-a 

Completing the square ar'-|-2a:+l = l-f-3&- a 

Ancf ar= - It^l-^Sb^a. 

%. Reduce the equation ~ = 4 

* 2 x+2 

Clearing of fractions, &c. x*-)- 10a:= 56 

Completing the square a:*+10a:-J-25=254-66=81 

And «= - o±v81 =- 5±9. 

310. If the highest power of the unknown quantity has 
any coefficient, or divisor, it must, before the square is com- 
pleted, by the rule in Art. 305, be freed from these, by multi* 
plication or division, as in Arts. 180 and 184. 

1 . Reduce the equation ar*+24a - 6& = 1 2ar - 5*^ 

Transp. and uniting terms. Gar - 12ar=6A- 24a 
Dividing by 6, «»-2x=A-4a 

Completing the square, ^ - 2ar+ 1 = 1 +A - 4a 
Extracting and transp. x= liy/ 1 -J-A - 4a. 



142 ALGEBRA. 

t. Reduce the equation &4-2:r= (2- — 

a 

Clearing of fractions bjf'\'2ax=ad - ah 

Dividing by 6, :c»+!^= ?lzf* 

b b 

And .= -J+(|+2^)l. 

Sll. If the square of the unknown quantity is in several 
UrmSf the equation must be divided by all the co-efficients 
of this square, as in Art. 185. 

1 . Reduce the equation bs^-^-da^ - 4ap= 6 - A 

Dividing by 6+d, (Art. 121.) «^ - J!^=*^ 

b-\-d o+o 

Therefore «=t^+ /I—) +— *. 

2. Reduce the equation aa^+arrsA-^-S*-** 
Transp. and uniting terms aa^-^oi^ - 2x=: A 

Dividing by o+l, a»-Ji-=:_L 

a-f-l <H-1 

Comp. the square :r»--?i.+ f-J^V= f-^V+-^ 

Extracting and transp. ap= >v/ ( ) "I • 

There is another method of completing the square, wliich, 
m many cases, particularly those in which the highest power 
of the unknown quantity has a co-efficient, is more simple 
in its application, than that given in Art. 305. 

Let aa:*-|-fta:=d. 
If the equation be multiplied by 4a, and if 6* be added to 
both sides, it will become 

4a^a?+4abx+b*=4ad+U^ ; 
the first member of which is a complete power of 2ax-}-fr. 
Hence, 

311.6. In a quadratic equation, Ihe square may be com- 
pleted, by multiplying the equation hito 4 times the co-effi- 
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cieiit of the highest power of the unknown quantity and ad* 
ding to both sides, the square of the co-efficient of the lowest 
power. 

The advantage of thid method is, that it avoids the intro- 
duction of fraciions^ in completing^the square. 

This will be seen, by solving an equation by both methods 

Let asf-^-dx^h. 

Completing the square by the rule just given ; 

4aV+4adar+cP=4a^d' 
Extracting the root 2a«+ d = J:\/4aA+cP 

And x^ - cttV4aA+g ^ 

2a 
Completing the square of the given equation by Arts. SOS 

-4- ^ =-4.^ 
a Aa a 4a'* 

Extracting the root ar+A=± /-+f^. 

2a V a 4a* 

2a \/ a i(f 

If ar=l, the rule will be reduced to this: ^^ Multiply the 
equation by 4, and add to both sides the square of the co* 
efficient of a?." 

Let ^f-^-dx^h 
Completing the square 4ar*+4rfa:-j-iP= 4A-f- J* 

Extracting the root 2a:+d=±\/4A+? 

And ,=Z^^^E?. 



andSlO; ^+^^=*+'^ 



1. Reduce the equation 3ar'+6T=42 

Completing the square S6a?'+ 60*4.25 = 529 
Therefore a?=3. 

3. Reduce the equation a;'-15x=-54 

Completing the square 4ar' - 60x4-225 = 9 
Therefore 2 jr=: 1 5±3 = 1 8 or 1 2. 

312. In the square of a binomial, the first and last terms 
arc always posUive. For each is the square of one of llio 
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terms of the ra>t. (Art. 214.) But every squ\re is positive. 
(Art 218.) If tlien - s? occurs in an equation, it cannot, with 
this sign, form a part of the square of a binomial. But if 
%Il the sign^ in the equation be changed, the equality of the 
sides will be preserved, (Art. 177,) the term - :r wil^ become 
positive, and the square may be completed. 

1. Reduce the equation - a:*-|-2x=i{ * h 
Changing all the signs sf - 2jr= h-d 
Therefore a:=l+yi+fc-d 

2. Reduce the equation 4a:- «*= - 12 

Ans. ap=2±\/16- 

51 3. In a quadratic equation, the first term sf is the square 
of a single letter. But a binomial quantity may consist of 
terms, one or both of which are already powers. 

Thus s^'\'a is a binomial, and its square is 

««4.2aj;'+a*, 

where the index of x in the first term is twice as great as m 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the square of «*+^ ^^ a*'+2aa"+fl?. 

And the square of x"-}-^ ^ ar'*-|~^^^+^* 
Therefore, 

514. Ant equation which contains onlt two dif- 
ferent POWERS OR ROOTS OF THE UNKNOWN QUANTITY, 

THE INDEX OF ONE OF WHICH IS TWICE THAT OF THE 
OTHER, MAT BE RESOLVED IN THE SAME MANNER AS A QUA« 
DRATIC EQUATION, BV> COMPLETING THE SQUARE. 

It must be observed, however, that in the binomial root, 
the letter expressing the unknown quantity may still have a 
fractional or integral index, so that a farther extraction, ac 
cordmg to Art. 297, may be necessary. 

1 . Reduce the equation mf - a:^= 4 - a 

Completing the square «^-«*+i=i+6-*» 

Extracting and transposing a5^=Jt\/J4-6-a^ 

Extracting again, (Art. 297,) a:=±VjlV(i+*-«) 
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S. Reduce the equation aE*''-46if"=a 

Answer ar=i;y2fc±V(46'+ a.) 

S. Reduce the equation x-}-4>Y/x=&-ti 

Completing the square x-^-iy/x-^i = fc - n4-4 

Extracting and transp. jy/xzs - 21>v/A - ti4-4 

Involving «= ( - 2±VA • M-^)*- 

4. Reduce the equation x'-j-dr'so-j-A 

ji J. 

Completing the square ar'*-|~^'*+l^=H"^+^^ 

Extracting and transp. a; " = - 4±\/a4.fr-{- 1 6 

Involving *== ( - ^t\/a+b+TS)\ 

315. The solution of a quadratic equation, whether pure 
CNT aflected, gives two results. For after the equation is re« 
ducedy it contains an ambiguous root. In a pure quadratic, 
this root is the whole value of the unknown quantity. (Art. 
«97.) 

Thus the equation a:*=64 

Becomes, when reduced x=±\/64. 

That is, I he value of x is either 4-8 or -8, for each of 
these is a root of 64. Here both the values of x are the 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
of the second member is under the radical sign. The two 
values of the unknown quantity will be alike, except that 
one will be positive, and the other negative. 

316. But in affected quadratics, a part only of one side of 
the reduced equation is under the radical sign. When this 
part is added to, or subtracted from, that which is without 
the radical sign ; the two results will differ in quantity, and 
will have their signs in some cases alike, and in others un« 
like. 

1. The equation a:'+8jp=20 

Becomes when reduced, a:= - 4i:\/^^+^^* 
That is ap= - 416. 

Here the first valueof a? is, -44-6=:4'^ f ^1^® positive, and 
And the second is -4-6=-105 the other negative. 
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S. The equation a? - 8jr = - 15 

BeccNfnes when reduced, «= 41^1 6-15 
That is «=4±1 

That these two vahies of x are correctly found, may be 
proved, by substituting first one and then the other, for x it* 
sel^ in the original equation. (Art. 194.) 

Thus 5*- 8x5=25 -40= -15 

And S«- 8x3=9 -24= - 15. 

SI 7. In the reduction of an affected quadratic equation, 
the value of the unknown quantity is firequently found to be 
niuigtnary* 

Thus the equation «" - 8x==-20 

Becomes, when reduced, jr=4±\ /16- 20 

That is, a:=4±V-4. 

Here the root of the negative quantity - 4 can not be as- 
signed, (Art. 263,) and therefore the value of x can not be 
found. There will be the same impossibility, in every in- 
stance in which the negative part of the quantities under the 
radical sign is greater than the positive pait.* 

318. Whenever we of the values of the unknown quan- 
tity, in a- quadratic equation, is imaginary, the other is so 
also. For both are equally afiecled by the Imaginary root. 

Thus in the example above 

The first value of x is 4+\/ - 4, 

And the second is 4 - \/ "" 4 ; each of which 
contains the imaginary quantity \/ "" ^* 

31 d. An equation which when reduced contains an ima- 
ginary \oo(, is often of use, to enable us to determine wliether 
a propose.! question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide 8 into two such parts, that 
the product will be 20. 



^ See Note G. 
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If X is one of the parts, the other will be 8 -ar. (Art. 195.) 
By the conditions proposed (8 - x) X*= 20 

This becomes, when reduced, a:=:4iv^-4. 

Here the imaginary expression ^^-4 shows that an an- 
swer is impossible ; and that there is an absurdity in suppo- 
sing that 8 may be divided into two such parts, that their 
product shall be 20. 

320. Although a quadratic equation has two solutions, yet 
both these may not alwa3'^s be applicable to the subject pro- 
posed. The quantity under the radical sign may be produced 
either from a positive or a negative root. But both these roots 
may not, m every instance, belong to the problem to be sol- 
ved. See Art. 299. 

Divide the number SO into two such parts, that their pro* 
duct may be equal to 8 times their difference. 

If x= the lesser part, then SO-x= the greater. 

By the supposition, a: X (30 - ar) =8 x (30 - 2x) 

This reduced, give8x=23±17=40 or 6= the lesser parU 

But as 40 cannot be a part of 30, the problem can have 
but one real solution^ making the lesser part 6, and the greater 
part 24. 

. Examples of Qaadratk EquoHcna. 

1. Reduce 3a?' - 9x - 4=80. Ans. af=7, or - 4, 

2. Reduce 4x • §izf =46. * Ans. xs 12, or- }. 

X 

3. Reduce 4a:- 5=14. Ans. ap=4, or -f. 

«-f 1 

4. Reduce 5«-?iz|=2«+^£i:£ Ans. »=4, or-1. 

x-3 2 

6. Reduce 11^12^J^=S. An8.«=4, or tj\. 

X 4ar 

6. Reduce ?£Z^4.1=10-?LL?. AiMi«=l«,or6. 

a:-4^ 2 

7. Reduce f+l-!:i|=lf±Z-. 1. An8.«=«,or«. 

3 x-3 9 
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a Reduce ^zl5^±J=rar-3. Ana- «=!, or- 88. 

9. Reduce -1-+?=S. Ans. «=2. 

10. Reduce J!i--£zI=:x-9. Ani. arrrlO, 

X4.2 6 

1 1 . Reduce -+-= 1 Ans. «= l+vT"^ 

a X a -- 



12. Reduce «^+a^=6. Ans. ar=[-?t,^*+-)* 

13. Reduce - - ^=r - J.. Ans. a:=l/i- 

2 4 32 ^* 

14. Reduce 2x'-f3x*= 2. Ans. «=i. 

15. Reduce \x ^ ^A^x:=i%2i. Ans. xs=49. 

1 6. Reduce 2af* - a:^+96 =99. Ans. x^\a^Q 

17. Reduce (10+ar)*-(10+ar)i=2. Ans. a: =6. 

18. Reduce Sa*-2jc"=8. Ans. ar=^2. 

19. Reduce 2(l+j?-a;*) - VH^--^= -i- 

Ans. af=i+iV41 

20. Reduce V«^^=«^-*- ^*^- «=s+>^/^fe^. 

^ 2""V 12i 

21 . Reduce Vif±?=^izVl Ans. x=4. 

4+ V V* 

22. Reduce «*+«*= 75G. Ans. x=:243. 



21 



23. Reduce a/2*+^+2\/*=- ===-• Ans. «=:4. 

. V2a:+1 

84. Reduce ^a/x^^Sa/ZxJI ^^I . Ans. «=:9a. 

25. Reduce ar+16-7ya:+16=10-4V«+16* Ans.«=r9 

26. Reduce \/a;^4-\/a:'=6V- 

Dividing by \/jr, i;'4-^=^« ^^s* *^^ 
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27, Reduce 4^.3^^?f+?i Ans. x=2. 

X ' 3a;+7 13a? 

28. Reduce i-^+ !?_=1I. Ans. x=zi. 

'29. Reduce {x~5) -3(x-5)*=40. Ans. «=9. 
SO. Reduce x+j^x-\-S=2+S^x+6. Ans. a:=10. 

PROBLEMS PRODUCTNG aUADRATIC EaUATIONS 

Prob. 1. A merchant has a piece of cotton cloth, and a 
piece of silk. The number of yards in both is 110 : and if 
the square of the number of yards of silk be subtracted from 80 
times the number of yards of cotton, the difference will be 
400. How many yards are there in each piece 1 

Let x=z the yards of silk. 

Then 1 10 - ar= the yards of cotton. 

By supposition 400=80x(110-a?) -«* 
Therefore ap= -40iv^oooo=- 40+100. 

The first ^lue of ar, is - 40+100=60, the yards of silk; 

And 1 10 - x= 1 10 - 60= 50, the yards of a)tton. 

The second value of or, is - 40 - 100= - 140 ; but as this 
is a negative quantity, it is not applicable to goods which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their sum 
is 45 years, and their product 500. What is the age of each t 

Ans. 25 and 20 years. 

Prob. 3. To find two numbers such, that their difference 
shall be 4, and their product 117. 

Let x^ one number, and a?-4-4» the other. 

By the conditions (^+4) X*— 117. 

This reduced, gives a: =* - 2±VT2! « - 2±1 1 . 

One of the numbers therefore is 9, and the other 13. 

« 
Prob. 4. A merchant having sold a piece of cloth which 

cost him 30 dollars, found that if the price for which he wtr<f 

it were multiplied by his gamy the product would be equiu if^ 

the cube of his gain. What was his gain 1 
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Let x^ the gain. 

Then SO-|-x= the price for which the cloth was sold 

By the statement s'm (SO-f «) x« 

Therefore a?= J+Vl+SO-J+V" 

The first value of x is J+V —+6. > 
The second value is |~-y'»-^*) 

As the last answer is negativSy it is to be rejected as incon- 
sistent with the nature of the problem, (Art. 320.) for gam 
must be considered positive. 

Prob. 5. To find two numbers whose difference shall be 3, 
and the diflerence of their cubes 117. 

Let £» the less number. 
Then :r-}-3 » the greater. 

By supposition («+3)' - a*« 117 

Expanding («+3)» (Art. 217.) 9««-f27ar«n7- 87-90 

And jr = - t±VV» -l±*. 

The two numbers, therefore, are 2 and 5. 

Prob. 6. To find two numbers whose difiercnce shall be 
12, and the sum of their squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw prizes in a lottery, the difier- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum is 6, and 
the sum of their cubes 72 1 Ans. 2 and 4. 

Prob. 9. Divide the number 56 into two such parts, that 
their product sliall be 640. 

Putting X for one of the parts, we have, d;s:28±12«40 or 
16. 

In this case, the two values of the unknown quantity are 
the two parts into which the given'number was required to 
be divided. 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by tJ»e piece, 
and gained by the bargain as much as one piece cost him. 
What was tlie number of pieces 1 Ans. 15. 



V 
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1 Prob. 11. 4^ hAd B started together, for a place 150 mile^ 

\ distant, •tf's hourly progress was 3 miles more than 5's, and 

he arrived at his journey's end 8 hours and 20 minutes before 
B. What was the hourly progress of each 1 

Ans. 9 and 6 miles. 

Prob. 12. The difference of two numbers is 6 ; and if 4') 
be added to twice the square of the less, it will be equal to . 
the square of the greater. What are the numbers t 

Ans. 17 and II. 

Prob. 13. A and B distributed 1200 dollars each, among 
^ a certain number of persons. A relieved 40 persons more 
than J9, and B gave to each individual 5 dollars more than 
' ' td. , How many were relieved by A and B ? 

Ans. 120 by A, and 80 by B. 

^ Prob. 14. Find two numbers whose sum is 10, and the sumv 

of their squares 58. Ans. 7 and 3. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars more than 
would have been his equal share if the bill had been paid by 
the whole company. What was the number in the company 
at first 1 Ans. 7. 

Prob. 16. A merchant bought several yards of linen for 
60 dollars, out of which he reserved 15 yards, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price 1 

Ans. 75 yards, at 80 cents a yard. 

Prob. \1. A and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met. 
A went 9 miles a day ; and the number of days which they 
travelled before meeting, was greater by 3, than the number 
of miles which B went in a^ day. How many miles did each 
travel 1 Ans. A went 1 17, and J? 130 miles. 

Prob. 18. A gentleman bought two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The finer piece cost iSl8 ; but the coarser one, which was 2 
yards longer than the finer, cost only £,\Q. How many 
yards were there in each piece, and what was the price of a 
yard of each % 

Ans. JTherc were 18 yards of the finer piece, and 20 of the 
coarser ; and the prices were 20 and 16 shillings* 
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Prob. 19. A merchant bought 54 gallons of Madeira wine, 
and a certain quantity of Teneriffe. For the former, he gave 
half as many shillings by the gallon, as there were gallons 
of Tenerifle, and for the latter, 4 shillings less by the gallon. 
He sold the mixture at 10 shillings hy the gallon, and lost 
JS28 16s. by his bargain. Required the price of the Madeira, 
and the number of gallons of«TenerilTe. 

Ans. The Madeira cost 18 shillings a gallon, and there 
were 36 gallons of Teneriffe. 

Prob. 20. If the square of a ceirtain number be taken from 
40, and the square root of this difference be increased by 10, 
and the sum be multiplied by 2, and the product divided by 
the number itself,* the quotient will be 4. What is the 
number? Ans. 6. 

Prob. 21. A person being asked his age, replied. If you 
add the square root of it to half of it, and subtract 12, the 
remainder will be nothing. What was Iiis age 1 

Ans. 16 years. 

Prob, 22. Two casks of wine were purchased for 68 doU 
«ar8, one of which contained 6 gallons more than the other, 
and the price by t!ie gallon, was 2 dollars less than | of the 
number of gallons in the smaUer ca^k. Required tlie num- 
ber of gallons in each, and the price by the gallon. 

Ans. The numbers were 12 and 17, and the price by the 
gallon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as many cents as 
there are silver coins ; and the whole are worth 2 dollars and 
16 cents. How many are there of each 1 

Ans. 6 of one, and 18 of the other. 

Prob. 24. A person bought a certain number of oxen for 
80 guineas. If he had received 4 more oxen for the same 
money, he would have paid one guinea less for each. What 
was the number of oxen 1 Ans. 16* 

SUBSTITUTION. 

S21. In the reduction of Quadratic Equations, as well as 
in other parts of Algebra, a complicated process may be ren- 
dered much more simple, by introducing a new letter which 
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shall be made to represent several others. This <6 term^^ 
tubstitution. A letter may be put for a compound quantity 
as well as for a single number. Thus in the equation 

a*- 2aa:=f +VS6 - 64+&, 
we may substitute 6, for f +\/86 - 644-&. The equation 
will then become a^-2ax=i, and when reduced 

will be a:=a±\/a'+6. 

After the operation is completed, the compound quantit% 
for which a single letter hfis been substituted, may be restar 
ed. The last equation, by restoring the value of b, will bf 
come 



a:=:a±Va«+i+VS6 - 64+/i. 
Reduce the equation cur - 2a; - d= ftar - x' - x 
Transposing, &c. a?4.(a - ft - I) Xx=d 

Substituting A for (a- ft - 1), «"+Aar=rf 



Therefore x= - g - \/ 4+*' 



Restoring the value of A, «= JLlLll+/ifLliz2)l+d 



SECTION XL 



SOLUTION OF PROBLEMS WHICH CONTAIN TWO 
OR MORE UNKNOWN QUANTITIES, 

DEMONSTRATION OF THEOREMa 

Aht. 322. IN the examples which have been given of the 
resolution of equations, in the preceding sections, each pro- 
blem has contained only one unknown quantity. Of if^ in 
some instances, there have been two^ they have beeb so r^ 
lated to each other, that they have both been expre^^ed bj 
means of the same letter. (Art. 195.) 
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But cases frequently occur, in which several unknown 

Siantities are introduced into the same calculation. And if 
e problem is of such a nature as to admit of a detenninate 
answer, there will Arise from the conditions, as many equa- 
tions independent of each other, as there are uixknown quan- 
tities. 

Equations are said to be independent^ when they express 
different conditions ; and dependent, when they express the 
same conditions under different forms. The former are not 
conv3rtibie into each other. But the latter may be changed 
from one form to the other, by the methods of reduction 
which have been considered. Thus 6 -a;=y, and 6=y-f-*> 
are dependent equations, because one is formed from the 
other by merely transposing x. 

323. In solving a problem, it it necessary first to find the 
value of one of the unknown quantities, and then of the 
others in succession. To do this^, we must derive from the 
equations which are given, a new equation, from which all 
the unknown quantities except one shall be excluded. 

Suppose the following equations are given. 

1. X'\-y=zl4 

2. a:-y=3. 

Ff y be transposed in eacli, they will become 

1. a:=14-y 

2. a:=2+y. 

Here the first member of each of the equations is x, and 
the second member of each is equal to x. But according to 
axiom 11th, quantities which are respectively equal to any 
other quantity are equal to each other ; therefore, 

2+1/= 14 -y. 

Here we have a new equation, which contains only the 
unknown quantity y. Hence, 

324. Rule I. To exterminate one of two unknown quan- 
tities, and deduce one equation from two ; Find the value 

OF ONE OF THE UNKNOWN QUANTITIES IN EACH OF THE EQUA- 
TIONS, AND FORM A NEW EQUATION BT MAKING ONE OF THESE 
VALUES EQUAL TO THE OTHER. 

That quantity which is the least involved should be the 
one which is chosen to be exterminated. 



/ 
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For the convenience of referring to different parts of a so- 
lution, the several steps will, in future be numbered. When 
an equation is formed from one immediately preceding^ it will 
be unnecessary to specify it. In other cases, the number of 
the equation or equations from which a new one is derived, 
will be referred to. 

Prob. I. To find two numbers such, that 
Their sura shall be 24 ; and 
The greater shall be equal to five times the less. 

Let ap=the greater ; And y=the less. 

1. By the first condition, x-\-y=24 

2. By the second, x=z5y 

3. Transp. y in the first equation, a:=24-y 

4. Making the 2d and 3d equal, 5y=z24~y 

5. And y=4, the less number 

Prob. 2. To find one of two quantities. 
Whose sum is equal to h ; and 
The difference of whose squares is equal to rf. 

Let 0?= the greater quantity ; And y= the less. 

1. By the first condition, x-\-y:=zh > 

2. By the second, a*-y*=:rf J 

3. Transp. y* in the 2d equation, ag*=rf-4-y* 



4. By evolution, (Art. 297.) a?= V<H-y* 

5. Trans, y in the first equation, a?=A.-y 

6. Making the 4th and 5th equal, y/d-\-y^z=zh-y 

7. Therefore y= *'"^ 



2A 



Prob. 3. Given ax- 



h'-ttd 



325. The rule given above may be generally applied, for 
the extermination of unknown quantities. But there are 
cases in which other methods will be found more expeditious. 

Suppose x=:hy ) 
And ctX'\-bx=y* ) 
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As in the first of these equations x is equal to Ay, we may 
in the second equation substitute this value of x instead of 
X itself. The second equation will then be converted into 

afcy+6Ay=y". 

The equality of the two sides is not aflfected by this alter- 
ation, because we only change one quantity x for another 
wliich is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. Hence, 

S26. Ride II. To exterminate an unknown quantity, find 

THE VALUE OF ONE OF THE UNKNOWN QUANTITIES, IN ONE OF 

THE EQUATIONS ; and then in the other equation SUBSTI- 
TUTE THIS VALUE FOR THE UNKNOWN QUANTITY ITSELF. 

Problem 4. A privateer in chase of a ship 20 miles distant, 
sails 8 miles, while the ship sails 7. How far must the pri- 
vateer sail before she overtakes the ship 1 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance which the 
ship sails in the same time, as 8 to 7. 

Let x=: the distance which the privateer saOs : 

And y=: the distance which the ship sails. 

1. By the suppositioiii ar=:y-{-20 > 

2. And also, x:y::8:7) 

S. Art. 188, y={x 

4. Substituting V ^or y, in the 1st equation, x=fx^-20 

5. Therefore, x=160. 

Prob. 5. The ages of two persons, A and J3, are such that 
seven years ago, A was three tunes as old as B; and seven 
years hence, .a will be twice as old as B. What is the age 
of jB? 

Let x= the age of jS; And y=the age of B. 

Then x - 7 was the age of Jt, 7 years ago ; 
And y -7 was the age of JB, 7 years ago ; 
Also x-{-7 will be the age of .5, 7 years hence ; 
And y-j-*^ ^^^ ^^ ^^^ ^S® ^^ ^9 '^ years hence. 

1 . By the first condition, x - 7=S x (y - 7) =3y - 21 ( 

2. By the second, a:+7=2 x (y+7) =2y+14 J 
S. Transp. 7 in the 1st equa. x=zSy - 14 

4. Subst. 3y - 14 for x, in the 2d, 3y - 14+7=2y+14 

5. Therefore, y=21, the age of B. 
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Prob. 6. There are two numbers, of which, 

The greater is to the less as 3 to 2 ; and 
Tiieir sum is the 6th part of tlieir product. 

What is the less number 1 Ans. 10. 

827. There is a third method of exterminating an unknown 
quantity from an equation, which in many cases, is preferable 
to either of the preceding. 

Suppose that x-^3y=za > 
And ap-Sy=6 5 

If we tM together the first members of these two equa- 
tions, and also the second members, we shall have 

2x=o+i, 

an equation which contains only the unknown quantity x. 
The other, having equal, co-efficients with contrary signs, has 
disappeared. (Art. 77.) The equality of the sides is preserved 
because we have only added equal quantities to equal quan- 
tities. 



Again, suppose 3x'\-y=ih 
And 2ar 



:JS 



If we iubtrcKt the last equation from the first, we shall have 

where y is exterminated, without aflecting the equality of 
the sides. 

Again, suppose x^2y=a} 

And X'\-4y =zb > 

Multiplying the 1st by 2, 2ar -4y=2a 

Then adding the 2d and Sd, 3a:=6-f-2a. Hence, 

328. Rule III. To exterminate an unknown quantity, 

MULTIPLY OR DIVIDE the equations, if necessary, 

IN SUCH A manner THAT THE TERM WHICH CONTAINS ONE 
OF THE UNKNOWN QUANTITIES SHALL BE THE SAME IN BOTH. 

Then SUBTRACT one equation from the other, 

IF THE SIGNS OF THIS UNKNOWN QUANTITY ARE ALIKE, 
OR ADD THEM TOGETHER, IF THE SIGNS ARE UNLIKE. 

It must be kept in mind that both members of an equa- 
tion are always to be increased or diounished, multiplied or 
divided alike. (Art. 170.) 
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Prob. 7. The uumbera in two opposing armies ore sach^ 
that. 

The sum of both is 21110; and 

Twice the number in the greater army, added to three 
times the number in the less, is 52219. 

What is the number in the greater army 1 

Let x^ the greater. And y=z the less. 

1 . By the first condition, x+y =21110 > 

2. By the second, 2a:+%-52219 J 
S. Midtiplying the 1st by 3, 3x+3y-6SSS0 
4. Subtractmg the 2d from the 3d, jr= 1 1 1 1 1. 

Prob. 8. Given 2x+y=16, and 3a:-3y=6, to find the 
Talue of X. 

1. By supposition, 2a?-f-y=16 > 

2. And 3a:-Sy=6 5 

3. Multiplying the Ist by 3, 6x+Sy=z4S 

4. Adding the 2d and 3d, 9x=54 

5. Dividing by 9, ap=6. 

Prob. 9. Given a:-{-y= 14, and ar-y=2, to find the value 
ot y. Ans. 6. 

In the succeeding problems, either of the three rules 
for exterminating imknown quantities will be made use of, as 
will in each case be most convenient 

329. When one of the unknown quantities is determined, the 
other may be easily obtained, by going back to an equation 
which contains both, and substituting instead of that which 
is already found, its numerical value. 

Prob. 10. The mast of a ship consists of two parts : 

One third of Xhe lower part added to one sixth of the 
upper part, is equal to 28 ; and, 

Five times the lower part, diminished by six times the 
upper part, is equal to 12. 

What is the height of the mast 1 
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Let x= the lower part ; And y= the upper part. 

1. By the first condition, l«-{-»y=28 ) 

2. By the second, 5r - 6y = 12 ) 

3. Multiplying the 1st by 6, 2a:-fy:=168 

4. Dividing the 2d by 6, ta:-y=:2 

5. Adding the 3d and 4th, 2x+ixz=z 170 

6. Multiplying by 6, 12a:+5ar=1020 • 

7. Uniting terms and dividing by 17, 07=60, the lower part. 

Then by the 3d step, ^'+y = 1 68 

That is, substituting 60 for x, 1204-y=168 [per part. 

Transposing 120, y=168 - 120=48^ the up- 

Prob. 11. To find a fraction such that, 

If a unit be added to the numerator, the fraction will be 
e<|ual to i ; but 

If a unit be added to the denominator, the fraction will be 
equal to j. 

Let xzs the numerator, Andy=: the denominator. 
1. By the first condition, "^ — 

By the second. 

3. Therefore «=4, the numerator. 

4. And y= 15, the denominator. 

Prob. 12. Wliat two numbers are those. 

Whose difference is to their sura, as 2 to 3 ; and 
Whose sum is to their product, as 3 io 5 1 

Ans. 10 and 2. 

Prob. 13. To find two numbers such, that 

The product of their sum and difference shall be 5, and 
The product of the sum of their scjuares and the differ 
ence of their squares shall be 65. 

Let x= the greater number ; Andy=: the less. 
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1. By ike finrt condition, («+y)X(a?-y)=S } 

2, By the gecond, («*+»') X («" - S*) =65 < 
S. Mult, the factors in the 1st, (Art. 235,) a* -y»=5 

4. Dividing the 2d by the Sd, (Art. 118,) a?+y»=18 

5. Adding the Sd and 4th, 2a;*=: 18 

6. Therefore dr=3, the greater number, 

7. And y=^f the less. 

In the 4th step, the first member of the second equation is 
divided byjB*-y', and the second member by 5, which is 
equal to «* - j^\ 

Prob. 14. To find two numbers whose difference is 8, and 
product 240. 

Prob. 15. To find two numbers, 

Whose difierence shall be 12, and 
The sum of theur squares 1424. 

Let x=z the greater ; And y=z the less. 

1. By the first condition, x - y=: 12 > 

2. By the second, a;*-f y*=:1424 ) 

3. Transposing y in the first, «=y4-^^ 

4. Squaring both sides, jE'=y*^24y^l44 

5. Transposing y* in the second, s*=1424-y* 

6. Making the 4th and 5th equal, y*4.24y+ 144= 1424 - y* 

7. Therefore y=: -6iv(676)=-6±26 

8. And ar=::y+12=20+12=S2. 

EaUATIONS WHICH CONTAIN THREE OR MORE 

UNKNOWN aUANTlTlES. 

330. In *the examples hitherto given, each has contamed 
no more than two unknown quantities. And two indepen- 
dent equations have been sufficient to express the conditions 
of the question. But problems may involve three or more 
unknown quantities ; and may require for their solution as 
many independent equations. 



Suppose ar-|-y+^= ^ ^ ) 
And a:4-2y-2«=10S 
And x+y~z=z4 i 



are given to find, s, y, and Zk 

y 
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Prom these three equations, two others maybe derived 
which shall contain only tvoo unknown quantities. One of 
the three in the original equations may be exterminated, in 
the same manner as wheiv there are, at first, only two, byihe 
rules in Arts. 324, 6, 8. 

In the equations given above, if we transpose y and 2, we 
shall have. 

In the first, ar= 1 2 - y — r 
In the second, ar=10- 2y'\-2z 
In the third, ar=4-y-|"^ 

From these we may deduce two new equations, from which 
X shall be excluded. 

By making the 1 st and 2d equal, 12-y-z=10- 2y-|-2z I 
By making the 2d and 3d equal, 1 - 2y+2z = 4 - y+z J 

Reducing the first of these two, y=:32 -2 > 
Reducing the second, y=:z~\-6 > 

From these two equations one may be derived containing 
only one unknowri quantity 

Making one equal to the other, 3z- 2=2r-f'^ 
And z=4. Hence, 

331. To solve a problem containmg three imknown quaii 
tities, and producing three independent equations, 

First, from the three equations deduce two con* 
taining only two unknown quantities. 

Then, from these two deduce one, containing only 

ONE unknown quantity. 

For making these reductions, the rules already given are 
sufficient. (Art. 324, 6, 8.) 

Prob. 16. Let there be given, 

1. The equation a:4"5y+6z=6S ^ 

2. And a:4-3i^3z=30 > To find ar, y, and z. 

3. And x+y+z=:\2 ) 

From these three equations to derive two, containing only 
two unknown quantities, 

4. Subtract the 2d from the 1st, 2y4-3r=23 > 

5. Subtract the 3d from the 2d, 2y+2z=. 18 ) 

Prom these two, to derive one, 

6. Subtract the 5th from the 4th, 2=5. 

15 
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To find X and y, we have only to take their values horn 
llie third and fifth equations. (Art. 329.) 

7. Reducing the fifth, y=:9-z=:9-5r=r4 

8. Transposing in the third, a;=:12-2-y=:12-5-4sS 

Prob. 17. To find «, y, and z, from 

I. The equation 

5. And 

3. And i«+iy+' 

4. Multiplying the Ist by 3, 3a:+Sy4-Sz=:36 

6. Subtracting the 2d from the 4th, 2a?4-y=16 

6. Subtracting the Sd from the 1st, «-ix4-y-iy=:6 

7. Clearing the 6th of fractions, 4j;4"%=S6 > 

8. Multiplying the 6th by 3, 6a:+3y=48 J 

9. Subtracting the 7th from the 8th, 2a:= 12. And ar=6. 

10. Reducing the 7th, y=?izif =£izif =4. 

II. Reducing the 1st, 2:=12-ar-y=12-6-4=2. 

In this example all the reductions have been made accor- 
ding to the third rule for exterminating unknown quantities.— 
(Art 328.) But either of the three may be used at pleasure. 

332. A calculation may often be very much abridged, by 
the exercise of judgment in stating the question, in selecting 
the equations from which others are to be deduced, in simpli- 
(yxtig fractional expressions, in avoiding radical quantities, 
«c. The skill which is necessary for this purpose, however, 
is to be acquired, not from a system of rules, but from pi^ic- 
tice, and a habit of attention to the peculiarities in the con- 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, the numerous forms 
which equations may assume, d&c. In many of the examples 
in this and the preceding sections, the processes might have 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to furnish specimens of expeditious 
solutions. The learner will do well, as he passes along, to 
exercise his skill in abridging the calculations which are 
here given, or substituting others in their stead. 
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Prob. 18. Given < 2. x4-z=b > To find x. y and «r. 

( 3. y4"*=<^ ) 

Ans. «=: 5 — Andy=: s — And 7= 5 — * 

Prob. 19. Three persons Jl^ B^ and C, purchase a horstt 
for 100 dollars, but neither is able to pay for the whole. 
The payment would require, 

The whole of jJ's money, together with half of ffs ; or 

The whole of fi's, with one third of Cs ; or 

The whole of Cs, with one fourth of •fl's. 

How much money had each 1 



Let x=Jfn 






z=C» 


y=B'a 






a=:100 


By the first condition. 






*+iy=a 


By the second. 






y+iz=a 


By the third. 






z+i*=a 


Therefore x=64. 


y= 


=72. 


*=84. 



SS3. The learner must exercise his own judgment, as to 
the choice of the quantity to be first extenninated. It will 
generally be best to begin with that which is most free from 
co-efiicients, fractions, radical signs, &c. 

Prob. 20. The sum of the distances which three peraoni^ 
•A, J7, and C, have travelled, is 62 miles ; 

jPs distance is eqital to 4 times Cs, added to twice J7*s ; and 
Twice .^s added to 3 times j^s, is equal to 17 times Cs. 

What are the respective distances ? 

Ans. .d's, 46 miles ; ^s, 9 ; Cs 7. 

Prob. 21. To find x^ y, and r, from 

The equation ia:-{-iy+i^=^'^ 

And ix+^y+iz=i7 

And i«+iy-i-i«=S8 

Ans. x:=.Zi yr=:60. 2r^l20. 

ray=600) 
Prob. 22. Given ^a;7=r 300 > To find ar, y, and jr. 

(yz=200> 

Ans. jr£=SO. ys20. zsia 
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SS4. The same method which is employed for the reduc- 
tion of three equations, may be extended to 4, 5, or any num- 
ber of equations, containing as many unknown quantities 

The unknown quantities may be exterminated, one after 
another, and th^ number of equations may be reduced by 
successive steps from five to four, from four to three, from 
three to two, &c. 

Prob. 23. To find tr , or, y, and z, from 
1. The equation iy^z-^iw^S 

4. And ap+ir-|-r=10 

5. Clear, the Istof frac. y^2z'\-ws=\6 

6. Subtract. 2d from Sd, z^w=zS } Three equations. 

7. Subtract. 4th from Sd, y-»=:2 

8. Adding 6th and 6th, y+S^= 19 \ Tu>o equationii. 

9. Subtract. 7th from 6th, -y+z=:l S ^4"«""*«* 

10. Addmg 8th and 9th, 42r=:20. Or z=:b \ 

11. Transp. in the 8th, y=19-32r=4 f Quantities 

12. Transp. in the 3d, a;=12-y-z=3 i required. 

13. Trousp. in the 2d, tir=9-ar-y=2 ) 

f w+50=ar \ 
Prob. 24. Given J ^"JgS^lj [ To fmd w, :r, y, and z. 

i «+195=3w 3 

Answer. w=100 y=90 

ar=:150 r=105. 

Prob. 25. There is a certain number consisting of two 
digits. The left-hand digit is equal to 3 times the right- 
hand digit; and if twelve be subtracted from the number 
itself, the remainder will be equal to the square of the lefi- 
tiand digit. What is the number ? 

Let x=z the left-hand digit, and y=: the right hand digit. 

As the heal value of figures increases in a ten-fold ratio 
from right to left ; the number required = 10«-{-y 

By the condition3 of the problem dr=:3y > 

And lOar+y-lSsr/ ) 

The required number is, therefore, 93. 



\' 
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Prob. S6. If a certain number be divided by the product 
of ita two digits, the quotient will be 2 ; and if 27 be added 
to the number, the digits will be inverted What is the 
number 1 Ans. 36. 

Prob. 27. There are two numbers, such, that if the less be 
taken from three times the greater, the remainder will be 35 ; 
and if 4 times the greater be divided by 3 times the less 4-I» 
the quotient will be equal to the less. What are the numbers 1 

Ans. 13 and 4. 

Prob. 28. There is a certain fraction, such, that if 3 be 
added to the numerator, the value of the fraction will be i ; 
but if 1 be subtracted from the denonunator, the value will 
be i. What is the fraction 1 j. 4 

'2r' 

Prob. 29. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on the first horse, 
the value of both will be double that of the second norse ; but 
if the saddle be put on the second horse, the value of both 
will be less than that of the first horse by 13 guineas. What 
is the value of each horse 1 

Ans. 56 and 33 guineas; 

Prob. 30. Divide the number 90 into 4 such parts, that the 
first increased by 2, the second diminished by 2, the third mtii- 
Uplied by 2, and the fourth divided by 2, shall all be equal 

If Xy y, and z, be three of the parts, the fourth will be 
90 - « - y - z. And by the conditions, 

a?-f.2=y-2 
x+2=:2z 

g^^90-£-y-£^ 

2 

The parts required are 18, 22, 10, and 40. 

Prob. 31. Find three numbers, such that the first witl« i 
the sum of the second and third shall be 120 ; the second with 
} the difference of the third and first shall be 70 ; and i the 
sum of the three numbers shall be 95. 

Prob. 32. What two numbers are those, T:\'ho8e diflerencei 
sum and product, are as the numbers 2, 3, and 5 1 

lg* Ans. 10 and 2. 
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Prob 33. A vintner sold at one time, 20 dozen of port 
wine, and SO dozen of sherry ; and for the whole received 
ISO guineas. At another time, he sold 30 dozen of port and 
t5 dozen of sherry, at the same prices as before ; ancl for the 
whole received 140 guineas. What was the price of a dozen 
of each sort of wine 1 

Ans. The port was 3 guineas, and the sherry 2 gmneas a 
dozen. 

Prob. 34. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 6 
gallons more of each, he would have put into the mixture 7 
gallons of brandy for every 6 of water. But if he had mixed 
6 less of each, he would have put in 6 gallons of brandy for 
every 5 of water. How many gallons of each did he mix t 

Ans. 78 gallons of brandy and 66 of water. 

Prob. 35. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes t ; but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes fl Ans. i. 

Prob. 36. A person expends 30 cents in apples and pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 
wards parts with half his apples anil one third of his pears, 
the cost of which was 13 cents. How many did he i)uy of 
each 1 Ans. 72 applet and 60 pears.* 



335. If in the algebraic statement of the conditions of a 
problem, the original equations arc more niunerous than the 
unknown quantities ; these equations will either be contra^ 
dkton/f or one or more of them will be superfluous. 

Thus the equations < i^— 20 i ^^ contradiciory. 

For by the first ap=20, while by the second, a? =40. 
But if the latter be altered, so as to give to x the same value 
a3 the former, it will be useless, in the statement of a 



* For more examples of the solution of problems by e()uations, sec Euler»s 
Algebni, Part I, Sec 4 ; Simpson's Algebra, Sec II ; Smipson*s Exercises ; 
Mar.iaurin's Alg^ebra, Part I, Chap. 2 and 13 ; Emerson's Algebra, Book II, 
&3C. I ; Saunderson's Algebra, Bonk I! and III; Dodson's Mathenatical Re 
piMitory, and Bland's Algebraical Problems. 
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problem. For nothing can be determined from the one^ 
which cannot be from the other. 

Thus of the equations < j^ _io \ ^^® ^ superfluous. 

For either of them is sufficient to determine the value of x. 
They are not independent equations. (Art. 322.) One is 
convertible into the other. For if we divide the 1st by 6, it 
will become the same as the second. 

Or if we multiply the second by 6» it will become the same 
as the first. 

336. But if the number of independent equations produc* 
ed from the conditions of a problem, is less than the number 
of unknown quantities, the subject is not sufficiently limited 
to admit of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, all 
the others connected with it, must either be previously known, 
or be determined from other equations. If this is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the question. If, for instance, ui 
the equation 

^y=100, 

X and y are required, there may be fifty difTerent answers. 
The values of x and y may be either 99 and 1, or 98 and 2, 
or 97 and 3, &c. For the sum of each of these pairs of 
numbers is equal to 100. But if there is a second equation 
which determines one of these quantities, the other may then 
be found from the equation already given. As a:-f-y=100, 
if :r=46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 

3S7. For the sake of abridging the solution of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the gi*eater shall be equal to three times thB 
less. If we put x for the greater, the less will be 100 - x. 
(Art. 196.) 

Then by the supposition, a:=300 - 3a?. 

Transposing and dividing, ar=75, the greater. 

And 100 - 75=25, the lesai 
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Here, two unknown quantities are found, although there 
appears to be but one independent equaticm. The reason of 
this is, that a part of the solulion has been omitted, because 
it is so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging, let «= the 
greater number, and y= the less. 

1. Then by the supposition, «-|-y=100> 

2. And dy=ar y 

3. Transposing X in the 1st, y=lOO-x 

4. Dividing the 2d by 8, y=i« 

5. Making the Sd and 4th equal, jx=100- x 

6. Multiplying by 3, x=SOO-Sx 

7. Transposing and dividing, «=75, the greater. 

8. By the 3d step, y = 100 - x= 25, the less. 

By comparing these two solutions with each other, it will 
be seen that tlie first begins at the 6th step of the latter, all 
the preceding parts being omitted, because they are too sim* 
pie to require the formality of writing down. 

Prob. To find two numbers whose sum is 30, and the dif- 
ference of their squares 120. 

Let a=30 6=rl20 

x= the less number required. 

Then a-a:=: the greater. (Art 195.) 

Ajid a*-> 2aa:-{-x*= the square of the greater. (Art 214.) 

From this subtract x*, the square of the less, and we shall 
have a*-2ax=: the difference of their squares. 

Therefore. «=l^=(^)'-;^^Q=18. 

2a 2x30 

338. In most cases also, the solution of a problem which 
contains many unknown quantities, maybe abridged, by par* 
ticular artifices in substituting a single letter for several. 
(Art 321.) 

* Suppose four numbers, ti, x, y and r, are required, of which 

The sum of the three first is 13 

The sum of the two first and last 17 

The sum of the first and two last 18 

The sum of the three loot 21 



* Ludlam*s Algebra, Art. 161. c 
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Then 1. u+x+y=t\S 
2. fi+ar+z=17 
8. t4-|-y-[-z=18 
4. ar+y+2r=:21. 

Let S be substituted for the sum of the four numl^ers, that 

is, for ti-{-jp-J-y-4~^* '^ ^^^ ^ ^^^^ ^^^'^^ ^^ these four equa- 
tions. 

The first contains all the letters except z, that is, iS> -z=: IS 
The second contains all except y« that is, jSf-y=t7 

The third contains all except rr, that is, S^ x=18 

The fourth contains all except «, that is S" ii=:21. 

Adding all these equations together, we have 

4S-z-y-ap-.t»=69 
Or 45- (z+y-f ar+t») = 69 (Art. 88. e.) 

But 5= (z-f-y-|-iP+**) by substitution. 
Therefore, 45-5=69, that is, 35=69, and 5=28. 

Then putting 23 for 5, in the four equations in which it 
is first introduced, we have 

23-z=131 rz=23- 13=10 

23-tt=2lJ [tt=23-21=2. 

Contrivances of this sort for facilitating the pohition of 
particular problems, must be left to be furnished for the occa- 
sion, by the ingenuity of the learner. They are of a nature 
not to be taught by a system of rules. 

339. In the resolution of equations containing several un- 
known quantities, there will often be an advantage in adopt- 
ing the following method of notation. 

The co-efficients of one of the unknown quantities are 
represented. 

In the fir$t equation, by a single letter, as a. 

In the secandy by the same letter marked with an accent, as of. 

In the thirdy by the same letter with a double accent, as a'^,&c. 

The co-efficients of the other unknown quantities, are re- 
presented by otiier letters marked in a similar manner ; as are 
also the terms which consist of Anunim quantities only. 
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Two equations containing the two unknown quantitiei x 
and y may be written thus, 

aar-f-by==e 
Three equations containing Xy y, and r, thu% 

a'x+b'y+(/zz:zd' 
a"x-^V'y+cf'z-d'\ 

Four equations containing x, y, Zy and u, thus^ 

Ax-^-by-^cz-^dus^e 
a'x+b'y+c'z+d'u^e' 
a''x+b''y+</'z+d''u=e'' 
a'''x+b'''y+</''z+d'''u-e''% 

The same letter is made the co-efficient of the same un» 
known quantity, in different equations, that the co-efficients 
of the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
different accents^ because it actually stands for different quan* 
tities. 

Thus we may put o=4, a'=6, o''=10, a'^'=z20, &c. 

To find the value of x and y. 

1. In the equation, ax-|-6y=:e ) 

2. And _ a'x+b'yz=zc'S 

3. Multiplying the 1st by 6^(Art. 328,)a6'x-f fc6'y=c6^ 

4. Multiplying the 2d by 6, ba'x+bb'y=zbi/ 

5. Subtracting the 4th from the 3d, oi'x - 6a'j:=c6' - bef 

6. Dividing by ab' - ^a^ (Art. 121.) x=^*' "" '^^ 



By a similar process, y=. 



a*'- ba' 
Off -'Ca! 

aV - ba' 



The symmetry of these expressions is well calculated to fix 
them in the memory. The denominators are the same \n 
both ; and the numerators are like the denominators, except 
a change of one of the letters hi each term. But the par- 
ticular advantage of this method is, that the expressions here 
obtained may be considered as general soluHonSy which give 
the values of the unknown quantities, in other equations, of 
a similar nature. 
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Thus if 10a:+6y=100 > 

And 40ar4-4y=:200j 
Tlien pulling a= 10 6=6 c=100 

a'=40 6^=4 €^=200 

We have ,^cfcl--k;^ 100x4 -6x200 ^4, 

ab'-^ba' 10x4-6x40 
And ac^-ca^ , 10x200-100x40 ^^^ 

^ 06^-60" 10x4-6x40 

The equalions to be resolved may, originally, consist of 
more llian three terms. But if they are of the first degree, 
and have only two unknown quantities, each may be reduced 
to three terms by substitution. 

Thus the equation dx - ix-^hy - 6y =m-}-8 

Is the same, by Art. 1 20, as (rf - 4)ar+ (h - 6)y =m-f-8. 
And putting a=€l-4, fc=A-6, c=m4-8 

1 1 becomes aX'\-by=^c.* 

DEMONSTRATION OF THEOREMS. 

340. Equations have been applied, in this and the preced- 
ing septions, to the solution of prohltins. They may be em- 
s ployed with equal advantage, in the demonstration of theo^ 
rema. The principal difference, in the two cases, is in thf) 
order in which the steps are arranged. The operations them- 
selves are substantially tlie same. It is essential to a demon- 
stration, that complete certainty be carried through every 
part of the process. (Art. 11.) This is effected, in the re 
duction of equations, by adhering to the general rule, to make 
no alteration which shall affect the value of one of the mem- 
bers, wiliiout equally increasing or diminishing the other* 
In applying tliis principle, we are guided by the axioms laid 
dawn in Art. 63. These axioms are as applicable to the de- 
monstration of theorems, as to the solution of problems. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

* For the application of this plan of notation to the solution of equations 
whicli contain more than two unknown quantities, sec LaCroix's Algebra, Art. 
8) ; Maclaurin's Algebra, Part. I. Chap. 12 ; Fenn's Algebra, p. 67 ; and a 
l>u{)cr of Laplace, in the Menooirs of tlie Academy of Sciences for 177S. 
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the equation to that particular form which will express, in 
algebraic terms, the proposition to be proved, 

Ex. 1. TJieorem, Four times the product of any two 
numbers, is equal to t he square of their sum, diminished by 
the square of their difference. 

Let x= the greater number, «= their sum, 

y=s the leaSf d=z their difference. 

Demomtralum. 

1. By the notation x-|-y=« > 

8. And a:-y=d ) 

S. Adding the two, (Ax. 1.) 2a:=*-|-rf 

4. Subtracting the 2d from the 1st, 2y=«-d 

5. Mult. 3d and 4th, (Ax. S.) 4jy = {9+d) X (* -<0 

6. That is, (Art. 235.) 4«y=««-<P 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen that 
It is equally applicable to any two numbers whatever. F<v 
the particular values of x and y will make no difference in 
the nature of the proof. 

Thus 4x8x6=(8+6)«- (8-6)*=192. 

And4x10x6=(10+6)«-(10-6)«=240. 

And4xl2xl0=(12+10)«-(I2-10)*=480. 

Theorem 2. The sum of the squares of any two numbers is 
equal to the square of their difference, added to twice their 
product. 

Let x= the greater, d=z their difference* 

y= the less, p^ their product. 

Demanstratian. 

1. By the notation jr-y=({> 

2. And xy=p y 

3. Squaring the first ar'-zay+J/'^^ 

4. Multiplying the second by 2 2xy=:2p 

5. Adding the third and fourth a:'-|-y'=cP-|-2». 

Thus 10*+8«=(10-8)«+2xl0x8=l64. 

341. Gkneral propositions are also discovered^ in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presented to our view, in a great variety 
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of wnya by the several changes through which a given eqna* 
tioii nmy be made to pass. Each step in the process will 
contain a distinct proposition. 

I^t $ and d be the sum and diflerence of two quantities « 
and t/j as before. 

1. Then *=ar-f-yJ 

2. And d=x-~y) 

3. Dividing the first by 2, i'=i^+iy 

4. Dividing the 2d by 2y id^ix-^y 

5. Adding the 3d and 4lh, ^$~\'\^d=\X'^'\x=zx 

6. Sub. the 4th from the 3d, i«-i<2=iy-{-iy=y. 

That is. 

Half the difference of two quanlUieSy added to half th/Kt tfon, is 
equal to the greater ; and 

Half their difference subtracted from half their ewn^ U equal to 
Hit less. 



SECTION XII. 



RATIO AND PROPORTION.* 



Art. 342. THE design of mathematical investigations, 19 
to arrive at the knowledge of particular quantities, by com« 
paring them with other quantities, either eqwd to^ or greater 
or less than those which are the objects of inquiry. The end 



♦ Euclid'8Elcmenta,Book5,7,8. Euler»8 Algebra, Part I. Sec S. Emenmi 
on Prononion. Camus* Geometry, Book III. Ludlam»s Mathematics. WalliaP 
Algebra, Chap. 19, 20. Saiinderstrn's Algebra, Book 7. Barrow's Matheiiui> 
ticai Lectures. Analyst for March, 1814. Port Royal Art of Thinking Pan 
IV. Ch. IT. 16 
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is most commonly attained by means of a series of equations 
and proportions. When we make use of equations^ we deter- 
mine the quantity sought, by discovering its equudUy with 
some other quantity or quantities already known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, but 
i^ither greater or less. Here a different mode of proceeding 
becomes necessary. We may inquire, either how much one 
of the quantities is greater than the other ; or how many times 
the one contains the other. In finding the answer to either 
of these innuiries, we discover what is termed a ratio of the 
two quantities. One is called arithmetical and the other geo- 
metrical ratio. It should be observed, however, that both 
these terms have been adopted arbitrarily, merely for dis- 
tinction's sake. Arithmetical ratio, and geometrical ratio are 
both of tlvem applicable to arithmetic, and both to geometry. 

As the whole of the extensive and important subject of pro- 
portion depends upon ratios, it is necessary that these should 
be clearly and fully understood. 

343. Arithmetical ratio t^ the difference between two 
quantities or sets of quantities. The quantities themselves are 
called the terms of the ratio, that is, the terms between which 
the ratio exists. Thus 2 is the arithmetical ratio of 5 to 3. 
This is sometimes expressed, by placing two points between 
the quantities thus, 5. . 3, which is the same as 5 -3. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
difference, and the other for the sign -• 

344. If both the terms of an arithmetical ratio be mtdtiplied 
or dhnded by the safne quantity, the rcUio will, in effect, be 
multiplied or divided by that quantity. 

Thus if a-b=r 

Then mult, both sides by A, (Ax. 3.) ha-^hh-^ihr 

a b r 
And dividing by A, (Ax. 4.) A""r~A' 

345. If the terms of one arithmetical ratio be added to, or 
subtracted from, the corresponding terms of another, the ratio 
of their sum or difference will be equal to the sum or differ- 
ence of the two ratios. 
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Then (a+d) -(b+h) = (a-6)4.(c/-A). For each ^a4.il-6-A. 
And (a-(i)-(6-A) = (a-fc)-((i-A). For each =a-rf-6+A. 
Thus the arith. ratio of 11 ..4 is 7 / 
A nd the arith. ratio of 5 .. 2 is 3 5 
The ratio of the sum of the terms 16. .6 is 10, the sum of 

the ratios. 
The ratio of the difiercnce of the terms 6. .2 is 4, the differ- 
ence of the ratios. 

346. GEOMETRICAL RATIO is that relatioit be- 

TWEEN quantities WHICH IS EXPRESSED BY THE QUO- 
TIENT OF THE ONE DIVIDED BY THE OTHER.* 

Thus the ratio of 8 to 4, is ^ or 2. For tiiis is the quotient 
of 8 divided by 4. In other words, it shows how often 4 is 
contained in 8. 

In the same manner, the ratio of any quantity to another 
may be expressed by dividing the former by the latter, or, 
which is the same thing, making the former the numerator 
of a fraction, and the latter tlie denominator. 

a 
Thus the ratio of a to 6 is r* 

d+h 
The ratio of d^h to b-^-c, is tt"* 

347. Geometrical ratio is also expressed by placing two 
points, one over the other, between the quantities compared. 

Thus a : b expresises the ratio of a to 6 ; and 12:4 the ratio 
of 12 to 4. The two quantities together are called a coupkt^ 
of which the first term is the antecedent^ and the last, tlie 
consequent. 

348. This notation by points, and the other in the form of 
a fraction, may be exchanged the one for the other, as con- 
venience may require ; observing to make the antecedent of 
the couplet, the numerator of the fraction, and the consequent 
the denominator. 

^ b 

Thus 10 : 5 is the same as V- ^nd 6 : d, the same as 2* 

349. Of these three, the antecedent, the consequent, and 
the ratio, any two being given, the other may beifound. 

* See Note H. 
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Let as the antecedent, ess the consequent, r=: the ratio. 

a 
By definition r=j ; that is, the ratio is equal to the ontece* 

dent divided by the consequent. 

Multiplying by c, a=zcr^ that is, the antecedent is equal to 

tne conseauent multiplied into the ratio. 

a 
Dividing by r, c^z-^, that is, the consequent is equal to the 

antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equal, and 
dieir conseciuents equal, their ratios must be equal.* 

Cor. S. If, in two couplets, the ratios are equal, and the 
antecedents equal, the consequents are equal ; and if the 
ratios arc equal and the consequents equal, the antecedents 
ore equaLf 

350. If the two quantities compared are equals the ratio is 
a unit, or a ratio of equality. The ratio of 3x6 : 18 is a 
unit, for the quotient of any quantity divided by itself is 1. 

If the antecedent of a couplet is greater than the conse« 
quent, the ratio is greater than a unit. For if a dividend is 
greater than its divisor, the quotient is greater than a unit. 
Thustheratioof 18:6 is3. (Art. 128. cor.) Tliis is called 
a ratio of greater inequality. 

On the other hand, if the antecedent is le»$ than the con- 
sequent, the ratio is less than a unit, and is called a ratio of 
lrt$ inequalitjf. Thus the raiio of 2 : 3, is less than a unit, 
because the dividend is less than the divisor. 

351. imTRSE OR RECIPROCAL ratio is the ratio 

OF THE RECIPROCALS Of TWO QUANTITIES. See Art. 49. 

Thus tlie reciprocal ratio of 6 to 3, is i to i, that is i-f^. 

a 
The direct ratio of a to fr is r, that is, the antecedent divided 

by the consequent. 

, . . i I I I i b b 

The reciprocal ratio is - • t or --j-t =- x T =" • 
*^ a a a I a 

that is the consequent b divided by the antecedent a. 



* Eudid 7. 6. f Eue. S. 5. 
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Hence a reciprocal ratio is expressed by mverting the frm^ 
Imni which expresses the direct ratio ; or when the notation 
is by points, by mverttn^ tht arder of the tenm. 

Thus a is to 6, inversely, as 6 to a. 

852. COMPOUND RATIO is the ratio of the PRO- 
DUCTS, OF THE COHRESPOliDIliO TERMS OF TWO OR MORS 
SIMPLE RATIOS.* 

Thus the ratio of 6 : S, is 2 

And the ratio of 12 : 4, is 3 



The ratio compounded of these is 72 : 12=6. 

Here the compound ratio is obtained by multiplying 
together the two antecedents, and also the two consequents, 
of the simple ratios. 

So the ratio compounded. 

Of the ratio of a : b 

And the ratio of e : d 

And tiie ratio of h:y 

ack 
Is the ratio of ach : bdyz=z.^ 

•^ My 

Compound ratio is not different in its nature from any other 
ratio. The term is used, to denote the origin of the ratio, in 
particular cases. 

Cor. The compound ratio is equal to the product of the 
simple ratios. 

The ratio of a : 6, is . 

The ratio of e : d^ial 

d 

The ratio of & : y, is . 

y 

ach 
And the ratio compounded of these is — , which is the 

bdy 
product of the fractions expressing the simple ratios, (Art 
155.) 

S53« If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the ibllowing one, the 



*SeeNoteL 

ie» 
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rath of the fir$t anieeedmU to the last eoneequentj U eqwd to Aai 
whkk U compounded of all the mtervenmg ratios."^ 

Tbufl, in the series of ratios a: b 

h : c 
e : d 
d:h 

the ratio of a : & is equal to that which is compounded of the 
ratios of a : 6, of 6 : c, of c : rf, of d : A. For the compound 

ratio by the last article is ?-L =^ or a : A. (Art. 145.) 

bcdh h 

In the same manner, all the quantities which are both 
antecedents and consequents will disappear when the frac- 
tional product is reduced to its lowest terms, and will leave 
the compound ratio to be expressed by the first antecedent 
and the last consequent. 

S54. A particular class of compound ratios is produced, by 
multiplying a simple ratio into itself or into another eqwd 
ratio. These are termed duplicate, friplicaie, q%iadrtgfUcaUf 
&c. according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a dupticate ratio. 

One compounded of threcy that is, the cube of the simple 
ration is called triplicate^ &c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a subduplicale ratio ; that of the cube 
roots a siAtriplicate ratio, &c. 

Thus the simple ratio of a to ft, is a : ft 

The duplicate ratio of a to ft, is a* : ft^ 

The triplicate ratio of a to ft, is n^ : ft* 

The subduplicate ratio of a to ft, is j^a : J^h 

The subtriplicate of a to ft, is J(/a : \/ft, &c. 

The terms duplicate, triplicate, &c. ought not to be con* 
founded with doubk, triple, &c.t 

The ratio of 6 to 2 is 6 : 2=S 

Double this ratio^ that is, tvme the ratio, is 12 : 2=6 > 
Triple the ratio, i. e, three limes the ratio, is 18 : 2=9 ) 



* This is the particular case of compmind ratio which is treated of in tlM 
6th book of Euclid. See the editions of Simson and Playfair. 

t See Note K. 
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But the duplkaie ratKsi.e.the square of the ratio^is 6* : 2Ps9 > 
And the tnplkcUe ratio,i.e.the cube of the ratio, k 6* : 2'=s27 5 

555. That quantities may have a ratio to each other, it is 
necessary that they should be so far of the same nature, as 
that one can properly be said to be either equal to, or greater, 
or less than the other. A foot has a ratio to an inch, for one 
is twelve times as great as the other. But it cannot be said 
that an hour is either shorter or longer than a rod ; or that 
an acre is greater or less than a degree. Still if these quan- 
tities are e:^pressed by numbersy there may be a ratio between 
the numbers. There is a ratio between the number of min* 
utes in an hour, and the niunber of rods in a mile. 

556. Having attended to the nature of ratios, we have next 
to consider in what manner they will be affected, by varying 
one or both of the terms between which the comparison is 
made. It must be kept in mind that, when a direct ratio is 
expressed by a fraction, the antecedent of the couplet is always 
the numerator^ and the consequent the denmninator. It will 
be easy^ then, to derive from the properties of fractions, the 
changes produced in ratios by variations in the quantities 
comparea. For the ratio of the two quantities is the same as 
the vcdue of the fractions, each being the quotient of the 
numerator divided by the denominator. (Arts 135, 346.), 
Now it has been shown, (Art. 137,) that multiplying the 
numerator of a fraction by any quantity, is multiplying the 
value by that quantity ; and that dividing the numerator is 
dividing the value. Hence, 

357. Mvltiplymg the asUecedent of a coupkt by any quantity^ 
is nwUiph/ing the ratio by that quantity ; and dividing the ante-' 
cedent is dividing the ratio. 

Thus the ratio of ^ 6 : 2 is S 
And the ratio of 24 : 2 is 12. 

Here the antecedent and the ratio^ in the last couplet, are 
each four times as great as in the first. 

The ratio of a : 6 is ^ 

And the ratio of na : fr is -;- 

6- 



\ 
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Cor. With a given consequent, the greater the anieeedeHl^ 
the greater the ratio ; and on the other hand, the greater the 
ratio, the greater the antecedent.* See Art. 137. cor. 

358. Mui^pbm^ the consequent of a couplet by amy quaniliy 
if, m effecty dwiwng the ratio by that quantittf ; and dwiding the 
consequent it multiplying the ratio. For multiplying the denom- 
inator of a fraction, is dividing the value ; and dividing the 
denominator is multiplying the value. (Art. 138.) 

Thus the ratio of 12 : 2, is 6 
And the ratio of 12 : 4, is 3. 

Here the consequent in the second couplet, is twice as great, 
and the ratio only half as great, as in the first. 

The ratio of a : i is ^ 

b 

And the ratio of a : n6, is -^. 

nb 

m 

Cor. With a given antecedent, the greater the consequent, 
the less the ratio ; and the greater the ratio, the less the con- 
sequent.! See Art. 138. cor. 

359. From the two last articles, it is evident that muUipb/" 
tfig the antecedent of a couplet, by any quantity, will have the 
same effect on the ratio, as dividing the consequent by that 
quantity; and dividing the antecedent^ will have the same 
effect as multiplying the consequerU. See Art. 139. 

Thus the ratio of 8 : 4, is 2 

Mult, the antecedent by 2, the ratio of 16 : 4, is 4 
Divid. the consequent by 2, the ratio of 8:2, is 4. 

Cor. Any factor or divisor may be transferred, from the 
antecedent of a couplet to the consequent, or from the conse- 
quent to the anteceaent, without altering the ratio. 

It must be observed that, when a factor is thus transferred 
ficm one term to the other, it becomes a divisor ; and when 
a divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6:9=2),, 

Transferring the factor 3, 6 : f =2 5 ^® '^"''' ^""^"^ 



* Euclid 8 and 10. 5. The first part of the propositionaL 
t Euckd 8 and 10. 5. The last part of the proposition!. 
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The ratio of 
Transferring y 
Transferring tn. 



ma ^ ma ^ 



ma 



ma : 6j/=riiia-i-iy= . 

by by ma 

a ' •-^— ff-^—^ — ■— > 

' m • m "" 6y 

360. It is fai ther evident, from Arts. 357 and 358, tliat if 

THE ANTECEDENT AND CONSEQUENT BE BOTH MULTIPLIED, 
OH BOTH DIVIDED, BY THE SAME QUANTITY, THE RATIO WILL 

NOT BE ALTERED.^ See Art. 140. 

Thus the ratio of 8 : 4=2 

Mult, both tenns by 2, 16 : 8=2 
Divid. both terms by 2, 4 : 2=2 



the same raUo. 



Tlie ratio of 



a: 6= J 



Multiplying both terms by m, ma : fn6=--^=T 

«%••«•■« 1 a b an a 

Dividmg both terms by n, - : -^t- = ^ 

Cor. 1. The ratio of two /rocfiovw which have a common 
denominator, is the same as the ratio of their ntmwroiorf. 

a b 
Thus the ratio of - ^ -, is the same as that of a : &. 

Cor. 2. The dhrect ratio of two fractions which have a 
common numerator, is the same as the reciprocal ratio of 
their denominaton. 

a a 1 I 

Thus the ratio of — ^ -, is the same as -- • ^, or n : m. 

361. From the last article, it will be easy to determine the 

ratio of any two fractions. If each term be multiplied by 

the two denominators, the ratio will be assigned in integral 

expressions. Thus multiplying the terms of the couplet 

a e abd bed 

r 2 2 by 6d^ we have -r- • -j-, which becomes ad : 6c, by can 

celling equal quantities from the numerators and denomi 
nators. 



* Euclid, 15. 5 
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S61. b, A ratio of greater tnequaUhfj compounded witli 
another ratio, mcreasee it. 

^Let the ratio of greater inequality be that of l-f-n : 1 

And any given ratio, tiiat of a: b 

m 

The ratio compounded of these, (Art. 352,) is a^na : b 
Which is greater than that of a:b (Art. 356. cor.) 
But a ratio of lesser inequcUity^ compounded with another 
ratioy diminishes it. 

Let the ratio of lesser inequality be that of 1 -ti : 1 

And any given rati(^ that of a:b 

The ratio c(»npounded of these is a^naib 

Which is less tlian that of a : 6. 

362. If to or from tite terms of any couplety there be added or 
SUBTRACTED two Other quantities having the same ratio^ the sums 
or remainders vnU also have the same ratio.* 

Let the ratio of a : 6 > 

Be the same as that of c:d) 

Then the ratio of the sum of the antecedents, to the sum 
of the consequents, viz. of a^c to ft-f-^^ is also the sameJ 

a-j-e e a 



That is 



b+d-d^b 

Demonstration, 



a € 

1. By supposition, b^d 

2. Multiplying by b and i2, ad^bc 

3. Adding cd to both sides, ad'-{'Cd=zbC'\-cd 

bc'\-€d 

4. Dividing by J, a-|-c= — j— 

a-|~c c a 

5. Dividing by 6+rf, j^=5=p 

The ratio of the difference of the antecedents, to the difler- 
ence of the consequents, is also the some. 



That is 



a-'C 



b-^d-d-b 



* Euclid, 6 and 6^ 5w 
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DenumstrathfL 

1. By supposition, as before, ^=. 

b d 

2. Multiplying by b and d, ads:zbc 

5. Subtracting cd from both sides, ad - cd=:bc'' ed 
4. Dividing by (^ a-c=-lz£-. 

6. Dividing by 6 - rf ^Zf =i=?. 

b — d d b 

Thus the ratio of * 15 : 5 is 3 > 

And the ratio of 9 : 3 is 3 > 

Then adding and subtracting the terms of the two couplets^ 

The ratio of 15+9 : 5+3 is 3 ) 

And the ratio of 15- 9 : 5-3 is 3 > 

Here the terms of only two couplets have been added to- 
gether. But the proof may be extended to any number oi 
couplets where tiie ratios are equal. For, by the addition of 
the two first, a new couplet is formed, to which, upon the 
same principle, a third may be added, a fourth, &c. Hence, 

363. If, in several couplets, the ratios are equal, the sum 

OF ALL THE ANTECEDENTS HAS THE SAME EATIO TO THE 
SUM OF ALL THE CONSEQUENTS, WHICH ANT ONE OF THE 
ANTECEDENTS HAS TO ITS CONSEQUENT.* 

6 : 3=8 

Therefore the ratio of (12+10+8+6) : (6+6+4+3) =2. 

363. b. A ratio of greater inequ(dUy is diminishid, by adding 
the sanu qtuinlity to both the terms. 

Let the given ratio be that of o+i : a or fjL. 

a 

Adding x to both terms, it becomes a+6+r : a+« or -Zt-JLf 

a+jr 

• Euclid, 1 and IS, 5» 
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Reducing them to a common denominator. 

The first becomes a'+ah+ax+bx 

a{a^x) 

And the latter <f+ab+ax^ 

a(a^x) 

As the latter ntimerator is manifestly less than the other, 
the ratio must be less. (Art. 356. cor.) 

But a ratio of lesser inequality is increased^ by adding the 
same quantity to both terms. 

a h 

Let the given ratio be tlmt of a- b : a, or _. 

a 

Adding x to both terms, it becomes a - b+x : a-f>« or ^"^ »"* 

a+x 

Reducing them to a common denominator. 

The first becomes a'-ab+ax^bx 

a{a^x) 

And the latter, ^^ab+ax 

a{a^x^ 

As the latter numerator is greater than the other, the ratio 
is greater. 

If the same quantity, instead of being added, is subtracted 
from both tenns, it is evident tlie eflect upon the ratio must 
be reversed. 

ElxampUi^ 

1. Which is the greatest, the ratio of 11 : 9, or that of 
44:35? 

2. Which is the greatest, the ratio of a-\-S : in, or that of 
2a+7 :{a1 

3. If the antecedent of a couplet be 65, and the ratio IS, 
what is tlie consequent 1 

4. If the consequent of a couplet be 7, and the ratio 18, 
what m the antecedent. 

5. Whot is the ratio compounded of the ratios of 3 : 7, and 
2a : 5^ and 7a;+l : 3y - 2 7 

6. Wliat is the ratio compounded of x-f-y • b» &nd 
x^y : a-ft» and a+fc : Af Ans. js^-y* : bh. 
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7. If the ratios of Sir-fT : 2x - S, and x4-S : ( x+S be com* 
pounded, will they produce a ratio of greater inequality, or of 
lesser inequality 1 Ans. A ratio of greater inequality. 

8. Wliat is the ratio compounded of x-\-y : a, and a? - y : 6, 

and b : — - — % Ans. A ratio of equality. 

9. What is the ratio compounded of 7 : 5, and the dupli- 
cate ratio of 4 : 9| and the triplicate ratio of 3 : 2 1 

Ans. 14 : 15. 

10. What is the ratio compounded of 3 : 7, and the tripli* 
cate ratio of a; : j/, and the subduplicate ratio of 49 : 9 1 

Ans. «• : y** 

PROPORTION. 

363. An accurate and familiar acquaintance with the doc- 
trine of ratios, is necessary to a ready understanding of the 

Erinciplcs of proportioriy one of the most important of all the 
randies of tlie mathematics. In considering ratios,, we 
compare two quaniUieSy for the purpose of finding either their 
difference, or the quotient of the one divided by the other. 
But in proportion, the comparison is between two roHos 
And tliis comparison is limited to such ratios as are tqxwL 
We do not inquire how much one ratio is greater or Uss than 
another, but whether they are the mme. Thus the numbers 
12, 6, 8, 4, are said to be proportional, because the ratio of 
12 : 6 is the same as that of 8 : 4. 

364. Proportion, then, is an equality of ratios. It is ei- 
ther arithmetical or geometrical. Arithmetical proportion is 
an equality of arithmetical ratios, and geometrical proportion 
is an equality of geometrical ratios.* Thus the numbers 6, 
4, 10, 8, are in arithmetical proportion, because the difference 
between 6 and 4 is the same as the difference between 10 and 
8. And the numbers 6, 2, 12, 4, are in geometrical propor- 
tion, because the quotient of 6 divided by 2, is the same as 
the quotient of 12 divided by 4. 

365. Care must be taken not to confound proportion with 
ratio. This caution is the more necessary, as in common 
discourse, the two terms are used indiscriininately, or rather. 
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* See Note L. 
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proportion is used for both. The expenses of one man are 
eaid to bear a greater proportion to his income, than those of 
another. But according to the definition whicli has just been 

flven, one proportion is neither gieater nor less Yhan another, 
or eqtudity does not admit of degrees. One ratio may be 
greater or less than another. The ratio of 1 2 : 2 is greater 
than that of 6 : 2, and less than that of 20 : 2. But these di& 
ferences are not applicable to proportiony when the term is 
used in its technical sense. The loose signification which is 
so frequently attached to this word, may be proper enough in 
familiar language : for it is sanctioned by a general usage. 
But for scientific purposes, the distinction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

366. The eqxiality between two ratios, as has been stated, 
is called proportion. The word is sometimes applied also to 
the series of terms among which this equality of ratios exists. 
Thus the two couplets 15:5 and 6 : 2 are, when taken to- 
gether, called a proportion. 

367. Proportion may be expressed, either by the common 
eign of equality, or by four points between the two couplets. 

rp, C 8 •• 6=4 •• 2, or 8 •• 6 : : 4 •• 2 > are arithmetical 

® (a '* i=c •• d, or a •• i : : c •• d 5 proportions. 
^ , ( 12 : 6=8 : 4, or 12 : 6 : : 8 : 4 > are geometrical 
( a : b=zd : A, or a: b::d:hy proportions. 

The latter is read, * the ratio of a to b equals the ratio of d 
to A;' or more concisely, ^ a is to 6, as d to A.' 

368. The first and last terms are called the extremes^ and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. Analogous terms 
are the antecedent and consequent of the same couplet. 

369. ^8 the ratios are equal, it is manifestly immaterial 
wliich of the two couplets is placed first. 

If a * i : : c : d, then e\d\\a\h. For if -.=-. then -= -. 

h d do 

870. The number of terms must be, at least, four. For 
tlie equality is between the ratios of two couplets ; and each 
couplet must have an antecedent and a consequent. There 
may be a proportion, however, among three quantUies^ For 
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one of the quantities may be repeated^ so as to form two 
terms. In this case the quantity repeated is called the tmc(- 
dle temiy or a mean proportiofud between the two other quan- 
tities, especially if the proportion is geometrical. 

Thus the numbers 8, 4, 2, are proportional. That is, 8 : 
4 : ? 4 : 2. Here 4 is both the consequent in the first couplet, 
and the antecedent in the last. It is therefore a mean pro* 
portional between 8 and 2. 

The last term is called a tidrd propartional to the two other 
quantities. Thus 2 is a third proportional to 8 and 4. 

371. Inoerse or reciprocal proportion is an equality between 
a direct ratio, and a reciprocal ratio. 

Thus 4 : 2 : : i : i ; that is, 4 is to 2, reciprocaUyj as 3 to 6. 
Sometimes also, the order of the terms in one of tlie couplets, 
is inverted, without writing them in the form of a fraction. 
—(Art. 351.) 

Thus 4 : 2 : : 3 : 6 inversely. In this case, the first term 
is to the second^ as the fourth to the third ; that is, the first 
divided by the second, is equal to the fourth divided by the 
third. 

372. "UTien there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, of 
the tliird to the fourth, &c. are all equal; the quantities are 
said to be in cofnXinued proportion. The consequent of each 
preceding ratio is, then, the antecedent of the following 
one. — Continued proportion is also called progression^ as will 
be seen in a following section. 

Thus the numbers 10, 8, 6, 4, 2, are in continued art/A)ne«> 
tical proportion. For 10 - 8=8 - 6=6 - 4=4 - 2. 

The numbers 64, 32, 16, 8, 4, are iiv continued geometrical 
proportion. For 64 :32 : :32 : 16 : : 16 : 8: : 8: 4. 

If a, &, e, dy A, &c. are in continued geometrical proper- 
tion ; then a'/hiibicwcdiidxh^ &c. 

One case of continued proportion is that of three proper* 
tioual quantities. (Art. 370.) 

373. As an arUhmetical proportion is, generally, nothing 
more than a very simple equation, it is scarcely necessary to 
give the subject a separate consideration. 

The proportion a . . & : : e . . d 

Is the same as the equation a-i=e-dL 
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It wi^ be proper, however, to observe that, if ^btfr qnantU 
ties are in arithmetical proportion, the avm of the extremes i$ 
eqttal to the sum of the means^ 

Thus if a . . 6 : : A. . m, then a-f»»=i+* 

For by supposition, a-^bs^h^m 

And transposing - b and - m, a-f-)n==&-f JL 

So in the proportion, 12 .. 10: : 1 1 ..9,wehavel2-f 9=:104-11. 

Again if three quantities are in arithmetical proportion, the 
ium of the extremes is equal to double the mean. 

If a. .&::&.. c, then, a-^b^zb^e 

And transposing - b and - c, a-^c=s2b. 

GEOMETRICAL PROPORTION. 

$74. But if four qtiantides are in geometrical proportion^ 
the PRODUCT of the extremes is equal to the product of the 
meont. 

Ifa:i::c:({y iui=le 

For by sujqposition, (Arts. 346» 864.) 

Multiplying by M, (Ax. $•) 21^=1^ 

b d 

Reducing the fractions, ad^be 

Thus 12:8:: 15: 10, therefore 12x10=8x15. 

Cor. Any factor may be transferred from one mean to the 
other, or from one extreme to the other, without afTecting the 
pro|x>rtion. If a : »»6 : : a: : y, then a :b::mx:y. For the 
product of the means is, in both cases the same. And if 
na:b : ixit/y then a:b:: x:ny. 

375. On the other hand, if the product of two quantities 

is equal to the product of two others, tlie four quantities will 

form a proportion, wlien they are so arranged, that those on 

one side of the ef|uation shall constitute the means, and those 

on the other side, the extremes. 

m A 
If my^nhf then m : n : : A : y, that is, -.=:-: 

For by dividing my=:nh by ny, we have ^=:_ 

ny ny 

And reducing the fractions, !?=* 

fi y 
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Cor. The same must be trae of ani/ factors which form thft 
two sides of an equation. 

If (a-f6)xc=(rf-m)xy» theno-ft : rf-m::y :c. 

376. If tlvree quantities are proportional, the product of th« 
extremes is equal to the square of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. (Art. 370.) , It is 
therefore to be multiplied into itself^ that is, it is to be squarstL 

U a: b::b : c^ then mult, extremes and means, ac=ii*. 

Hence, ameanproporiiondl between two quantities may be 
found, by extracting the square root of tlieir product. 

If a : X : : X : c, then ^-=.00^ and x^n^/ac* (Art. 297.) 

377. It follows, from Art. 374, that in a proportion, eithei 
extreme is equal to the product of the means, aivided by the 
other extreme ; and either of the means is equal to the pro^ 
duct oi the extremes, divided by the other mean. 

1. If a : 6 : : c : (^ then Qi-^hc 

S. Dividing by d, ^=-4- 

a 

S. Dividing the first by ^ ft= — 

c 

4. Dividing it by 6, c^--- 

o 

he 

5. Dividing it by a, J= — ; that is, the 

a 
fourth term is equal to the product of the second and third 
divided by the first. 

On this principle is founded the rule of simple proportion 
in arithmetic, commonly called the Ruk of TItree. Three 
numbers are given to find a fourth, which is obtained by 
multiplying together the second and third, and dividing by 
the first. 

378. The propositions respecting the products of the 
means, and of the extremes, furnish a very simple and con- 
venient criterion for determining wliethcr any four quantities . 
are proportional. We have only to multiply tlie means 
together, and also the extremes. If the products are equal, 
the quantities are proportional. If the products are not equal, 
the quantities are not proportional. ^^^ 
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'< 379. In mathematical investigations, when the relations 
of several quantities are given, they are frequently stated in 
the fonn of a proportion. But it is commonly necessary that 
ihis first proportion should pass through a number of trans- 
formations before it brings out distinctly the unknown quan« 
tity, or the proposition which we wish to demonstrate. It 
tnay undergo any change which will not affect the equality 
of the ratios ; or which will leave the product of the means 
equal to the product of the extremes. 

It is evident, in the first place, that any alteration in the 
arrangement^ which will not affect the equality of these two 
^oducts, will not destroy the proportion. Tlius, if a : 6 : : c : d, 
the order of these four quantities may be varied, in any way 
wliich will leave ad^bc. Hence, 

380. If four quantities are proportional, the order op 

THE MEANS, OR OF THE EXTREMES, OR OF THE TERMS OF 
30TH COUPLETS, MAY BE INVERTED WITHOUT DESTROYING 
THE PRpPORTION. 

If a I b::c : d } .^ 

And 12:8:;6:45^^^^ 

1. Inverting the meansy* 

a : e::b : d> ., , . ( The fir*( is to the thirds 
12 : 6 : : 8 : 4 5 ^^^^ *®» ( As the second to the fourth. 

In other words, the ratio of the antecedents is equal to the 
ratio of the consequents. 

, This inversbn of the means is firequently referred to by 
geometers, under the name of Jlltemation.'f 

2. Inverting the extremeSy 

d : b::c : a > .v, . _• ( The fourth is to the second^ 
. 4:8::6:J2i^"^^ *^» i As the iAW to the jJr^^ 

3. Invertmg the terms of each couplet^ 

b : a ::rf:c>, .. C The second is to the firsts 
8 : 12 : : 4 : 6 5 "^'^^ *^' I As the fourth to the third. 

This is technically called Inversion. 

Each of these may also be varied, by changing the order 
of the two couplets. (Art. 369.) 

Cor. The order of the whJole proportion may be inverted. 

U a : b::c:dy then d : c::h : a. 



* See Note M. f Euclid, 16. 5. 
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la each of these cases, it will be at once seen that, by 
taking tlie products of the means, and of the extremes, we 
have ad^bc^ and 12x4=8x6. 

If the terms of only me of the couplets are inverted^ the 
proportion becomes reciprocal. (Art 37 1 . ) 

If a: b::e : dy then a is to i, reciprocally, as d to e. 

381. A difference of arrangement is not the ordy altemtion 
which we have occasion to produce, in the terms of a pro- 
portion. It is frequently necessary to multiply, divide, involve, 
&c. In all cases, the art of conducting the investigation 
consists in so ordering the several changes, as to maintain a 
constant equality, between the ratio of the two first terms^ 
and that of the two last. As in resolving an equation, we 
must see that the sides remain equal ; so in varpng a pro- 

^portion, the equality of the ratios must be preserved. And 
this is effected either by keeping the ratios the same^ while 
the terms are altered ; or by increasing or diminishing one of 
the ratios as much as the other. Most of the succeeding proofer 
are intended to bring this principle distinctly into view, and 
to make it familiar. Some of the propositions might be de- 
monstrated, in a more simple manner, perhaps, by multiplpng 
the extremes and means. But this would not give so clear 
a view of the nature of the.several changes in the proportions. 

It has been shown that, if both the terms of a couplet be 
multiplied or divided by the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multiplying the antecedent 
is, in effect, multiplying the ratio, and dividing the antece- 
dent, is dividing the ratio ; (Art. 357.) and farther, that mul- 
tiplying the consequent^ is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio. (Art. 358.) 
As the ratios in a proportion are equal, if they are both 
multiplied, or both divided, by the same quantity, they will 
still be equal. (Ax. 3.) One will be increased or diminished 
as much as the other. Hence, 

382. If four quantities are proportional, two analogous 

OR TWO HOMOLOGOUS TERMS MAY BE MULTIPLIED OR DI- 
VIDED BY THE SAME QUANTITY, WITHOUT DESTROYING TUB 
FROPORTION. 

If anahgou^ terms be multiplied or divided, the ratios will 
not be altered. (Art. 360. ) If Iwrnohgous terms be multi- 
plied or divided, both ratios will be equally increased or 
diminished. (Arts. 357, 8. ) 
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If a: b::e: df then, 

1. Multiplying the two first terms, ma: mbixc: d 

2. Multipl3ring the two last terms, a : biimcimd 
S. Multiplying the two antecedents,* ma: biime : d 

4. Multiplying the two consequents, a:mb::c :md 

5. Dividing the two first terms, -?:—:: c : d 

m m 

6. Dividing the two last terms, a: b:: L : Z. 

m m 

7* Dividing the two antecedents, 1. :b:: 1: d 

m m 

S. Dividing the two consequents, o : — : : c : — . 

m m 

Cor. 1. j9U the terms may be multiplied or divided by the 

same quantity.f 

ma : mb::me : md^ ^ :—::£: —. 

m m ffi 



Cor. 2. In any of the cases in this article, multiplication 
of the consequent may be substituted for division of tne ante« 
cedent in the same couplet, and division of the consequent, 
ibr multiplication of the antecedent. (Art. 859, cor.) 

{ma:b::mc:d^ i {a: •^::me:dl {ma:b::c :3i 
l:b: :^:d\^\a:mb::l:d\ \^:b::c:md 
m m J ^ L m J Lm 

S8S. It is often necessary not only to alter the terms of a 
proportion, and to vary the arrangement, but to compare one 
proporUon with another. From tliis comparison will frequently 
arise a new proportion, which may be requisite in solving a 
problem, or in carrying forward a demonstration. One of 
the most important cases is that in which two of the terms 
in one of the proportions compared, are the same with two in 
the other. The similar terms may be made to disappear, 
and a new proportion may be formed of the four remaining 
terms. For, 
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584. If two ratios arc RcspccTiTELr equal to a tbirb^ 

THET ARE EQUAL tO EACH OTHER.* 

This is nothing more than the 1 1th axiom apjdied to ratiggk 

For if the ratio of m : n is greater than that of e : d^ it n 
manifest that the ratio of a : 6, which is equal to that of m : ii^ 
is also greater than that of c : d 

585. In these instances, the terms which are alike in the 
two proportions are the two first and the two last. But this 
arrangement is not essential. The order of the tenns may 
be changed, in various ways, without afiecting the equality 
of the ratios. 

1. The similar terms may be the two anteeedents, or th» 
two consequents^ in each proportion. Thus, 

If m:a::n:b} . , ( By alternation, m:n::a:b 
And m:c::n:dy ( And m:n::c: d 

Therefore a : i : : c : <2, or a : c : : 6 : d, by the last article. 

2. The amtecederUs in one of the proportions, may be the 
same as the consequents in the other. 

If mxaiin'.b^ . i ( By inver. and altem. aihwmin 
And c:m:xdin\ (By alternation, cidiimm 

Therefore a : &, &c. as before. 

S. Two homologous terms, in one of the proportions, may 
be the same, as two analogous tenns in the other. 

If a\mi:h:n'^ , C By alternation, a\b::m:n 
Andc:d::m:n5 (And e:cl::m:ii 

Therefore, a : &, &c. 

All these are instances of an equality^ between the ratios in 
one proportion, and those in another. In geometry, the 
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propotttioQ to which they belong is usually cited by the 
words " ex aequo^*^ or " ex aequalV^* The second case in 
this article is that. which in its form, most obviously answers 
to the explanation in Euclid. But they are all upon the 
same principle, and are frequently referred to, without dis- 
crimination. 

386. Any number of proportions may be compared, in the 
same manner, if the two first or the two last terms in each 
preceding proportion, are the same with the two first or the 
two last m the following one.* 

Thus if a:&: :c:d1 

And c : d : : A : / I .1 , 

And A^i::m:»f*«°«'*"*'»- 

And fii:ti: :ar:yj 
That is, the two first terms of the first p-oportion have the 
same ratio, as the two last terms of the last proportion. For 
it is manifest that the ratio of M the couplets is the same. 

And if the terms do not stand in the same order as here, 
yet if they can be reduced to this form, the same principle is 
applicable. 

Thus \ia:c\:bxd'\ raihiicxd 

And c:A::d:Zl.i « i. .. ] cidiihil 
A«d A:m::l:«r^«°''y«l'*"^^°'^U:l::m:n 
And m:dr::n:yj [^m:n::x:y 

Therefore a : b : : or : y, as before. 

In all the examples in this, and the preceding articles, the 
two terms in one proportion wliich have equals in another, 
are neither the two raeans^ nor the two extremes^ but one of 
the means, and one of the extremes ; and the resulting pro- 
portion is uniformly dhrect. 

387. But if the two means, or the two extremes, in one 
proportion, be the same with the means, or the extremes, in 
another, the four remaining terms will be reciprocally propoT' 
tional^ 

If a:m::n:b} .|_ 11 ^ j l 

And ci=»m \ ^'^' *'^^') Therefore ab=icd^ and aiciid.b. 

• _ ■ 

* Euclid 22. 5. 



PROPORTION. 194 

In this example, the two means in .one proportion, are like 
those in tiie other. But the principle will be the same, if the 
extremes are alike, or if the extremes in one proportion are 
like the means in the other. 



U miaiib'.n} then a- c- • *!• fc 
Orifa:m::n:6> , . . 



The proposition in geometry which applies to this case, is 
usually cited by the words ^* ex aequo perturbateJ*^* 

388. Another way in which the terms of a proportion may 
be varied, is by additiim or «u6/rcu:(ton. 

If to or from two analogous or two homologous 
terms of a proportion, two other quantities having 
the same ratio be added or subtracted, the proportion 
will be preserved.! 

For a ratio is not altered, by adding to it, or subtracting 
from it, the terms of another equal ratio. (Art. S62.) 

If a:b:: c :d) 
And a:b::m:n) 

Then by adding to, or subtracting from a and 6, the termf 
of the equal ratio m : n, we have, 

a-f m : 6-f-n : : c: d, and a-tii:i-n: :c:d. 

And by adding and subtracting m and n, to and from e and 
d we have, 

a: b:: e'\-m : d^rij and a:b::e^m:d-^n. 

Here the addition and subtraction are to and from anaUh 
gous terms. But by alternation, (Art. 380,) these terms will 
become homologous^ and we shall have, 

a^m : c : : fr-|-n : d, and a-^mieiib^nid. 

Cor. 1. This addition may, evidently, be extended to any 
number of equal ratios. J 

fc:d 

Thus if a: ft: :< ^'.^ 

Lx:y 
Then a:b:: e+h+m+x : d+l+n+y. 



>» £uctid 23, 5. t£uclid2,5. }£iididS,S. Cor. 
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For by alternation a:e::b:d} there- C a-{'m : e+n ::b:d 
And m:n::b:dy fore ( ora-]-m:6::c-|-ii:d. 

389. From the last article it is evident that if, in any pro- 
portion, the terms be added to^ or subtracted from each oth€r, 
that is. 

If two analogous or homologous terms be added to, 
OR subtracted from the two others, the proportion 

WILL BE preserved. 

Thus, ifa:b::c:dy and 13 :4: : 6 : 2, then, 

1. Adding the two last terms, to the two first. 



a-+-c 
c 



b'\-d : : a 

b-\-d : : c 

c:a:: bA-d 



and a- 
or a- 
and a+c : c : : 64-d : d 



b 
d 
b 



12 
12- 
12- 
12- 



-6: 4+2:: 12: 4 
-6: 4+2:: 6: 2 
6: 12:: 4+ 2:4 
6 : 6 : : 44- 2:2. 



2. Addmg the two antecedents^ to the two cwhseqwnls. 

a+&:6::c+<2:<i 12+4: 4:: 6+2: 2 

a+6 : o : : c+d : c, fcc. 12+4: 12 : : 6+2 : 6, &c 
Tliis is called Compori^ton.f 

5. Subtracting the two first terms, from the two lasL 

c^a: a: : d^bib 
c-a: c : :({-i :d, &c 

4 Subtracii/^ the two last terms from the two firsL 

a^c: 6-d: :a:b\ 
a-^c: (-d: : c: d, &c 

6. Subtracting the con^e^ti^fi/^ from the antecedents. 

a-6 : 6: :c-d: d 

a : a-& : :c : c-(f, &c. 

Tl&e alteration expressed by the last of these forms is called 
Conversion. 

6. Subtracting the antecedents from the consequents* 

b-a: aiid^c: e 
b : b-a: : d : d^c, &c. 



» Euclid S4, 5. 
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I 

7. Adding and subtracting, 

o-fft : a-6::c-|.cl : c-rf. 

That is, the sum of the two first terms, is to their differ- 
ence, as the sum of the two last, to their difference. 

Cor. If any compound quantities, arranged as in the prece* 
ding examples, are proportional, the simple quantities of which 
they are compounded are proportional also. 

Thus, if a~\-b : b:: c-^-d : d, then a: b::c : d. 

This is called Dimsion.* 

390. If the corresponding terms of two or morb 

RANKS OF proportional QUANTITIES BE MULTIPLIED 

together, the product will be proportional. 

This is compounding ratios, (Art. 352,) or compounding 
proportions. It should be distinguished from what is called 
composition^ which is an addition of the terms of a ratio. ( ArU 
389. 2.) 

If a:b::c:dl 12:4::6:2> 

And h:l::m:ni 10:5::8:4) 



Then ah:bl::cm:dn 120 : 20 : : 48 : 8. 

For from the nature of proportion, the two ratios in the 
first rank are equal, and also tne ratios in the second rank. 
And multiplying the corresponding terms is multiplying the 
ratios f (Art. 357. cor.) that is, multiplying equah 6y equab ; 

iAx. 3.) so that the ratios will still be equa^ and therefore 
lie four products must be proportional. 

The same proof is applicable to any number of propcNrtiono. 

Caxhixci d 
If < A : { : : m : n 

(p :f : :«:jf 
Then a^ iblqii cmx : dnj/. 

From this it is evident, that if the terms of a proportion be 
multiplied, each into itselfy that is, if they be raised to any 
power, they will still be propoitionaL 

If a:b::e:d S:4::6: 12 

a:b::c:d 2:4::6: 12 



Tlicna*:6«::c«:d* 4: 16:: 36: 144 



Ig * Euclid 17. 5. See Note N. 
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Proportionals will also be obtained, by reverting this pro- 
cess, that is, by extracting the roots of the terms. 

If a : 6 : : c : d, then \/a : ^b : : /^c : /^d. 

For taking the product of extr. and means, ad=-be - 

And extracting both sides, ^(id=^be 

That is, (Arts. 259, S75.) j\^a : /\/b : : a/c : j^d. 

Ilenc^^ 

391. If several quantities are proportional, their like 

^OWVUS OR LIKE ROOTS ARE PROPORTIONAL.* 

U a: b::c: d 
Then cT : fc" : : c^ : d", and V« :^/b::1^c: ^d. 

And T^oT : V^*- ' V^ • \/^> ^^^> *s> ^"^ : fc" : : <F : <F. 

392. If the terms in one rank of proportionals be divided 
by the corresponding terms in another rank, the quotients 
will be proportional. 

This is sometimes called the reaohiion of ratiop. 

If aib:\cid\ 12:6::18:9> 

And hil\:m:n] 6:2:: 9:3) 

Then«:*::l:l l!:?::!^:! 

h I m n 6 2 9 3 

This is merely reversing the process in Ajrt. 390, and may 
be demonstrated i\\ a similar manner. 

This should be distinguished from what geometers caD 
dieisumy which is a suhtraction of the terms of a ratia (Art. 
889. cor.) 

When proportions are compounded by multiplication, it 
will often be the case, that the same factor will be found in 
two' analogous or two homologous terras. 



Thus if a : 6 : : c : d 
And mi a:*.ni c 



I 



am: abiicn : cd. 



Here a is in the two first terms, and c in the two last Dl 
viding by these, (Art. 382,) the proportion becomes 

mi bi:n:d. Hence, 



* It must not be inferred from this, thai quantities have the same rtith VB 
tlicir like powers or like roots. See An. 354* 
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S9S. In compounding proportions, equal factar$ or dwiton 
in two analogous or homologous terms, may be rqected. 

12: 4::9 :3 
4 ; 8 : : 3 : 6 
8:30::6:15 



Ca:b::€:d 

If }b:h::d:l 

(h: m::l:n 



Thena: m::c: » 12:20::9:I5 

This rule may be applied to the cases, to which the termfi 
^ ex aequo^ and ** ex aeqt$o perturbate** refer. See Arts. 385 and 
387. One of the methods may serve to verify the other. 

394. The changes which may be made in proportionf^ 
without disturbing the equality of the ratios, are so nume- 
rous, that they would become burdensome to the memory, if 
they were not reducible to a few general principles. They 
are mostly produced, 

1. By inverting the order of the terms. Art. 380. 

S. By miultlplying or dividing by the same quantity^ Art 382. 

8. By comparing proportions which have Uke termSf Art 38^ 
5, 6, 7. 

4. By adding or mbtracting the terms of equal ratios. Art 

388,9. 

5. By mvUtplying or diriding one proportion by another, Art 

390, 2, 3. 

6. By involving or extracting tlie roots of the terms, Art 391. 

395. When four quantities are proportional, if the first be 
^eater than the second^ the third will be greater than the 
fourth ; if equal, equal : if less, less. 

For, the ratios of the two couplets being the same, if one is 
a ratio of equalityj the other is also, and tlierefore the ante- 
cedent in each is equal to its coiise(|uent ; (Art. 350,) if one 
IS a ratio of greater Inequalityy the other is also, and therefore 
the antecedent in each is greater than its consequent ; and 
if one is a ratio of lesser inequalityy the other is also, and 
therefore the antecedent in each is less than its consequent 

{a=iby e=zd 
Let a:b::c: d; then if y a>*, C^d 
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Cor. 1. If the first be greater than the /AtrJ, the seamd 
will be greater than the /our/A; if equal, equal ; if less, less.* 

• For by alternation, aibiic i d becomes a: ex\h i d^ with- 
out any alteration of the quantities. Therefore, if a=:&, 
c=(^ &c. as before. 

_ ■ 

For, by equality of ratios, (Art. 385. 2.) 6i compounding 
ratios, (Arts. 3D0, 393.) 

aibiicx d. Therefore, if a=6, e:=df &c. as before. 

Cor. S. If a : » : : n : d ) ^ .^ j ^ ^ ^ 
and m:b::c:n5 * 

For, by compounding ratios, (Arts. 390, 393,) 
aihxiei d. Therefore, if a=i, c^d^ &c. 

S95. 6. If four quantities are proportional, their rtaprocali 
are proportional ; and v. v. 

If a : fc : : c : d, then 1:1::!:^ 

abed 

For in each of these proportions, we have, by reduction^ 
ud:=ibe. 



CONTINUED PROPORTION. 

896. When quantities are in continued propcurtioD, oS the 
ratios are eqwd. (Art. 372.) If 

a:6::b:c::c:d::d:e, 

the ratio of a : 6 is the same, as tliat of fr : c, of c : cI, or of 
it : e. The ratio of the first of these quantities to the tasty is 
equal to the product of all the intervening ratios ; (Art. 353^) 
diat is, the ratio of a : e is equal to 

a h c ^ d 

b c d e 

But as the intervening ratios are all equals instead of multi- 
plying them into each other, we may multiply any one of 
them into itself ; observing to make the number of factors 
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equal to the number of intervening ratios. Thus the raao 
of a : €y in the example just given, is equal to 

a^ a a a a* 

^^ y^ \^ — 

When several quantities are in continued propcHtion, th« 
number of couplets, and of course the number of ratios, if 
one less than the number of qusuitities. Thus the five pro* 
portional quantities a, 6, c, d^ e, form four couplets containing 
four ratios ; and the ratio of a : e is equal to the ratio of 
0* : b\ that is, the ratio of the fourth power of the first quan* 
tity, to the fourth power of the second. Hence, 

397. If three quemtities are proportional, the first is to the 
thirds as the square of the firsts to the square of the second ; or 
as the square of the second, to the square of the third. In 
other words, the first has to the third, a duplicate ratio of the 
first to the second. And conversely, if the first of the three 
quantities is to the third, as the square of the first to the 
square of the second, the three quantities are proportionaL 

If a : 6 : : 6 : e, then a : ^: :a* : b\ Universally^- 

398. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the intervening 
ratios raised to a power whose index is one less than the num* 
ber of quantities. 

If there are fotar proportionals a, 6, c, d, then a: d::af : b* 
If there are fwe OjbyCyd, e; a: e::a^ :b\ &€• 

399. If several quantities are in continued proportion, they 
will be proportional when the order of the whole is inveriei. 
This has already been proved with respect to four proportional 
quantities. (Art. 380. cor.) It may be extended to any num* 
ber of quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

The ratios are S, 2, 2, 2, 

Between the same inverted 4, 8, IG, 32, 64, 

The ratios are ^, ^, ^, ^ 

So if the order of any proportional quantities be invertect 
the ratios in one series will be the reciprocals of those in the 
other. For by the inversion, each antecedent becomes a con- 
sequent, and V, V. and the ratio of a consequent to its antece- 
dent is the reciprocal of the ratio of the antecedent to tlii 

lb* 
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consequent. (Art. 351.) That the reci|irocals of equal quan- 
tiliea are themselves equal, is evident irom Ajc 4. 

400. Harmonical or Musical Proportion may be con- 
(ridered as a species of geometrical proportion, ll consists in 
an equality of geometrical ratios ; but one or more of the 
terms is the difference between two quantities. 

Tlvree or four quantities are said to be in harmomcal propoT'' 
Hotly when the first is to the last^ as the diflerence between 
the two firsts to the difference between the two lasi. 

If the three quantities Oy b^ and c, are in harmonical pro- 
pcH'tion, then a: ci: a-b : b-^c. 

If the^iir quantities Oy by c, and d, are in harmonical pro* 
portion, then aid:: a-fr : e-d. 

Thus the three numbers 12, 8, 6, are in harmonical pro- 
portion. 

And the four numbers 20, 16, 12, 10, are in harmonical 
proportion* 

401. If,\>f four quantities in harmonical proportion, any 
three be given, the other may be found. For from the pro- 
portion, 

a: d:: a-h : c-d, 

by taking the product of the extremes and the means, we 
have ac-adz=:ad-bd. 

And this equation may be reduced^ so as to give the value 
of either of the four letters. 

Thus by transposing - ady and dividing by a, 

2ad-bd 
c= . 

a 

ExampleSy in which the tnindplee of proportion are applied to the 

solution of problems. 

1. Divide the number 49 into two such parts, that the 
greater increased by 6, may be to the less dimmished by 1 1 ; 
as 9 to 2. 

Let ar= the greater, and 49 -x= the less. 
By the conditions proposed, x-f-6 : 38-a:: :^ : 2 

Adding terms, (Art. 389, 2.) «+6 : 44 : : 9 : 11 

Dividing the consequents, (Art. 382, 8.) x+S : 4 : : 9 : 1 
Multiplying the extremes and means, x-4-6=36. And x=80l 
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2. What number is that, to which if 1,5, and 1 3, be seve* 
rally added, the first sum shall be to the second, as the sec- 
ond to the third ^ 

Let xrs the nimiber required. 

By the conditions, x+1 : ar+5 : : a:-j-5 : :r-|-13 

Subtracting terms, (Art. 389, 6.) x-^-l : 4 : : x+5 : 8 
Therefore 8x-|-8=4ar+20. And «=s8. 

3. Find two numbers, the greater of which shall bo tc the 
less, as their sum to 42 ; and as their difiference to 6 

Let X and i/= the numbers. 

By the conditions, x :y:: x-^-y : 42 

And X ly.iX'-y : 6 

By equality of ratios, x-^y : 42 : : a: -y : 6 

Inverting the means, x-^y : ar-y : : 42 : 6 

Adding and subtracting tentts,( Art. 389, 7,} 2ar : 2y : : 48 : 36 
Dividing terms, (Art. 382,) x : y : : 4 : 3 

Therefore 3ar=4y. And x=^ 

^ 3 

From the second proportion, 6a:=ry X (^ - y) 

Substituting J? for «, yt=24. Andx=:32. 

3 

4. Divide the number 18 into two such parts, that the 
squares of those parts may be in the ratio of 25 to 16. 

Let x= the greater part, and 18 - a;= the less. 

By the conditions, a^ : (18- ar)* : : 25 : 16 

Extracting, (Art. 391,) « : 18-a: : : 5 : 4 

Adding terms, « : 18 : : 5 : 9 

Dividing terms, « : 2 : : 5 : 1 

Therefore, x= 10. 

5. Divide the number 14 into two such parts, that the quo* 
tient of the greater divided by the less, shall be to the quotient 
of the less divided by the greater, as 16 to 9. 

Let x=z the greater part, and 14-x=i the lesai 
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By die conditioner 


.? :li-"i!::16;9 
14 -X X 


Multiplying termfl. 


«*:(14-x)*::16:9 


Extracting, 


X : 14«x::4 : 8 


Adding terms. 


X : 14::4 : 7 


Dividing termsi 


x: 2::4: 1 


Therefore, 


x=8. 



6. If the- number SO be divided into two parts, wliich 
are to each other in the duplicate ratio of S to 1, what num« 
ber is a mean proportional between those parts 1 

Let x= the greater part, and 20- x= the less. 

By the conditions, x : 20 - x : : 3^ : P : : 9 : 6 

Adding terms, x : 20 : : 9 : 10 

Therefore, x= 18. And 20 - x=2 

A mean proper, between 18 and 2 (Art. 376.) ^ V^X ^3=6. 

7. There are two numbers whose product is 24, and the 
difference of their cubes, is to the cube of their difference, aa 
19 to 1. What are the numbers 1 

Let X and y be equal to the two numbers. 

1. By supposition, xjf=24 > 

2. And x^-y* : (x-y)»: : 19 : 1 J 

5. Or, (Art 217,) x^-y* : x^-3x^+3as*-y*: : 19 : 1 
4. Therefore, (Art. 389, 5,) 3x^- 3xy« : (x-y)» : : 18 ; 1 

6. Dividmg by x-y (Art 382, 6,) 3xy : (x-y)": : 18 : 1 

6. Or, as 3xy=3x24=72, 72 : (x-y)* : : 18 : 1 

7. Multiplying extremes and means, (x-y)*=4 

8. Extracting, x-y=: 2> 

9. By the first condition, we have xy=24 ) 

Reducing these two equations, we have x=6, and y=4 

8. It is required to prove that a : x : : ^2a-y : ^y 
on supposition that (H"*)' • («-*)*:: «+y : x - y.* 



i 
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1 . Expanding) a*+2ax-\-3^ : a* - 2ax+a^ : : ap+y : « - y 

2. Adding and subtracting terras, 2a*-f>2a:* : 4<ix : : 2jc : 2jf 

5. Dividing tenns, (^+a^:2ax:: x:y 
4. Transf. the factor x, (Art. S74. cor.) o'+«* :2a::a^:y 

6. Inverting the means, a'+*" : «* : : 2a : y 

6. Subtracting terms, o* : «* : : 2a - y : j 

7. Extracting, arar: :.Y/2a-j/:^y 

9. It is required to prove that dx=cy^ if « is to y in the 
'jipUcate ratio of a : 6> and a : 6 : : \/e+x : : ^rf+y. 

1. Involving terms, a' : 6* : : c+« : rf-f y 

2. By the first supposition, a^ : 6' : : x : y 

S. By equality of ratios, e+x : d+y ::x:y 

4. Inverting the means, c-f-x :x:: d-f-y : y 

5. Subtracting terms, €:x: :d:y 

6. Therefore, dx:=zcy. 

10. There are two numbers whose product is 135, and the 
difference of their squares, is to the square of their difference, 
as 4 to I. What are the numbers 1 Ans. 15 and 9. 

11. What two numbers are those, whose difference, sum, 
and product, are as the numbers 2, 3, and 5, respectively 1 

Ans. 10 and 2. 

12. Divide the number 24 into two such parts, tliat their 
product shall be to the sum of their squares, as 3 to 10. 

Ans. 18 and G. 

13. In a mixture of rum and orandy, the difference be- 
tween the quantities of each, is to the quantity of brandy, as 
100 is to the number of gallons of rum ; and the same dif 
ference is to the quantity of rum, as 4 to the number of 
gallons of brandy. How many gallons are there of each i 

Ans. 25 of rum, and 5 of brandy. 

14. There are two numbers which are to each otlier as 3 
to 2. If 6 be added to the greater and subtracted from the 
less, the sum and remainder will be to each other, as 3 to 1. 
What are the numbers? Ans. 24 and 18. 

1 5. There are two numbers whose product is 320 ; and the 
difference of their cubes, is to the cube of their difference, as 
61 to 1. 'What are the numbers ? Ans. 20 and 1^ 
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16. There are two numbers, which are to each other, in 
the duplicate ratio of 4 to 3 ; and 24 is a mean proportional 
between them. What are the numbers 1 Ans. S3 and 18. 

40S. A list of the articles in this section which contain the 
propositions in the 5th book of EucUd* 



prop. I. 


Art 363. XIII. 


384, cor. 


II. 


388. XIV. 


395, COT. I 


III. 


382. XV. 


360. 


IV. 


382, cor. 1. XVI. 


380. 


V. 


362. XVII. 


389, COT. 


VI. 


362. XVIII. 


.89, 2. 


VI L 


349, cor. 1. XIX. 


389,4 


VIII. 


357, cor. 358, cw. XX. 


395, cor. t. 


IX. 


349, cor. 2. XXI. 


395, COT. 3. 


X. 


357, cor. 368, COT. XXII. 


386. 


XI. 


384. XXIII. 


387. 


XII 


363. XXIV. 


388. COT. & 



SECTION XIII. 

VARIATION OR GENERAL PROPORTION.f 

Art. 403. THE quantities which constitute the terms of 
a proporlion are, frequently, so related to each other, that, if 
one of tliem be either increased or dbninished, another de- 
pending on it will also be increased or diminished, in such a 
maimer, that the proportion will still be preserved. If the 
value of 50 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; the value will, of course, be reduced 
to 80 dollars ; if the quantity be reduced to 30 yards, the 
value will be reduced to 60 dollars, &c 



♦ See note O. 

t Newton's Princip. Book I. Sec I. Lemma 10, schoL Bmerson on Pro* 
portion, Wood's Algebra, Ludlom's Matlr r^ Saunderson's Algebra, ArL S99 
Parktnaon's Mechanics, p. S4k 
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ya. yd. . dol. dot 
That is, 50 : 40 : : 100 : 80 
50 : 30 : : 100 : 60 
50 : 20 : : 100 : 40, &c. 

As the consequent of the first couplet is varied, the conse- 
quent of the second is varied, in such a manner, that the pro- 
portion is constantly preserved. 

If the two antecedents are Jl and B ; and if a represents a 
quantity of the same kind with A, but either greater or less ; 
and 6, a quantity of the same kind with B^ but as many times 
greater or less, as a is greater or less than JL ; then 

AiawB :b\ 

that is, if A by varying becomes a, then B becomes 5. Tins 
is expressed more concisely, by saying that A varies as J5, or 
A is as B. Thus the wages of a laboring man vary as the 
time of his service. We say that the interest of money which 
is loaned for a given time, is proportioned to the principal. 
But a proportion contains four terms. Here are only two, 
the interest and the principal. This then is an abridged 
statement^ in which two terms are mentioned instead of four. 
The proportion in form would be : 

As any given principal, is to any other principal ; 

So is the interest of the former, to the interest of the latter. 

404. In many mathematical and philosophical investiga- 
tions, we have occasion to determine the general relations 
of certain classes of quantities to each other, without limiting 
the inquiry to any particular values of those quantities. In 
such cases, it is frequently sufficient to mention only two of 
the terms of a proportion. It must be kept in mind, how- 
ever, that four are always implied. When it it said, for in- 
stance, that the weight of water is proportioned to its bulk, 
we are to understand. 

That one gallon, is to any number of gallons ; 

As the toeight of one gallon, is to the weight of the g^ven 
number of gallons. 

405. The character cd is used to express the proportion of 
variable quantities. 

Thus A ifi B signifies that A varies as B^ that is, that 

A\a'.: B :b. 

Tl i. expression A cj^B may be called a general^ propartiim. 
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406. One quantity is said to vary directly as another, when 
the one increases as the other increases, or is diminished as 
the other is diminished, so that 

^c/)By that is, .4 : a : : B:b. 

The interest on a loan is increased or diminished, in pro- 
portion to the principal. If the principal is doubled, the in- 
terest is doubled ; if the principal is trebled, the interest is 
trebled, &c. 

407. One quantity is said to vary inversely or reciprocally 
as another, when the one is proportioned to the reciprocal 
of the other; that is, when the one is duninished, as the other 
is increased, so that 

•fl CD -— that is, .5 : a • : — : ^oxA:a::b:B. 
B B V 

In this case, if A is greater than a, J7 is less than 6. (Art. 
S95.) The time required for a man to raise a given smn, by 
his labor, is inversely as his wages. The higher Tiis wages, 
the less the time. 

408. One quantity is said to vary as two others jointly y when 
the one is increased or diminished, as the product of the othei 
two> 60 that 

A CD BCy that is A: a:: BC : 6c 

The interest of money varies as the product of the princi- 
pal and time. If the time be doubled, and the principal 
doubled, the interest will be four times as great 

409. One quantity is said to vary directly as a second^ and 
inversely as a thirdy when the first is always proportioned to 
the second divided by the third, so that 

AciiE., that is.fl : a : : ^ : -. 
C C c 

410. To understand the methods b)^' which the statements 
of the relations of variable quantities are changed from one 
form to another, little more is necessary, than to make an 
application of the principles of common proportion ; bearing 
constantly in mind, that a general proportion is only an 
abridged expre^ion, in which two terms are mentioned in- 
stead of four. When the deficient tenns are supplied, the 
reason of the several operations will, hi most cases, be appa* 
cent. 
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411. It is evident^ in the first place, that the order of the 
terms in a general proportion may be hwerted. (Art 369.) 

If •S : a:: B : b^ that is, if AcnB ; 
Then B xbiiAi Oy that is, B(j^A. 

412. If one or both of the terms m a general proportion, 
De mtUHplied or divided by a constant quantity, the proportion 
will be preserved. 

For multiplying or dividing one or both of the terms is the 
same, as multiplying or dividing analogous terms in the pro* 
portion expressed at length. (Art. 382. and cor. 1.) 

If A : a:: B : by that is, if .tf o) J9, 

Then nuA : ma:: B : by . that is, mJl^n B^ 
And mA : ma : : mB : why that is, mv? en mj?, &c. 

413. If both the terms be multiplied or divided even by 
a variable quantity, the proportion will be preserved. Foi 
this is equivalent to multiplying the two anlecedenis hy ont 
quantity, and the two consequents by another. (Art. 382.) 

If A:a::B:by that is, if •« c/) B; 

Then MA :ma:: MB : m6, that i&MJi en MBy &c. 

Cor. 1. If one quantity varies as another, the quotienit of 
the one diviiled by the other is constant. In other words, if 
the numerator of a fraction varies as the denominator, the 
value remains the same. 

l( A: a:\Biby that v^ii Axj^By 

Then ii^::^:\::\ i\. (Art. t28.) 
B b B b ^ ' 

Here the third and fourth terms are equal, because each is 
equal to 1. Of course the two first terms are equal ; ^Art 
395.) so that if j9 be increased or diminished as many tunes 
as By the qimtUnX will be invariably the same. 

Cor. 2. If the product of two quantities is constant, on# 
varies reciprocally as the other. 

If^J?:a6::l:l,thea!^:^:; * :l,or,5:a; 1 J. 

B b B V B h 

Cor. 3. Any factor in one term of a general proportioa 
mav be transferredy so as to become a dhisor in the other | 
and V. V. 

If •« wjJBC, then dividing by 2?, i<J>C. (Art 118) 

B 
19 
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tf jJ </» J-, then mult by C, ^C c» -L. (Art 159.) 

414. If two quantities vary respectively as a third, then 
one of the two varies as the other. (Art. 384.) . 

If A\a\\B\h\.... .- CjJo) J? 
And C\c\'.B\hV^^^^^^ \C^B\ 
Then A\ a\\C\c^ that is Afj>C. 

415. If two quantities vary respectively as a ttiird, their 
yam or difference wUl vary in the same manner. (Art 388.) 

If A:a::B :b} ,i . . . - C jJ c/) B 

And C:c::B:br^''^'^^'^\ccf^B; 

Then Ji+C : a+c ::B:b^ that is, w?+C o) B, 

And Jl-C: a-c::B :by ihaiisyA^C(j)B. 

Cor. The addition here may be extended to any number of 
quantities all varying alike. (Art 388. cor. 1.) 

If j9 cr J9, and C(jiB^ and D c/) J7, and j^ co 2?, then 

{A+C+D+E)^B. 

415. 6. If the square of the eum of two quantities, varies 
as the square of thAr difference ; then the sum of their squares 
yaries as their j^roJuc^ 

If (A+By ^{A - j?)«; then •fl*+J5» c« •flJS. 
For by the supposition, 

(A+BY : (^ - J»)« : : (a+t)« : (a - fc)«. 

Expanding, adding, and subtracting terms. (Arts. 217, 
and 389, 7.) 

2jP+2J5« : iAB : : 2i^+26« : 4a6. 
Or, (Art 382.) 
JP+JEP :AB:\ (f+V : oi, that is, A'+B* U)JiB. 

416. The terms of one general proportion may be multi- 
plied or divided by the corresponding terms of another-— 
(Art 390.) 

AndC:c::/>:(ir*^^^^iCciD2); 

Then AC:ac:: BD : bd that is, AC(JiBD. 

Cor. If two quantities vary respectively as a third, the pro 
duct of the two will vary as the square of the other. 
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417. If any quantity vary as another, any power or rooi of 
the former will vary, as a like power or root of the latter. 
(Art 39 L) 

If AiaiiBzb^ that is, if «i9 o) J9, 

Then ^: aTiiB'ibr that is, JfcoB", 

And J^: J::B^: IT, that is, •fl'CD Jst 

418. In compounding general proportions, equal f acton or 
JSmsorSy in the two tenns, may be rejected. (Art. §93.) 

If ^laiiBzb'f iAc»B 

And B \h \\ C i cy that 
And C \ CM Did 



CAc»B 

is, if {Bct>C 

(Co>D 



Then diaiiDid^ that is, A<»D. 

Cor. If one quantity varies as a second, the second, as a 
third, the third, as a fouitli, &c. then the first varies as the 
last. 

U Acf>BcoCcfiD^ then AcnD. 

1 1 

If A odjD CD ~ , then Ac/> — ; that is, if the first varies i& 

C C 

redly as the second, and the second varies reclprocaUy as the 
third ; tiie first varies reciprocally as the third. 

419. If any quantity vary as the product of two olliem, 
and if one of the latter be considered constanUf the first will 
vary as the other. 

If Wc^ LBf and if £ be constant, then W<»L. 

Here it must be observed tliat there are ttoo conditUms; 
First, that FT varies as thepro(/ticf of tiie two other quantities; 
Secondly, that one of these quaniities B is constant. 

Then, by the conditions, ^: w : : LB :IB; B being the 
same in both terms. 

Divid. by the constant quantity JB, JF: w : : L : I, that iaWcnL. 
And if L be considered constant, W u> B. 

Thus the weight of a board, of uniform thickness and den* 
sity, varies as its length and breadt h. If the length is given^ 
the weight varies as the breadth. And if the breaSUh is given^ 
the weight varies as the lengtlu 
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Cor. The flune principle may be extended to any nmnber 
«f quantities. Tlie weight of a stick of timber, of given 
density, depends on the length, breadth, and thickness. If 
the length is given, the weight varies as the breadth and 
thickness. If the length and breadth are given, the weight 
varies as the thickness, &c. 

If FT a LBT; 

Then making L constant, W co BT; 

And making L and B constant. Wen T; 

420. On the other hand, if one quantity depends on two 
others ; so that when the second is given, the first varies as 
the third, and when the third is griven, the first varies as the 
second ; tlien the first varies as the product of the other twa 

If the weight of a board varies as the lengtli, when the 
breadth is given, and as the breadth when tlie lengtli is giv- 
en : then if the length and breadth both vary, the weight va* 
ries as their product* 

If W(Ji Lf when B is constant, f , •«. g^w' 
And1Vu>B, when L is constant, ^^^^'^^ ^^ 

In demonstrating this, we have to consider, two variMe va- 
lues of }V\ one, when L only varies, and the other, when L 
and B both vary. 

Let to^= the first of these variable values, 

And w = tlie otiier ; 

So that tV will be changed to ter', by the var3ring of L, 

And u/ will be farther clianged to u^, by the varying of B. 

Then by the supposition, fV:w^ :: L:ly vvlien B is constant. 
And w' :w : : B: by when B varies. 



Mult, correspond, terms, Ww^ : ww^ : : BL : bh (Art. S90.) 
Divid. by w' (Art. 382.) W'.w.: BL:bly\.e.W iji BL. 

The proof may be extended to any number of quantities. 

The weight of a piece of timber, depends on its length, 
breadth, thickness and density. If any three of these are 
given, the weight varies as the other. 

This case must not be confounded with that in Art. 416, 
eor. In that, B is supposed to vary as A and as C, al the 
$ame time. In thif>, B varies as .d, only when C is constant, 
and as C, only when •& is constant. It cannot therefore varf 
as A and as C separately, at the ^me time. 
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Art 420. b. If one quantity varies as another, the former is 
equal to the product of the latter into some constant quantity. 

lfA:B::a:b; then, whatever be the value of a, its ratio 
to b must be constant, viz. that of ^:B. Let this ratio be 
that of m: 1. 

Then A:B::a:b::m:l. Therefore •fl=mJB; And a=sinb 

Hence, if the ratio between the two qviantities be found 
for any given value, it will be known for any other period of 
their increase or decrease. If the interest of 100 dollars be 
to the principal as 1 : 20 ; the interest of 1000 or 10,000 will 
have the same ratiato the principal. 

421. Many writers, in expressing a general proportion, do 
not use the term vary^ or the character which has here been 
put for it. Instead oiJlcnB^ they say simply that A is as B. 
See Enfield's Philosophy. It may. be proper to observe, al- 
soj that the word given is frequently used to distinguish con- 
slant quantities, from those which are variable ; as well as 
to distinguish knoum quantities from tliose which are un- 
known. (Ajt. 17.) 



SECTION XIV. 

ARITHMETICAL AND GEOM£TRICAL PROGRESSION. 

Art. 423. QUANTITIES which decrease by a commou 
difference, as the numbers 10, 8, 6, 4, 2, are in contmued 
arithmetical proportion. ^Art. 372.) Such a scries is also 
called a progression^ wliich is only another name for continued 
proportion. 

It is evident that the proportion will not be destroyed, if 
the order of the quantities be inverted. Thus the numbeo 
S, 4, 6, 8, 10, are in aritlunetical proportion. 
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QtianiUiei^ then, an m arilkmeikal progrestUmy when Aey 
iMcreat« or decrease by a common difference. 

When they merease, they form what is called an ascending 
■eriesy as 3, 5, 7, 9, 1 1, &.c. 

When they decrease^ they fcnrm a descending series, as 11, 
8, 7, 5y &c. 

The natural numbers, 1, 2, S, 4, & 6, &c. are in arithmet- 
ical progression ascending. 

42S. From the definition it is evident that, in an ascending 
fieries, each succeeding term is found, by adding the common 
difference to the preceding term. 

If the first term is 3, and the common difference 2 ; 

The series is S, 5, 7, 9, 11, 13, &c. 

If the first term is a, and the common difierence d ; 

Then a^d is the second term, a-\'2d-\-d=a-\-Sdy the fourth, 
a+d+d=a+2d the 3d, a+Sd+d—a+4d the 5th, &c. 

1 S S 4 S 

And the series is a, a-l-<2, a-4-2<I, a-\-Sdy 0-4-4^9 fcc. 

If the first term and the common difference are the same^ 
the series becomes more simple. Thus if a is the first term, 
and the common difference, and n the number of terms. 

Then a-{-a=2ais the second term, 
2a-4-a=3a the third, &c. 

And the series is a, 2a, 3a, 4a, no. 

424. In a descending series, each succeeding term is found, 
by subtracting the common difference from the preceding term. 

If a is the first term, and d the common difference, the 

1 S 8 4 5 

series is a, a-d, a-^d^ a-3<^ a-4({, &c. 

Or the common difference in this case may be considered 
as - ({, a negative quantity, by the addition of which to any 
preceding term, we obtain the following term. 

In this manner, we may obtain any term, by continued 
addition or subtraction. But in a long series, this process 
would become tedious. There is a method much more ex- 
peditious. By attending to tlie series 
r « 9 4 s 

a, a^dy a-|-2(/, a4-3({, a-f-4({, &c. 
it will be seen, tlmt the number of times d is added to a is one 
less than the number of the term. 
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The second temi is a+d, i. e. a added to once d; 
The third is ci+2d» a added to twice d; 

The fourth is o+H a added to thrke d, Slc. 

So if the series be continued^ 

The 50th term will be a+49d 

The 100th term a+99d 

U the series be descending, the 100th term will be a— 99({. 

In the last term, the nmnber of times d is added to a^ .'■ 
one less ttein the number of all tlie terms. If then 

a=the first term, 2r=:the last, n=rthe number of terms^ we 
shall have, in all cases, z=a4-(n-l) xd; that is, 

425. In an arithmetical progression, tAe last term is equal 
to thefirst,'}' the product of the common difference into the number 
of terms less one. 

Any other term may bo found in the same way. For the 
series may be made to stop at any term, and that may be 
considered, for the time, hs the last. 

Thus the mth term=a-|-(m-l) x^'. 

If the first term and the common difference are the samCf 

sr=a-f-(n-l)a=a-f-na-a, that is, z=zna» 

In an ascending series, the first term is, evidently, the least, 
and the last, the greatest. But in a descending series, the 
first term is the greatest, and the last, the least. 

426. The equation 2r=a-f-(n-l) J not only shows the value 
of the last term, but, by a few simple reductions, will enable 
us to find other parts of the series. It contains four different 
quantities, 

Oj the first term, n, the number of terms, and 

z, the last term, d, the common difference. 

If any three of these be given, the other may be found. 

1. By the equation already found, 

zz=za+{n^l)d:=the last term. 

8. TranspDsing (n-l)rf, (Art. 173.) 

z-'{n-l)d=:a^the first term^ 
3. Transposing a in the 1st, and dividing by n-1, 

■r--Y=d=rt« common difference. 



«■ 
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4. Transp. a in the let, diyiding by d^ and tmnsp. -1, 

— J— -f.l=n=<A« munber oftenm. 

By the third equation, may be found any number of ortf A- 
metical meanSf between two given numbers. For the whole I 

number of terms consists of the hoo extremely and all the ^ 

intermediale terms. If tiaen in= the number of means, m4- 
2=n9 the whole munber of terms. Substituting m-j-S for n, 
in the third equation, we have 

r— a 
. I =rf, the common difference. » 

Prob. 1. If the first term of an increasing progression is 7, 
the common difference S, and the number of terms 9, what is \ 

the last tenni Ans. ar=a-|-(fi-l)rf=7+(9-l)x3=31. 

And the series is 7, 10, 13, 16, 19, 22, 25, 28, 31. 

Prob. 2. If the last term of an increasing progression is 60, 
the number of tenns 12, and the common difference 5, what 
is the first term 1 Ans. a=«-(n-l)d=60-(12-l)x5=5. 

Prob. 3. Find 6 arithmetical means, between 1 and 43. 

Ans. The common difference is 6. 

And the series, 1, 7, 13, 19, 25, 31, 37, 43. 

427. There is one other inquiry to be made concerning a. 
series in arithmetical progression. It is often necessary to 
find the ivmofall the terms. This is called the sutMmUUm of 
the series. Ijie most obvious mode of obtaining the amount 
of the terms, is to add them together. But the nature of 
progression will furnish us with a method more expeditious. 

It is manifest that the sum of the terms will be the same, 
in whatever order they are written. The sum of the ascend- 
ing series, 3, 5, 7, 9, 11, is the same, as that of the descend- 
uig series, 11, 9, 7, 5, 3. Tlie sum of both the series is, 
therefore, tteice as great, as the sum of the terms in one of 
them. There is an easy method of finding this double mm, 
and of course, the sum itself which is the object of inquiry. 
Let a gjven series be written, both in tlie direct, and in the in» 
verted order, and then add the corresponding terms together. 
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Take, for instance, the series S, 5, 7, 9, 1 1 

And the same inverted 11, 9, 7, 5, S. 

The sums of the terms will be 14, 14, 14, 14, 14. 

Take also the series a, ^h^» a^2dj a-^-Sd^ ^H~^^ 

And the same inver. a-f-4J, a4-3d, th\'2dy a-^-d^ a. 

The sums wiU be 2a+4rf,2a+4rf,2a-f4d,2a+4d,2a-f 4d 
Here we discover the important property, that, 

428. In an arithmetical progression, the sum of the ex- 
tremes IS EQUAL TO the SUM OF ANY OTHER TWO TERMS 

EQUALLY DISTANT FROM THE EXTREMES. 

In the series of numbers above, the sum of the first and 
the last term, of the first but one and tlie last but one, &c. is 
14. And in tlie other series, the sum of each pair of corres* 
ponding terms is 2a^4d. 

To fmd the sum of a// the terms in the double series, we 
have only to observe, that it is equal to the smn of the ex« 
tremes repeated as many times as there are terms. 

Tiiesumof 14, 14, 14, 14, 14=14x5. 

And the sum of the terms in the other double series is 
(2a-f4rf)x5. 

But this is twice the sum of the terms in the single series. 
If-then we put 

a=the first term, n=lhe number of terms, 

z=the last, «=:the sum of the terms, 

we shall have this equation, 

«=— 2^X«- That is, 

429. In an arithmetical progression^ the sum of all the 

TERMS is equal TO HALF THE SUM OF THE EXTREMES MUL- 
TIPLIED INTO THE NUMBER OF TERMS. 

Prob. Whact is the sum of the natural series of numbers 
1, 2, 3, 4, 5, &c. up to 1000? 

a+z 14-1000 
Ans. 9=-^ Xn= -=^ x 1000=500500. 

If in the preceding equation, we substitute for ar, its value 
as given in Art. 426, we have 

2a +{n^\)d 
1. *= — ^-^5 —Xn. 
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In this, there are four different quantities, the fint term of 
the series, the commoti difference^ the number of terms, and 
the sum of the terms; any three of which being given, the 
fourth may be found. For, by reducing the equation, we 
have, 

2. a= UP — » the fret term. 

2s-'2an 

S. d=s — 5 -* the common difference. 

n^^n •»' 

^ ^^V(2a-d)»-HM,-ga+J the number of terms. 

2d 

Ex. 1. If the first term of an increasing arithmetical series 
is S, the common difference 2, and the number of terms 20 ; 
what is the sum of the series 1 Ans. 440. 

2. If 100 stones be placed in a straight h'ne, at the dis- 
tance of a yard from each other ; bow far must a person tra- 
vel, to bring them one by one to a box placed at the distance 
of a yard firom the first stone 1 Ans. 5 miles and 1300 yards. 

S. What is the sum of 150 terms of the series 
12 4 5^7^. 

4. If the sura of an arithmetical series is 1455, the least 
term 5, and the number of temis 30 ; what is the common 
difference! Ans. 3. 

5. If the sum of an arithmetical series is 567, the first 
term 7, and the common difference 2; what is the number 
of tenltel Ans. 21. 

6. What is the sum of 32 terms of the series 

h U, 2, 2 J, 3, &C.1 Ans. 280. 

7. A gentleman bought 47 books, and gave 10 cents for 
the first, 30 cents for the second, 50 cents for the third, &c. 
What did he give for the whole? Ans. 220 dollars, 90 cents 

8. A person put into a charity box, a cent the first day of 
the year, two cents the second day, tliree cents the third day, 
&c. to tlie end of the year. What was the wliole sum for 
865 days 1 Ans. 667 dollars, 95 cents. 



T 



ARITHMETICAL PROGRESSION. 219 

430. In the series of add numbers 1, S, 5, 7, 9, &c. con- 
tinued to any given extent, the last tenn is always one less 
than twice the number of tenns. 

For z=a+{n-l)d. (Art. 425.) But in the pioposed 
series a=r1, and d=z2. 

The equation, then, becomes r=l-|-(tt-l) x2=S» - !• 

431. In the series of odd numbers, 1, 3, 5, 7, 9, fr.c. *he 
9um of the terms is alicays equal to the square of tiie numbc ^ 
terms. 

For s=\ (a-f.z)n. (Art 429.) 

But here a=l, and by the last article, z=2n-l. 
The equation, then, becomes «=! (l4-2n-l)n=n*. 

Thus 1+3=4 ^ 

1-|.3+.5=:9 \ the square of the nimiber of terms. 

14.3+5+7=16) 

432. If there be two ranks of quantities in arithmetical 
progression, the eums or differences will also be in arithmetical 
progression. 

For by the addition or subtraction of the corresponding 
terms, the ratios are added or subtracted. (Art 345.) And 
by the nature of progression, all the ratios in the series are 
equal. Therefore equal ratios being added to, or subtracted 
from, equal ratios, the new ratios thence arising will also be 
equal. 

To and from 3, 6, 9, 12, 15, 18, 21 n /• S 

Add and sub. 2, 4, 6, 8, 10, 12, 14 f , . . 1 ^ 

whose ratio is < -= 



0, Q, ;i, 12, 10, JO, :&i N 
k 2, 4, 6, 8, 10, 12, 14 f 

5, 10, 15, 20, 25, 30, 35 i 

1, 2, 3, 4, 5, 6, 7) 



Sums 5, 10, 15, 20, 25, 30, 35 i 15 

Diff. 1, 2, 3, 4, 5, 6, 7 ) I 1 

433. If all the terms of an arithmetical progression be mtil 
ttplied or divided by the same quantity, the products or quo 
tients will be in arithmetical progression. 

For*by the multiplication or division of the terms, the rados 
are multiplied or divided; (Art 344,) that is, equal quantities 
are multiplied or divided by the given quantity. They will 
therefore remain equal. 

1 f the series 3, 6, 7, 9, 11 , &c. be multiplied by 4 ; 

The prods, will be 1 2, 20, 28, 36, 44, &c. and if tlus be div. by 2; 
The quots. will be 6, 10, 14, 18, 22« &c. 
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Problems of various kinds, in aritlimetical progression, may 
be solved, by stating the conditions algebraically, and then 
reducing the equations. 

Prob. 1. Find four numbers in arithmetical progression, 
whose sura shall be 56, and the sum of their squares 864. 

If x=the second of the four numbers, 

A.nd y= their common difference: 
The series will be x-y, ar, ar+y> *4-^y- 
By the conditions, {x - y)4-*+ (^+y )+ (^+2y) = 66 > 
And (a:-y)'+«*+(jf+y)*-^-(*+2y)*=864 } 

That is 4.T4-2y=56 > 

And 4ar«4-4ay4.6y«=864 J 

Reducing these equations, we have dr=:12, and y=4. 
The numbers required, therefore, are 8, 12, 16, and 20. 

Prob. 2. The sum of three numbers in arithmetical pro- 
gression is 9, and the sum of their cubes is 153. What are 
the numbers ? . Ans. 1, S, and 5. 

Prob. 3. The sum of three numbers in arithmetical pro- 
gression is 15; and the sum of the squares of the two ex- 
tremes is 58. What are the n umbers 1 

Prob. 4. There are four numbers in arithmetical progres* 
sion: the sum of the squares of the two first is 34 ; and the 
sum of the squares of the two last is 130. What are the 
numbers? Ans. 3, 5, 7, and 9. 

Prob. 5. A certain number consists of three digits, which 
are in arithmetical progression ; and the number divided by 
the sum of its digits is equal to 26; but if 198 be added to 
it, the digits will be inverted. What is the number! 

Let the digits be equal to x-y, x, and or-^y, respectively. 
Then the number =:100(x-y)4-10ar-f (X'^y) = inx-99y. 

lllx-.99ii 
By the conditions, ^ ^ =26 

And lllx-99y+198=100(ar+y)-|-10x+(ar-y) 
Therefore «=3, y = 1, and the number is 234. 

Prob. 6. The sum of the squares of the extremes of four 
numliers in arithmetical progression is 200; and the sum of 
the squares of the means is 136. What are the numbers I 
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Prob. 7. Tliere are four numbers in arithmetical progress 
6ion, whofle sura is '28, and tlieir continual product 5851 
What are the numbers ? 
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434. As arithmetical proportion continued is arithmetical 
progression, so geometrical proportion continued is geometri- 
calprogression. 

The numl>ers 64, 32, 16, 8^ 4, are in continued ge<»netri- 
cal proportion. (Art. 372.) 

In this series, if each preceding term be dinided by the 
common ratio, the quotient will be the following term. 

V=32, and V=16, and V=8, and }=4. 

If the order of the series be inverted^ the proportion will 
still be preserved ; (Art. 399,) and the common divisor will 
become a multiplier. In the series 

4, 8,16,32,64, &c.4x2=8,and8x2=:16,andl6x2=:S2,&c. 

435. Quantities then are in geometricai. prooression, 

WHEN THET increase BY A COMMON MULTIPLIER, OR DE- 
CREASE B7 A COMMON DIVISOR. 

The common multiplier or divisor is called the raHo. For 
most purposes, however, it will be more simple to considei 
the ratio as always a mvUipliery either integral or fractional. 

In the series 64, 32, 16, 8, 4, the ratio is either 2 a divisor, 
or I a multiplier. 

To investigate the properties of geometrical progression, 
we may take nearly the same course, as in arithmetical pro> 
gression, observing to substitute continual muUiplicatian and 
dimiwa^ instead of addition and subtraction, it is evident, 
in the first place, that, 

436. In an ascending geometrical series, each succeedEng 
term is found, by mufttplyin^ the rado into the preceding term. 

If the first term is a, and the ratio r. 

Then axrs=ar^ the second term, aif*xr:=:ar*^ the fourth, 
orxrsor', the third, oHxr^or*, the fifth, &c. 

And the series is a, or, at^^ or*, ar^^ o/, &c. 

437. If the first term and the ratio are the iome, the pro> 
gression is simply a series of powers. 
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If the first term and the ratio are each equal to f > 
Then rxr^^i^y ^he second tenn, r'x^=»**i the fourth, 
f*Xr=r», the tliird, r«xr=r*, the fifth. 

And the series is r, r*, r", r*, »*, i*, &c. 

438. In a descending series^ each succeeding term is found 
by dividing the preceding term by the ratio^ or multiplying 
by the fracUonat ratio. 

If the first term is or*, and the ratio r, 

(SI* 

the second term is ---, or air*Xri 

And the series is av^^ ax^^ ar^f wi*^ an^, or, a, &c. 

If the first term is Oy and the ratio r, 

a a a 
The series is o,T>T5»"i» &c. or o^ af^^ wT^^ &c. 

****** 

By attending to the series a, ar^ m^^ or*, ar^^ an^y &c. it will 

be seen that, in each term, the exponent of the power of the 
ratio, is one less^ than the number of the term* 

If then a=the first term, r=the ratio, 

2= the last, n= the number of terms ; 

we have the equation jzrssar'^, that is, 

439. In geometrical progression, the last term is equal to the 
product oftlie firsts ianto that power of the raUo whose index is one 
less than the number of terms. 

When the least term and the ratio are the same, the equa- 
tion becomes z=zrr'^=f*. See Art. 437. 

440. Of the four quantities a, z, r, and n, any three being 
given, the other may be found.* 

1. By the last article, 

ar=ar'^=the last term. 

2. Dividing by f^\ 

:^^a::.ihe fast term. 

S. Dividing the Ist by a, and extracting the root, 

1 
sr=the ratio. 



(i) 



♦ SeeNouP. 
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By the last equation may be fourd any number of gteme* 
tricalmeans^ between two given numbers. If m= the num«» 
ber of means, »^-2=n, the whole number of terms. SubstU 
tuting in-f-2 for n, in the equation, we have 



m=" 



the ratio. 



^ When the ratio is found, the means are obtained by con 
tinned multiplication. 

Prob. 1. Find two geometrical means between 4 and 256 
Ans. The ratio is 4, and the series is 4, 16, 64, 256. 

Prob. 2. Find three geometrical means between i and 9 

Ans. 79 1, and 3. 

441. The next tiling to be attended to, is the rule for find 
ing the sum of all the terms. 

If any term, in a geometrical series, be multiplied by tht 
ratio, the product will be the succeeding term, (Art. 436.) 
Of course, if each of the tenns be multiplied by the ratio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
series. To make tliis plain, let the new series be written 
under the other, in such a manner, that each tenn shall be 
removed one step to the right of that from which it is pro- 
duced in the line above. 

Take, for instance, the series 2, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, 32, 64 

Here it Avill be seen at once, that the four last terms in the 
upper line are the same, as the four first in the lower line* 
The only terms which are not in bothy are the first of the one 
series, and the last of the other. 8o that when we subtract 
the one series, from the other, all the terms except these two 
will disappear, by balancing each other. 

If the given series is a, or, ar\ ar*y .... af^'K 
Then mult, by r, we have ar^ ar^j ar^y . . . . or"""*, m^. 

Now let s=z the sum of the terms. 

Then *=a+or+a»^4-^'*'> • • • •+*'^""*» 

An4 mult, by r, r«= ar-^-ar^'^-ar^ . . . .-j-ar*~*+ar*. 

Subt'g the first equation from the second, r9-s=riir*-a 
And dividing by (r-1,) (Art. 121.) 



5= 
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In this eqnation, m^ is the last temi in the new senes, and 
is therefore the product of the ratio into the last term in th* 

Therefore f=!^Zf, that is. 

r-l 

442. The sum of a series in geometrical progression is 
found, by multipl]ring the last term into the ratio, subtract- 
ing the first term, a^ dividmg ths remainder by the ratio 
less one. 

Prob. 1. If in a series of niunbers in geometrical pro- 
gressi<»i, the first term is 6, the last term 1458, and the ratio 
S, what is the sum of aU the tenns t 

Ans. t=^ZZf =»><il5?Z«=2184. 
r-l 3-1 

Prob. 8. If the first term of a decreasing geometrical se-i 

ries is ij the ratio L and the number of tenns 5 ; what is the 

sum of the series T 

The last term=«i— »= J X (i)*=i47- 

Ajid the sum of the termssiililiziszlrl. 

i-1 162 

Prob. S. What is the sum of the series, 1, S, 9, 27, &c to 
12 terms 1 Ans. 26572a 

Prob. 4. What is the sum of ten terms of the series I, ^ 

J, ,V, Ac. Ans. n^. 

59049 

443. QwtniiUes m geometrical progression are proporHonal 
to their differences. 

Let the series be a, or, ar^^ ar*^ ai^, &c. 

By the nature of geometrical progression, 

a: ariiar: ai^ ::a3f* : a9^::af^ : ar\ &c. 

In each couplet let the antecedent be subtracted from the 
consequent, according to Aru 389, 6. 

Then a : ariiar'-a : ar^'^ar::ar*'-ar : ai^-^at^^ &c. 

That is, the first teiin is to the second, as the difierence 
between the first and second, to the difierence between tho 
second and third ; and as the difierence between the second 
and third, to tlie difierence between the third and fourth^ &o 
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Cor. If quantities are in geometrical progression, their dif* 
ferenc€8 are also in geometrical progression. 

Thus the numbers 3, 9, 27, 81, 243, &c. 
And their differences 6,18, 54, 162, &c.areingeo 

metrical progression. 

444. Several quantities are said to be in harnumkal progres" 
stony when, of any three which are contiguous in the series, 
the first is to the last, as the difference between the two first, 
to the difference between the two last See Art 400. 

Thus the numbers 60, 30, 20, 15, 12, 10, are in harmoni- 
cal progression. 

For 60 : 20 : :60-30 : 30- 20, And 20 : 12 : : 20- 15 : 15-12. 
Ajid 30: 15 :: 30-20: 20-15, And 15 : 10 :: 15-12 : 12-10. 

Problems in geometrical progression, may be solved, as in 
Dther parts of algebra, by the reduction of equations, 

Prob. 1. Find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their 
8(|uares 84. 

Let the three numbers be or, y, and z» 

By the conditions, x :y : :y : z, or xzz=y^ 

And ar_|-y-|-2r=14 

And 3J^^y^^z'=S4 

Reducing these equations, we find the numbers required 
to be 2, 4 and 8. 

Prob. 2. There are tliree numbers in geometrical progress 
sion whose product is 64, and the sum of their cubes is 584. 
What are the numbers t 

If X be the first term, and y the common ratio ; the series 
will be ar, xy^ xy\ 

By the conditions, ^XxyX^^ ora:y=64, > 

And x^+xY+xy=534. J 

These equations reduced give ar=:2, and y=2. 
The numbers required, therefore are, 2, 4 and 8. 

Prob. 3. There are three numbers in geometrical progres- 
sion : The sum of the first and last is 52, and the sc|uare of 
tlie mean is 100. What are the numbers ] Ans. 2, 10,and 50. 
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Prob. 4. Of four numbers in geometrical progression, the 
sum of the two first is 15, and the sum of the two last is 60. 
What are the numbers 1 

Let the series be ar, xy^ xy^y xy^ ; and the numbers will be 
found to be 5, 10, 20, and 40. 

Prob. 5. A gentleman divided 210 dollars among three 
servants, in such a manner, that their portions were in geo- 
metrical progression ; and tlie first had 90 dollars more than 
the last. How much had each 1 

Prob. 6. There are three numbers in geometrical progres- 
sion, the greatest of which exceeds the least by 15 ; and the 
difference of the squares of the greatest and the least, is to 
the sum of the squares of all the three numbers as 5 to 7. 
What are the numbers ] Ans. 5, 10, and 20. 

Prob. 7. There are four numbers in geometrical progres- 
sion, the second of which is less tiian the fourth by 24 ; and 
the sum of the extremes is to the sum of the means, as 7 to 3. 
What are the numbers 1 Ans. 1, 3^ 9, 27. 
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INFINITES AND INFINITESIMALS.* 

Art. 445. THE word mfinite is used in different senses. 
The ambiguity of the term nas been the occasion of much 
perplexity. It has even led to the absurd supposition that 
propositions directly contradictory to each other, may be 
mathematically demonstrated. These apparent contradic- 
tious are owang to the fact, that what is proved of infinity 

^1 ■ II ■ ■ II ■ I , , m 

/ 

♦ Looke's Essays^ Rook 2, Chan, 1 7 Berkeley's Analyst Preftice to Mae* 
lauiin's Fluxions. X^iewton^s Princip^ Saunderson's Algebra, ArL 38fib 
Mansfield's Essays. Emerson's Algebra, Prob. 73. Buffier. 
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when understood in one particular manner, is often thought 
to be true also, when the term has a very different significa- 
tion. The two meanings are insensibly shifted, the oiie for 
tlie other, so that the proposition which is really demonstra- 
ted, is exchanged for another which is false and a]>surd. To 
prevent mistakes of tliis nature, it is important that the dif- 
ferent meanings be carefully distinguished from each other. 

446. Infinite, in the highest, and perhaps the most proper 
sense of the word, is that which is so greats that nothing can h$ 
added to it^ or supposed to be added. 

In this sense, it is frequently used in speaking of moral and 
metaphysical subjects. Thus, by infinite wisdom is meant 
that which will not admit of the least addition. Infinite power 
is that which cannot possibly be increased, even in supposi- 
tion. This meaning of infinity is not applicable to the ma- 
thematics. That which is the subject of the mathematics is 
quantity; (Art. 1.) such quantity as may be conceived of by the 
human mind. But no idea can be formed of a quantity so 
great that nothing can be supposed to be added to it. In this 
sense, an infmte number is inconceivable. We may increase 
a immber by continual addition, till we obtain one that shall 
exceed any limits which we please to assign. By this, how- 
ever, we do not arrive at a number to which nothing can be 
added ; but only at one that is beyond any limits which we 
have hitherto set. Farther additions may be made to it with 
the same ease, as those by which it has already been in- 
creased so far. It is thei'efore not infinite, in the sense in 
which the term has now been explained. It is absurd to 
speak of the greatest possible number. No number can be 
imagined so great as not to admit of being made greater. 
We must therefore look for another meaning of infinity, be- 
fore we can apply it, with propriety, to the mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INFINITE, 
WHEN IT IS SUPPOSED TO BE INCREASED BEYOND ANY DETER- 
MINATE LIMITS. 

By determinate limits are meant such as can be distinctly 
stated.* In fhis sense, the natural series of numbers, 1, 2, 3, 4, 
5, &c. may be said to be infinite. For, if any number be men- 
tioned ever so great, another may be supposed still greater. 

The two significations of the word infinite are liable to be 
confounded, because they are in several pojnti* o^ view the 

III! I ■ ■ . . ■ M III mmmmt^m^^. 

* See Note U, 
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same. The higher meaning inchides the lower. That which 
18 so great as to admit of no addition, must be beyond any 
detenninate limits. But the lower does not necessarily imply 
the higher. Tliough number is capable of being increased 
beyond any specific^ limits ; it will not follow, that a number 
can be found to which no farther additions can be made. 
The two infinites agree in this, that according to each, the 
things spoken of are great beyond calculation. But they 
differ widely in another respect. To the one, nothing can be 
added. To the other, additions can be made at pleasm*e. 

448. In the mathematical sense of the term, there is no 
absurdity in supposing one infinite greater than another. 

We may conceive the numbers 2 2 2 2 2 2 2, &c. 

4 4 4 4 4 4 4, &c. 

to be each extended so far as to reach round the globe, or to 
the most distant visible star, or beyond any greater boundary 
which can be mentioned. But if the two series be equally 
extended, the amount of the one will be twice as great as the 
other, though both be infinite. 

So if the series 0+ *^*+ ^+ *^*+ ^> ^^• 
and 9o4-9a«-f 9a'+9o'-f9a*, &c. 

be extended together beyond any specified limits, one will be 
nine times as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
already so great that nothing could be added to it. 

449. An infinite number of terms must not be mistaken for 
an infinite quantity. The terms may be extended beymid 
any given limits, when the amount of the whole is a finite 
quantity, and even a small one. If we take half of a unit ; 
then half of the remainder ; half of the remaining half, &c. 
we shall have the series 

in wliich each succeeding term is half of the preceding one. 
Let the progression be continued ever so far, the sum of all 
the terms can never exceed a unit. For, by the supposition, 
there is still a remainder equal to the last term. And this 
remainder must be added, before the amount of the whole 
can be equal to a unit. 

So l4-?-|-i4-/ i I a '^+yV &c. can never exceed 8. 



MATHEMATICAL INFINITY. S29 

450. When a quantity is diminisred till it becomes 
LESS than any determinate qoantitt, it is called an 
INFINITESIMAL. 

Thus, in a series of fractions tVtv^'IvVt)* Tv^mr* Ac. a 
unit is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term 
IS ten times less than in the preceding. If then the progres* 
sion he continued, a portion of a unit may be obtained less 
than any specified quantity. This is an infinitesimal, and in 
mathematical language, is said to be infinitely small. By this, 
however, we are not to understand that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di« 
minish it still more. And however far the progression may 
be carried, we shall never arrive at e point where we must 
necessarily stop. 

451. In the sense now explained, mathematical quantity 
may be said to be infimiely tHnsible ; that is, it may be sup- 
posed to be so divided, that the parts shall be less than any 
determinate quantity, and the nuoiber of parts greater than 
any given number. 

In the series A, ^^ -nnnn Timnr* &c. a unit is divided 
into a greater and greater number of parts, till they become 
infinitesimals, and the number of them infinite, that is, such 
a nimiher as exceeds any given number. But this does not 
prove that we can ever arrive at a division in whici) the |>ans 
shall be the least possible or the number of parts the greatest 
possible. 

452. One infinitesimal may be less than another. 

The series, rV, jUt Tinnr» rtiwf &c. > 
And s a . » 8 A^« ( 

may be carried on together, till the last term in each becomes 
infinitely small ; and yet one of these leims will be only kalj 
as great as the other. For the denominators being the same, 
the fractions will be as their numerators, (Art. 360, cor. 2,) 
that is, as 6 : 3, or 2: 1. 

Two quantities may also be divided, each into an infinite 
number of parts, using the term infinite in the mathematical 
sense, and yet the parts of one be more numerous tlian those 
of the other. 

1 he series r>, -nnrj nrinri i uniiuy ®^c» r 
And /^, y,^, <innri mnnr» "^^- 5 



taO ALGEBRA. 

may both be infinitely extended ; and yet a unit in the last 
series, is divided into four times as many parts as in the first. 
But if, by an infinite number of parts were meant such a 
number as could not be increr sed, it would be absurd to sup- 
pose the divisions of any quantity to be still more numerous.* 

453. For all pracHcal purposes, an infinitesimal may be 
considered as absolutely nothing. As it is less than any de- 
terminate quantity, it is lost even in numerical calculations. 
In algebraic processes, a term is often rejected as of no value, 
because it is infinitely small. 

It is frequently expedient to admit into a calculation, a 
small error, or what is suspected to be an error. It may be 
difiicult either to avoid the objectionable part, or to ascertain 
its exact value, or even to determine, without a long and 
tedious process, whether it is really an error or not. But if it 
can be shown to be infinitely small*, it is of no accoimt in 
practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimal which shall be exactly 
equal to tne vulgar fraction |. Dividing the numerator by 
the denominator, we obtain in the first place ft. This is 
nearly equal to i. But ^ is nearer, /^, still nearer, &c. 

The error, in the first instance, is <>». 

For ft+A=A+A=«=K 

In the same manner it may be shown, that 

the difierence between \ * *"^ H'^ *? ^,' ^ 

I i and .333, is j^, &c. 

If the decimal be supposed to be extended beyond any as- 
signable limit, the difierence still remaining will be infinitely 
small. AlS this error is less than any given quantity, it is of 
no account, and may be considered iu calculation as nothing. 

454. From the preceding example it will be seen, that a 
quantity may be continually coming nearer to another, and 
yet never reach U. The decimal 0.3333333, &c. by repeated 
additions on the right, may be made to approximate continu- 
ally to I, but can never exactly equal it. A difierence will 
always remain, though it may become infinitely smalL 



* See Note R. 



MATHEMATICAL INFINITY. fSl 

When one quantity is thus made to approach continually 
to another, without ever passing it; the latter is called a 
limit of the former. The fraction J is a limit of the decimal 
0.666 &c. indefinitely continued. 

455. Though an infinitesimal is of no account of itself, 
yet its effect on other quantities is not always to be disre* 
garded. 

When it is a factor or divisor, it may have an important 
influence. It is necessary, therefore, to attend to the rela- 
tions which infinites, infinitesimals, and finite quantities have 
to each otiier. As an infinitesimal is less than any assigna* 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is frequently represented by 0. 

An infinite quantity is expressed by the character GO 

456. As an infinite quantity is incomparably greater than 
a finite one, the alteration of the former, by an addition or 
subtraction of the latter, may be disregarded in calculation* 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparison with one 
which is infinite. If therefore inlSnite and finite quanti- 
ties are connected by the sign -|- or -, the latter may be re« 
jected as of no comparative value. For the same reason, if 
finite quantities and infinitesimals are connected by 4- or - , 
the latter may be expunged. 

457. But if an infinite quantity be multiplied by one which 
is finite, it will be as many times increased as any other quan- 
tity would, by the same multiplier. 

If the infinite series 2 2 2 2 2 2 &c. be multiplied by 4 ; 

The product will be 8 8 8 8 8 8 &^. four times as great ai 
the multiplicand* See Art. 448. 

458. And if an infinite quantity be JUvided by a finite quao* 
tity, it will be altered in the same manner as any other quan* 
tity. 

If the infinite series 6666666 6 &c. be divided by S; 

The quotient will beS33S3S83 &«. half as great as 
die dividend. 

459. If a finite quantity be multiplied by an infinitesinud^ 
the product will be an infinitesimal ; that is, putting x for a 
finite quantity, and for an infinitesimal, {AjrL 455. 
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If the muHiplier were a unity the product would be eqiia 
to the Tnultiplicand. (Art. 90.) If tlie multiplier ie less than 
a unit, the product is proporticnally less. If then the multi- 
plier is mfimtely less than a unit, the product must be uifi- 
nitely less than the multiplicand, that is, it must be an infi- 
nitesimal. Or, if an infinitesimal be considered as abso* 
lutely nothing, then the product of z into uothing is nothing. 
(Art. 112.) 

460. On the other hand, if a finite quantity be divided by 
an infinitesimal, the quotient will be infinite. 

z 



For, tlie less the divisor, the greater the quotient. If then 
the divisor be inJinUely small, the quotient will be infinitely 
great. In other words, an infinitesnnal is contained an infi- 
nite number of times in a finite quantity. This may, at first, 
appear paradoxical. But it is evident, that the quotient must 
increase as the divisor is diminished. 

Thus 6-^3=2, 6-^0.03=200, 

6^0.3 = 20, 6^0.003 = 2000, &c. 

If then the divisor be reduced, so as to become less than 
Any assignable quantity, the quotient must be greater than 
any assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
the quotient will be an infinitesimaL 

CO 

For the grcatP'^ the divisor, the less the quotient. If then, 
while the dividend is finite, the divisor be infinitely great, the 
quotient will be infinitely small. 

It must not be forgotten, that the ejcpreasions infinUeh great 
and mfimtely tmott, are, all along, to be understood m the 
mathematical sense according to the defijiitions in Arts. 4479 
and 450. 
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SECTION XVI 

mVISION BY COMPOUND DIVISORS, GREATEST 

COMMON MEASURE. 

Art. 462. IN the section on division, the case in which 
the dividoi is a compound (|uantify was omitted, because \\\m 
operation in mont instances, requires some knowledge of the 
nature of powers ; a subject which had not been previously 
explained. 

Division by a compound divisor is performed by the fol- 
lowing rule, which is substantially the same, as the rule for 
division in aritiunetic ; 

To obtain the first term of the quotient, divide the first 
tenn of the dividend, by the first term of the divisor ;* 

Multiply the whole divisor, by the term placed in the quo- 
tient ; subtract the product from a part of the dividend ; and 
to the remainder bring down as many of the following terms^ 
as shall be necessary to continue the operation : 

Divide again by the first term of the divisor, and proceed 
as before, tUl all. the terms of the dividend are brought dowB 

Ex. !• Divide ac^hC'\-ad-\-bd^ by a^h. 

a4>6)ac-4-6c-|-a({-|-i^(^+<{ 

ac-4-6c, the first subtrahend* 



ad+hi 

ad^hd^ the second subtrahend. 



Were ne^ the first term of the dividend, is divided by % 
the first term of the divisor, (Art. 116.) which gives c for the 
first term of the quotient Multiplying the whole divisor by 
this, we have ac^hc to be subtracted from the two first 
terms of the dividend. The two remaining terms are then 
brought down, and the first of them is divided by the first 



* See Note fV. 
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tenn of the divisor as before. This gives d for the second 
term of the quotient. Then mukipiying the divisor by il, 
we have ad^bd to be subtracted, wliich exliausts the whole 
dividend without leaving any remainder. 

The rule is founded on this principle, that the product of 
the divisor into the several parts of the quotient, is equal to | 

the dividend. (Art. 115.) Now by the operation, the pro- ^ 

duct of the divisor into the first term of the quotient is sub- 
tracted from the dividend ; then the product of the divisor 
into the second term of the quotient ; and so on, till the pro- 
duct of the divisor into* each term of the quotient, that is, 
the product of the divisor into the tohole quotient, (Art. 100.) 
is taken from the dividend, if there is no remainder, it is 
evident that this product is eawd to the dividend. If there 
is a remainder, the product of the divisor and quotient is equal 
to the whole of the dividend except the remainder. And this 
remainder is not included in the parts subtracted from the 
.dividend, by operating according to the rule. 

46S. Before beginning to divide, it will generally be ex- 
pedient to make some preparation in the arrangement of the 
terms. 

The letter which is in the first term of the divisor, should 
be in the first term of the dividend also. And the powers of 
this letter shoidd t>e arranged in order, both in the divisor 
and in the dividend ; the highest power standing first, the 
next highest next, and so on. 

Ex. 2. Divide 2a'6+fc»+2a6«+i^, by (f+V+ab. 

Here, if we take if for the first tenn of the divisor, th« 
other terms should be arranged according to the powers of ci, 
thui^ 

a«+ai+ft«)c^+2a«6+2ai*+V(a+6 



In these operations, particular care will be necessary m the \ 

management of negative quantities. Constant attention must 
be paid to the rules for the signs in subtraction, multiplica* k 

tion and division. (Arts. 82, 105, 123.) ^ 
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Ex. S. Divide iax-^Ze^X'^St^xy+Gafx+axy^xyhjia^y. 

If the terms be arranged according to the powers of a, 
they will stand thus ; 

6a*x^Stfxfi 



* - 2a*«<4-axy 



464. In multiplication, some of the terms, bj balancing 
each other^ majH>e lost in the product. (ArU 1 10.) These 
may re^appear in division, so as to present terms^ in the 
course of the procesa^ different from any which are in the 
dividend. 

Ex.4. 

if+a'^x 

♦ - a^x+sf 
'-d^x^aaf 



Ex. 5. 

a*-2a»«+2aV 



♦ +2a»ar - 2oV- 
-f-2a?x - 4aV- 



.4x* 
•4ax* 



• +2aV-4a*'+4«* 

+2aV-4ax»-4-4x*. 

If the learner will take the trouble to muIUply the quo. 
dent into the divisor, in the two last exampleSi he will find. 
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in the partial pitxluctSp the several terms which appear in the 
process of dividing. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide <f^a*+M+ab+Sae+iet by o+l. 

Quotient. «r-4-ab-|-^* 
Ex. 7. Divide a4-&-^-<up-&'+^> hy a-\~b''e. 

Quotient. 1-9. 

Ex a Divide 2tf«- lSa'«+lloV-.8aj"+8x*, by 2a«-a» 
4-«*. Quotient. a^^Sax+ix^ 

465. When there is a remmnder after all the terms of the 
dividend have been brought down, this may be placed over 
ihe divisor and added to the quodeut, as in arithmetic. 

Ex. 9. 

aJ^.h)ae+^e+ad+bd+x{e+d+ JH— 

«+» 

♦ ♦ ad+bd 
ad+bd 



Ex. 10. 
d - h)ad ~ ak+bd - bh+y{a+b+jl^ 



bd^bk 



h IS evident that a+b is the cjiiotient belonging to the 
whole of tlie dividen«^ excepting the remanider y. (Art. 562.) 

And -iL is the quotient belonging to this remainder. (Art. 



124.) 
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Ex. IL Divide 6ax+ixy -Sob ^by+iae+ey+h^ by $a-|-y. 

Quotient. 2«-&-{.c4> 



So-f-y* 
Ex. IS. Divide a?b - Sa«+2a& - 6a - 46+22, by & - 3. 

Quotient a»+2a - 4+ *?. 
Ex. IS. See Art. 283. 



Ex. 14. Divide o+Vy+^wVy+n^* ^^7 *+ySf- 

Quotient 1+r^y. 

15. Divide a? - 3ax*+3a«« - a', by « - a. 

16. Divide 2y» - 19y'+26y - 17, by y - 8. 

17. Divide as* - 1, by « - 1. 

18. Divide 4«* - 9ai»+6x - 3, by 2«*+3«- 1. 

19. Divide a*+4o«6+36S by a+2b. 

20. Divide a?* - aV+2a»a? - d*, by a^ - ar+a«. 

466. A regular series of quotients is obtained, by dividing 
the difference of the powers of two quantities, by the difler- 
ence of the quantities. Thus, 

(y'-«')-T-(y -«)=»+«» 

Here it will be seen, that the index of y, in the first tenn 
of the quotient, is less by 1, than in the dividend ; and thai 
it decreases by 1, from the first tenn to the last but one : 

While the index of a, increases by 1, from the second term 
to the last, where- it is less by 1, than in the dividend. 

ai* 
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This maybe expreBsed in a general formula, ihvm^ 

To demonstrate tliis, we have only to multiply the quo* 
tient into the divisor. (Art. 115.) 

All the terms except two, in the partial products, will be 
balanced by each other ; and will leave the general product 
the same as the dividend. 

Mult. y*+ay»-f ay+rfV+a* 
Into y -a 

y'+ay^+ay+ay+ii^y 
-ay*- ay- ay- a*y-rf 

Product.]^ ♦ ♦ ♦ * -a* 

Mult. jf-'+ay*-«-f a«y*-" +tf— «y+cr- » 

Into y-a 

y-+ay— '4.i^y— ». . . .+cr-y+rf— »y 
-ay-"'-«y""*. .-.-a^-y-rf— "y-of" 

Prod, y ♦ * * * .a*. 

466. 6. In the same manner it may be proved, that the dif- 
ference of the powers of two quantities, if the index is an 
even nunilier, is divisible by the $um of the quantities. Thai 
is, as the double of every number is even ; 

(y^-a*")-2-(y+a)=y*— ' -ay*- •. . . .4.a»— «y-a*— *. 

And the sum of the oowen of two quantities, if the index 
is an odd number, is divisible by the sum of the quoHlities* 
That is, as Sm-j-l is an odd imniber ; 

(y^*+a*^')-r(y+a)=y*"-ay*— ». . . . -a«— 'y+a^ 

For [n each of ihese cases, tlie product of the quotient and 
divisor, is equal to the dividend. 

Thus, 

(y'-a')-5-(y+«)==»-«t 
(tf'-«')-^(3^+«)=y'-«y'+«'^-«', 

(y*-a«)-h(y+a) = y--ay*+ay-a»y«+a*y^a», &c 
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COMBTON MEASURE. 
And, 

GREATEST COMMON MEASURE. 

466. c. The Greatest Common Measure of two quantities^ 
may be found by the following rule ; 

Divide one of the quantities bt the other, and tbs 
preceding divisor bt the last remainder, till nothino 
remains ; the last divisor will be the greatest commoif 

MEASURE. 

The algebraic letters are here supposed to stand for whole 
numbers. In the demonstration of the rule, the following 
principles must be admitted. 

1. Any quantity measures Usdff the quotient being I. 

2. If two quantities are reflectively measured by a third, 
their sum or iiffennce is measured by that third quantity.— 
If h and c are each measured by dj it is evident that b^e^ 
and fr - c are measured by d. Connecting them by the 8ign4« 
ir -, does not afTect their capacity of being measured by d. 

Hence, if fr is measured by d, then by the preceding pro* 
position, 64-d is measured by d. 

S. If one quantity is measured by another, any mtUHph 
of the former is measured by the latter. If b is measured 
by d, it is evident that &-|-fr, 36, 46, fi6, &c. are measured 
by* 

Now let Dsrthe greater, and d=ihe less of two algebraic 
quantitiejji, whether simple or compound. And let the '^ro* 
cess of dividing, according to the rule be as follows : 
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In which o, ff q'\ are the fuoftenff , from the succeflsiye 
divisions ; ana r, r^, and o the remainders. And as the divi« 
dend is equal to the product of the divisor and quotient added 
to the remainder, 

D=dq^ry and drrr^'+r'. 

Then, as the last divisor r' measures r the remainder being o^ 

it measures (2, and 3,) ry'4-*^=^> 
and measures dq-^-r^D, 

That is, the last divisor r' is a common measure of the two 
given quantities D and d. 

It is also their greaUat common measure. For every com- 
mon measure of D and d^ is also (3, and 2) a measure of 
D - dq=:r ; and every common measure of d and r, is also a 
measure of d-^ rq^=zr^. But the grecUest measure of r' is 
Uself. This, then, is the greatest common measure of D 
and d. 

The demonstration will be substantially the same, what« 
ever be the number of successive divisions, if the operation 
be continued till the remainder is nothing. 

To find the greatest common measure of three quantities ; 
first find the greatest common measure of two of them, and 
then, the greatest common measure of this and the third 
quantity. If the greatest common measure of D and d be 
f^, the greatest c<xnmon measure of r^ and c, is the greatest 
common measure of the three quantities D, d, and c. For 
every measure of r^, is a measure of D and d; therefore the 
greatest common measure of r^ and c, is also the greatest 
common measure of I>, J, and c. 

The rule may be extended to any number of quantities. 

466. d. There is not much occasion for the preceding 
operations, in finding the greatest common measure of nm-> 
pie algebraic quantities. For this purpose, a glance of the 
eye will generally be sufiicient. In the application of the 
rule to compound qiumtities, it will fi^equently be expedient 
to reduce ttie divisor, or enlarge the dividend, in conformity 
with the following principle ; 

The greatest common mecuure of two quantities is not altered^ 
by multiplying or dimding either of them by any quantity which 
is not a dioisor </ the other^ and which contains no factor which 
is a dUdsor of the other. 

The common measure of ab and ac is a. If either be 
multiplied by d, the common measure of o6d, and oc^ <»r of 
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§h and aci^ ia still a. On the other hand, if ab and aed are 
the given quantities, the common measure is a; and if acd 
be divided by d, tlie common measure of ab and oc is a. 

Hence in finding the common measure by division, th« 
divisor may often be rendered more simple, by dividing it by 
some quantity, which does not contain a divisor of the divi. 
dend. Or the dividend may be mulHplied by a factor, which 
does not contain a measure of the divisor. 

Ex. 1. Find the greatest common measure of 
6o«+l Icw+Sjc*, and 6o«+7a« - Sjs*. 

Dividing by 2«)4a«-{-6j^ 

Sa-fS3?)6a*4.7iw - Sa*(Sa - x 



After the first division here, the remainder is divided by 
S«, which reduces it to 2a4-3x. The division of the pre- 
ceding divisor by tliis, leaves no remainder. Therefore 2a-|- 
Sx is the common measure required. 

2. What is the greatest common measure of oe* - &*x, and 
:^+2bx+b*1 Ana. x+b. 

3. What is the greatest common measure of cx-\-sff and 
a*C'\-a*x 1 An& e^x. 

4. What is the greatest common measure of 3a^ - 24x - 9, 
and2a:»-16x-61 Ans. «»-8x-3. 

5. ^MioX is the greatest common measure of a* - h\ and 
ff-'b^af'i • Ans. a«-*«. 

6. Wliat is the greatest common measure of s*-> 1, and 
«y-fy1 Ans. «-(-l. 

7. 'What IS the greatest common measure of «*- a*, and 
x^^an 
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8. What is the greatest comnion measure of n^-ob- 2&*| 
anda*-Safr4-2A'1 

9. Wliat is the greatest common measure of of - a^f and 

10. What is the greatest common measure of <^ - ab\ and 
tf+tab+b^ J 



SECTION XVIL 

INVOLUTION AND EXPANSION OP BINOMIALS.* 

Art. 467. THE manner in which a binomial, as well as 
any other compound quantity, may be uivolved by repeated 
multiplications, has been shown in the section on powers. 
(Art. 213.) But w^hen a high power is required, the opera- 
tion becomes long and tedious. 

This has led mathematicians to seek for some general prin- 
ciple, by which the involution may be more easily and expe- 
ditiously performed. We are chiefly indebted to Sir Isaac 
Newton for the method which is now in common use. It is 
founded on what is called the Bmomal Theorem^ the inven- 
tion of which was deemed of such importance to mathemati- 
cal investigation, that it is engraved on his monument in 
Westminster Abbey 

468. If the binomial root be a^b, we may obtain, by mul- 
tiplication, the following powers. (Art.. 2 IS.) 




ora, 

360. Yince's Fluxions, Art 33. Warme's Med. Anal. p. 

Algebra, Art. 135. Do. Comp. Art 70. Lond. PhiL Trans. 1795, 1816, and 

1317. Woodhouse's Analyucal Calculation. 
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a+by=<f+2ab+b* 



6)»=a» 



Scfb+Sab^+b* 



;a+6)»= (f+5a*b+ 1 Oa'6«+ 1 0d'b*+5ab*+b% &c . 

By attending to this series of powers, we shall find, that 
the exponents preserve an invariable order through the whole. 
This will be very obvious, if we take the exponents by them- 
selves, unconnected with the letters to which they belong. 

In the square, the exponents j of 6 are o' l' 2 

In the cube, the exponents { of 6 are 0,' f ,' l] 3 

In the 4th power, the exponents 1;;?:;:^; ?; | JlS 

&c. 

Here it will be seen at once, .that the exponents of a in the 
first term, and of b in the Uisty are each equal to the index of 
the |K)wer ; and that the sum of the exponents of the two let- 
ters is in every term the same. Thus in the fourth power, 

C in the first term, is 4-|-0=4 
The sum of the exponents < in tlie second, S-|-l =4 

( in the tliird, 2+2=4,&c 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents of 6 increcue from 
0. That this will universally be the case, to whatever ex- 
tent the involution may be carried, will be evident, if we con- 
sider, that in raising from any power to the next, each term 
is multiplied both by a and by b. 

Thus (a+fc)'=rf»+2a4+6* 
Mult, by a+b 

[of a in each term. 

a'-|-2<]^6-|-afr*. Here 1 is added to the exp. 
a'b+2ab'^+b\ Here 1 is added to the 

• [exp. of 6 in each term. 

If the exponents, before the multiplication, increase and 
decrease by 1, and if the multiplication adds 1 to each, it is 
evident they must still mcrease and decrease in the some 
manner as before. 
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469. If then a-fb be/aised to n power whose exponent is ii^ 
The exp'sof a will be n, n* 1,n-2, . . . . 2, 1, 0; 
And the exp'sof & will be 0, 1, 2, • . • . n- 2, n- 1, n. 

The terms in which a power is expressed, consist of the 
Utters wiili their exponentSy and the co^JiciefUs, Setting aside 
the co-etiicients for the present, we can detemiine, from the 
preceding observations, the letters and exponents of any 
power wliaiever. 

Thus the eighth power of 04-69 when written without the 
co-efUcients, is 

fej^a'b + a!'b* + afb^+a*b' + (i^b' + a%*+ ab' + V. ' 

And the nth power of a-(-& is, 

a- + a— *6+a— «6" a'6— «+ a6"-» +b\ 

470. The number of terms is greater by 1, than tlie index 
of the power. For if the . index of the power is n, a has, in 
different terms, every index from n down to 1 ; and there is 
one additional term which contains only 6. Thus, 

The square has 3 terms, The 4th power, 5, 
The cube 4, The 5th power, 6, &c. 

471. The next step is to find the co-^fficienls. This part 
01 the subject is more complicated. 

In the series of powers at the beginning of Art. 468, the 
co-efGcients, taken separate from the letters are as follows ; 
In the square, 1, 2, 1, whose sum is 4=2* 

In the cube, 1, 3, 3, 1, 8=2» 

In the 4th power, 1, 4, 6, 4, 1, 16=2* 

In the 5th power, 1, 5, 10, 10, 5, 1, 32=2». 

The order which these co-efficients observe is not obvious, 
like that of the exponents, upon a bare inspection. But they 
will be found on examination to be all subject to the follow- 
ing law ; 

472. The co-efficient of the first terra is 1 ; that of the 
second is equal to the index of the power ; and universally, 
if the co-efficient of any term, be multiplied by the index of 
the leading quantity in that tenn, and divided by the index of 
the followhig quantity uicreased by-l, it will give the co» 
efficient of the succeeding term.* 

^ii— ^— ^— I i^^i»— — ^^— I III j^— ^^i— ^»^— — — ^— — ^» 

* See Note T. 
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Of the two letters in a term, the first is called the leadi$tg 
qimtitity, and the other the following quantity. In the ex 
amples which have been given in this section, a is the 
ieadilig quantity, and b the following quantity. 

It may frequently be convenient to represent the co-efiU 
cients in the several terms, by the capital letters, Ay Bj C, &6» 

The nth power of a-|-6, without the co-efficients, is 
a-+a— 'A+a— V+a— »6'+a— *iS &c. (Art. 469.) 

And the co-efficients are, 
•i9 =% the co-efficient of the 9econd term ; 

B ^ny^lLzly oi the ihkd term : 

C=ny^lzl x?5Z^ of the fourth term ; 

D=»X?^X^X^ of theJI/iAterm; &c. 
2 3 4 

The regular manner in which these co-efficients are de 
rived one from another, will be readily perceived. 

473. By recurring to the numbers in Art. 471, it will be 
seen, that the eo-efficients first tnereo^e, and then decrease^ al 
the same rate ; so that they are equal, in the first term and 
the last, in the second and last but one, in the third and last 
but two ; and universally, in any two terms equally distant 
from the extremes. The reason of this is, that (^a^b)* is tli€ 
same as (fr-|~^)'' ' ^^^ ^^ ^^^ order of the terms in the bino- 
mial root be changed, the whole series of terms in the oower 
will be inverted. 

It is sufficient, then, to find the co-efficients of lu^ the 
terms. These repeated will serve for the whole. 

474. In any power of (a-|-ii,) the sum of the co-efficients 
is equal to the number 3 raised to that power. See the list 
of co-efficients in Art. 471. The reason of this is, that, ac» 
cording to the rules of multiplication, when any quantity is 
involved, the letters are multiplied into each other, and the 
co^efficients into each other. Tiow the co-efficients of o-jj-^ 
beiog 14-1=^% if these be involved, a series oi the powejrt 
of 2 will be produced. 

475. The principles which have now been explained ma] 
mostly be comprised in the following general theorem, called 

a2 
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THE BINOMIAL THEOREM. 

The index of the leading quantitt of the poweb 
OF A Binomial, begins in the first term with the in* 
dex of the power, and decreases regularly bt 1. 
The index of the following quantity begins with 1 
fN the second term and increases regularly BY 1. 
(Art, 468.) 

The CO-EFFICIENT of the first term is 1 ; that 
of the second is equal to the index of the power ; 

AND universally, IF THE CO-EFFICIENT OF ANY TERM BB 
MULTIPLIED BY THE INDEX OF THE LEADING QUANTITY IH 
THAT TERM, AND DIVIDED BY THE INDEX OF THE FOLLOW- 
ING QUANTITY INCREASED BY 1, IT WILL GIVE THE CO-EF« 
PICIENT OF THE SUCCEEDING TERM. (Art. 472.) 

In algebraic characters, the theorem is 

(a+6)"=a-+nxrf'""' 6+nX— a""***, &c. 

It 18 here supposed, that the terms of the binomial have ti6 
other co-efficients or exponents than 1. Other binomials may 
be reduced to this form by subetitutioiu 

Ex. 1. What is the 6th power of a:-fy 1 

The terms without the co-efficients, are 

A ^yy ^Vf aVf ^y\ ^y »•• 
And the co-efficients, are 

. « 6x5 15x4 20x8 g | 

(hat is 1, 6, 15, 20, 15, 6, 1. 

Prefixing these to the several terms, we have the poweif 
required ; 

a*^-6a^+ 1 5ary+20ay+ 1 5Jy+6xi^+j/'. 

2. (rf+A)*=d'+5*A+10cPA*+10iPA'+5dA*+tf. 

8. What is the nth power of ft+J ' 

Ans. i-+^fr-v+j'*""y+^*"""y+^'>""y» *^c- 

That is, supplying the co-efficients which are here repre* 
sented by •«, J», C, &c. (Art. 472.) 

z 



\ 



^p 



\ 
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4. IVhat is the 5lh power of af+Sf 1 

Substituting a for x\ and b for %j\ we have 
(a+A)»= a»+5a^6+ 10a'6»+l Oa^A'+5a6*+6», 

And restoring the vahics of a and fr, 
(«*+3y«)*=ar^«+15a:»/+90Ay+270j?*2r+405:ry+24Sy'« 

5. Wliat is the sixth power of (3x-{')iy) 1 

Ans. 

729a!'+29l6:if)l+4860x*/^\^4S%(kchf^+2l60shf*+576xif' 
+64y«. 

476. A residual quantity may be involved in the sann 
manner, without any variation, except in the signs. By re 
peated multiplications, as in Art. 213, we obtain the foUow 
mg powers of (a -6.) 

[a - by=za* - 4a'b+6a*b* - 4ab^+b\ &c. 

By comparing these with the like powers of (a-f"6) in Art. 
468, it will be seen, that there is no difference except in the 
sims. There, aU the lerms are positive. Here, the terms 
which contain the odd powers of b are negative. See Ajrt. 
218. 

The sixth power of («-y) is 

a* - 6ar'w+ 1 5xy - 20a;^'-f 1 5«y - 6ay+y«. 

The nth power of (a - b) is 

a"-j2a'-*6+JSa"- «6'-Ca— 't', &c. 

477. When one of the terms of a binomial is a tmt, it is 
generally omitted in the power, except in the first or last 
term; because every power of 1 is 1, (Art. 209.) and this 
when it is a factor, has no effect upon the quantity with 
which it is connected. (Art. 90.) 

Thus the cube of (ar+ 1 ) is a^+Sa^ X 1 +Sa: X 1"+ 1\ 

Which is the same as a^-|~^^'4~^^H~l- 

The insertion of the powers of 1 is of no use, unless it 
be to preserve the exponents of both the leading and the foU 
lowing quantity in each term, for the purpose of finding the 
co-eflicients. But this will be unnecessary, if we bear in 
mind, that the sum of the two exponents, in each term» b. 



ip^ 
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equal to the index of the power. (Art. 468.) So that, if we 
have the exponent of the leading quantity, we may know 
that of the follamng quantity, and v. v. 

Ex. 1. The sixth power of (1 -y) is 

478. Prom the comparatively simple manner in which the 
power is expressed, wnen the first term of the root is a unit, 
18 suggested the expediency of reducing -other binomials to 
this form. 

The quotient of (o-f) divided by a is ( 1+^ ] > This mul 
tiplied into the divisor, is equal to the dividend ; that ia^ 
{a+x)^ax (l+*) therefore (a+«)-=rf'x l^+^f* 

By expanding the factor [l+^J > ^® have 

(a+«)-=a-X (l+?)"=erx (l+-«^+^+C^,) &c. 

479. When the index of the power to which any r'nomial 
is to be raised is a positive whole number^ the series will termi* 
note. The number of terms will be (united, as in all the 
preceding examples. 

For, as the index of the leading quantity continually de- 
creases by one, it must, in the end, become 0, and then the 
series will break off. 

Thus the 5th term of the fourth power of o4-« is x\ or 
(fx\ c^ being commonly omitted, because it is equal to 1. 
)[Art. 207.) If we attempt to continue the series fariher, the 
co-efficient of the next term, according to the rule, will be 

1 yO 

^. =0. (Art. 112.) And as the co-efficients of all suc- 
ceeding terms must depend on this, they will also be 0. 

480. If the index of the proposed power is negative^ this i 
ean never become 0, by the successive subtractions of a unit. ' 
The series will, therefore, never terminate; but like many de- 
cimal fractions, may be continued to any extent that is de- 
sired. 
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1 

Ex. Expand into a series , ^=(a4-y)"''. 

The tenns without the co-efficients, are 
a-\ o-'y, o-y, a-y, o-y, &c. 

The coefficient <rf the 2d term is - 2, of the 4thi^^-li=-4 

Of the third, Zl><z5=+S, of the 6th zi4^^=+6. 

2 4 

The series then is 

a""*-2a"''y+Sa""y-4a-y+5a~y, &c. 

Here the law of the progression is apparent ; the co-effi- 
cients increase regularly by 1, and their signs are alternately 
positive and negative. 

481. The Binomial Theorem is of great utility, not only 
in raising powers, but particularly in finding the roots of bino- 
mials. A root may be expressed in the same manner as a 
power, except that the exponent is, in the one case an mie* 
g«r, in the other a fraction. (Art. 245.) Thus (o+i)" may 
be either a power or a root. It is a power^if n=:2, but a root 
if n=:|. 

482. If a root be expanded by the binomial theorem, the 
series triU never terminate. A series produced in this way 
terminates, only when the index of the leading quantity be- 
comes equal to 0, so as to destroy the co-efficients of the suc- 
ceeding terms. (Art. 479.) But according to the theoreni, 
the ditierence in the index, between one term and the next, 
is always a unit ; and a fraction^ though it may change from 
positive to negative, cannot become exactly equal to 0, by 
successive subtractions of units. Thus, if the index in tli* 
first term be |, it will be. 

In the 2d, |-1=-.|, In the 4th -f-l = -fc 
In the 3d, -I -l=-.f. In the 5th -t-l=-f,fce. 

Ex. What is the square root of («+*) ' 
Tlie terms, without the co-efficients* are, 

aKa'^h.a^^V, a'*ft», a^h\ Sic. 

2»* 
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The co-efficient of the second term is -f^l 

of the Sd, ^4-^= " *» ^^ ^'^® ^^'"» '"»y"*=+ A. 

And the series is a'+i-a"^6 - la"* 6'+ iHa"***, &c. 

Wlien a quaniity is cx'|miided by the Binomial Theorem, 
the law of the series will frequently be more apiKirent, if tlie 
factors, by which the co-efficieuts ore formed, are kept die^ 
tinet. 

1, Expand into a series (a*+*) • 
Substituting b for a\ we have 

^=1, (Art. 472.) 

2^ 2 2^ 4 2.4 



2.4 8 2.4 6 2.4.6 

S ^-♦_ 3 ^ 6_ 3.5 



^=:74^X~:^=:r^.X -^= - 



2.4.6 4 2.4.6 8 2.4.6.8 

Restorinsr, then, the value of 6, and writing -for cr\ we have 

a 

S. Expand into a series (1^-x) . 

^S 2.4^2.4.6 2.4.6:F 
8. Expand V^ or (1+1)^. 

Ans. 1+1- JL J — 1 - ^-^ + ^•^•'^ &«. 
^2 2.4^2.4.6 2.4.6.8 '2.4.6.8.10* 

4. Expand (o+t)*, or a * x ( 1 +-) * See Art. 478. 

\ ^«a 2.4«'^ 2.4.6tf' 2.4.6.8a'' / 



\ 
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> 

5. Expand {a+b)^, or a^x (l+-)*- 

6. Expand into a series (a >- by. 

\ 4a 4.8a* 4.8.12o» 4SJ2A0S^ I 

7. Expand (a+«)"^. 8, Expand (!-«)*. 

9. Expand (l+ar)"* 10. Expand (a •+«)*** 

483. The binomial theorem may also be applied to quan- 
tities consisting of more than two Umti, By sulx^titution^ sev- 
eral terms m^ay be reduced to two, and when the compound 
expressions are restored, such of them as have exponents 
may be separately ex|)aiided. 

Ex. Wliat is the cube of o-f J+cl 

Substituting h for (64~^>) ^^ havea4-(^4~0==^4~^* 
And by the theorem, (a+A)'=a*4-Sa'A+Sa**-f.**. 
That is, restoring the value of A, 

The two last terms contain powers of (6-f -c) i but these 
may be separately involved. 

Profimcuow Exampki. 

h What is the 8th power of (a+h) 1 

Ans. a»+8fl'6+28rt*6«4.56a»fr'4-70a'V4-56<^fr i- 
28aV+8a6'+6», 

2. What is the 7th power of {a-'h)'i 

8. Expand into a series , or (1 -a)** 

1-a 
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4 Expand -JL, or Ax (« -*)"*• 



a-fr 



Ans. 






'>'(1+^ 



J"!* 



h,bk.b*h. Vh 



«iF"*^ 



+^.&c 



5. Expand into a series (ii^-f*^*) • 
Ana a+Z -i^+-l-, &c 

6. Expand into a series (a-f-y)''^ 

7. Expand into a series (c'-}-^) • 



8. Expand 



_ or i(<?+i?) 



-J 



e\ 2e*^iAe* 2.4. ec* ' 2.4.6.8c^ / 

9. Find the 5th power of (a*-)-y*.) 

10. Find the 4th power of (a+b+x.) 

11. Expand (<^-»)*. 18. Expand (1-y*)*. 
18. Eqwnd (a-«)^. 14. Expand h(tf-if)* 
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SECTION XVIIL 



EVOLUTION OF COMPOUND QUANTITIES. 

Art 484. THE roots of compound quantities may be ex* 
tracted by the following general rule : 

After arranging the tenns according to the powers of one 
of the letters, so that the highest power shall stand first, the 
next highest next, &c. 

Take the root of the first temtyfor the first term of the regutr- 
edroot: 

Subtract the power from the given quanHtyy and divide Ae 
first temi of the reniamder, by the first term of the root involved 
to the next inferior power , and mvltipUed by the index of the 
given power ;'\ the quotient toUl be the next term of the root* 

Subtract tlu power of the terms already found fiom the given 
quantity y and using the same divisory proceed as before. 

This rule verifies itself. For the root, whenever a new 
term is added to it, is involved, for the purpose of subtract- 
ing its power from the given quantity : and when the power 
is equal to this quantity, it is evident the true root is found, 

Ex. 1. Extract the cube root of 
0*, the first subtrahend* 



Stf*)* S(fy &c. the first remainder. 

rf-[-3(i*4-3a^4-a', the 2d subtrahend. 
Stf*)* * - Ga\ &c. the 2d remainder. 

a«+Sa»-Sa*- lla'+6a»+12a-8. 



t By the ^i/en power is meant a power of the same name with the rrq jired 
roou As poweiM and roots are eorrelative, any quanitty u Uie aquBra of iu 
■quare root, the cube of iu cube root, &c« 
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Here c^, the cube root of a*» is taken for the first term of 
the required root The power a* is subtracted from the given 
quantity. For a divisor, tiie first term of the root is squared, 
that is, raised to the next inferior power, and multiplied by 
S, the index of the given power. 

By this, the first term of the remainder So", &c. is divided, 
and the quotient a is added to the root. Then a*-|-^9 ^^^ 
part of the root now found, is involved to the cube, for the 
second subtrahend, which is subtracted from the whole of 
the ^iven quantity. The first term of the remainder - 6a*, 
&c. IS divided by the divisor used above, and the quotient -2 
is added to the root. Lastly the whole root is involved lo 
the cube, and the power is found to be exactly eoual to the 
given quantity. 

It is not necessary to write the remainder at length, as, in 
dividing, the first term only is wanted. 

2. Extract the fourth root of 

a*+8a»+24a'+S2a+16(a+2 
a* 



4a»)* 8(i», &c. 



a«+8a»+24a«+32a+16. 

3. What is the 5lh root of 

o»4.5o«6-|-lO<^6«+10o»6»+5a6*+5»l Ana. a+b. 

4. What is the cube root of 

o»-6a*6+ 2a6»-86»t Ana, a-fOt. 

6, IVIiat is the square root of 

4a* - l2ab+W-\-l6<di - Hbh+lSh^U - Sb+4h 
4a« 



4a)* - ISrti, &c. 
4^"- 12(i6+96» 
4a)» ♦ ♦+ 16aA,&c. 



40*- IZcA+W+Uak-tibh+lGlf. 



'^ 
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In finding the divisor here, the term Sain the root is not 
involved, because the power next below tiie square is the 
first power. 

485. But the square root is more commonly extracted by 
the following rule, which is of the same nature as that which 
is used in Arithmetic. 

After arranging the terms according to the powers of one 
of the letters, lake the root of the first term, for the first terw 
of the required root, and subtract the power from the given 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the terra lasi placed in the root, and subtract 
the product from the dividend. 

Bring down two or three additional terms and proceed 
before. 

Ex. 1. What is the square root of 

ffj^2ab+b*+2ac+2b€+if'{a+b+c. 
a\ the first subtrahend. 



2a+b)* 2ab+y 

Into 6= 2ab^b\ the second subtrahend. 



%a+2b+c) ♦ * Jac- 
into c= So^- 



2bc+<? 

^bc-^-^f the third subtrahend. 

Here it will be seen, that the several subtrahends are suc- 
cessively taken from the given quantity, till it is exhausted. 
If then, these subtrahends are together equal to the square 
of the terms placed -in the root, the root is truly assisted by 
the rule. 

The first subtrahend is the square of the first term of tlie 
root. 

The second subtrahend is the product of the second term 
of the root, into itself, and into twice the preceding tenn. 

The third subtrahend is the product of the third term 
of the root, into itself, and into twice the sum of the two pre^ 
ceding terms, &c. 

That is, the subtrahends are equal to 

a^4.(2a-f 6) xb+{2a+2b+c) xc, &c. 
and tliis expression is equal to the square of the root. 
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For (a+i)*=<^4-««6+ft«=a«+(€a+ft)xfc. (Art. 120.) 

And putting &=a-f-&> the square A'=a'4-(2«+'^)X*« 

And {a+b+cy={k+cy=h*+{2h+c)xc; 

that is, restoring the vahies of h and /i*, 

(a+6+c)*=a'+(2a+6) X*+(2a+26+c) x«. 

In the same manner, it may be proved, that, if another 
term be added to the root, the power will be increased, by 
tlie product of that term ijato itself, and into twice the sum 
of the preceding terms. 

The demonstration will be substantially the same^ if some 
of the terms be negcUive. 

2. What is the square root of 

1 - 4fc+4tf'+2» - 4by+f{l - ib+y 
1 



2 « 2ft) * - 46+4fc« 
Into-2ft=-4ft+4ft' 



2 - 4ft+y) ♦ * 2y - 4by+y* 
Into y=z 2y-4ft5f+y*, 

8. What is the square root of 
of - 2a"+Srf* - 2a'+a» ! 

4. "Wliat is the square root of 
a*-f 4a*6+46« - 4^ - 84+4 1 



Ans. a*-f2ft-2. 



486. It will frequently facilitate the extmction of roots^ 
to consider the index as composed of two or more /ocfart. 

Thus a*=a*><* (Art. 258.) And a*=a*><* That is, 

The fourth root is equal to the square root of the square 
cot; 

Tlie sixth root is equal to the square root of the cube root ; 

Tlie eighth root is equal to the square root of the fourth 
root, &c. 

To find the sixth root, therefore, we may first extract the 
cube root, and then the square root of this. 
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1 Find the square roo^of «* - 4«*+6j^- 4*4-1- 

S Find tlic cube root of x' - Cx*+ 1 5x* - 20x»+ 1 So* - 6jr+ 1. 

8 Find the square root of 4x* -4a:»+I3a;*- 6x+9. 

4. Fiud ihe fourth root of 

I6a« -96a'x+2I6aV- 216ar*+8!jr*. 

6. Find the 5th root of a!'+5**+10x»+10x*+5x+l. 
6. Fiud the sixth root of 



ROOTS OF BINOMIAL SURDS. 

486. &. It is sometimes expedient to express the Iquare 
root of a quantity of the form aj>\/6, called a binomial or re- 
sidual surd, by the sum or dil&rence of two other surds. A 
fornuila for tltis purpose may be derived from the following 
prpjKMitioiis; 

it. The square root of a whole number cannot consist of 
two pariSy one of which is raiionalj and the other a nartL 

If It be possible, let V^'='4'Vy> ^ which the part x is 
rational. * i, 

Squaring both sides, a=«*-f-2x\/y-|-y 

^m ^^ 4fpS ■ ^M 

And reducing, VV = — 5-— ^» ^ rational qtiantity ^ 

»x 

which IS contrary to the supposition. 

S. In every equation of th& form jr-{~Vy==M*V^» the ra- 
tional parts on each side are equals and also the remaining 
parts. 

If « be not equal to a, let xz=zatz. 

Then alz+VV =<H*V^* -^"^ V^=*+ VX > 
That is, \/fr consists of two parts, one of which is rational, 

and the other not ; which, according to the preceding piropo* 

sition, is impossible. 

In the same manner it may be shewn, that in the equa- 

tion, x-\/y=a-\/&, the rational parts on each side are 

equal, and also the remaining parts. 

8. If VH-V^ = *+ Vy> ^^^^ V**"V* — * - VSf- 

For, by squaring the first equation, we have 

2a 
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And b7 the last proposition^ 



By subtraction, a - \/&=^-* 2^VifH~y 
By evolution, Va->^6=« - \/Jf. 

486. e. To find, now, an expressioa for the square looC of 
binomial or residual surd. 

Let V^V^='+Vy 

Then V«-V* = * - VSf 

Squaring both sides of each, we have 

a+vfr=^+2«vy+y 

Adding the two last, and dividing, as«*-|-y 

Multiplying the two first, \/^* * 6=4^ - y 

Adding and subtracting. 



=n/^ 



a+ V«* - * 



a+V«*-*=«^ Or a: 

2 



Therefore, as V«+V*^+Vy» and \/a-V fc=g-V|^ 

Or, substituting ({ for ^t?-b, 
1. Va+V6 =vKa+rf)+vi(a-(Q 

8. V* - V* = Vi (*4-'0 - Vi (« - ^• 
Ex. 1. Find the square root of 3-|-2.^S. 

Here a=3, a*=9, <^&=SvS, 6=8, a*- 6=9 - 8=1. 
•Therefore v3+^;^=^/^+V^^=V«+l. 



I 
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2. Find the square root of 1 1+6^*- Ana. S+y/i. 

5. Find the square root of 6-2^5. Ans. ^5-1. ' 
4. Find the square root of 7+4^5. Ans. S-f v'Si 

6. Find the square root of 7 - 2i^l0. Ans. y/5 - y/i. 

These results may be verified, in each instance, by multi 
plying the root into itself, and thus re-producing the binomial 
from which it is derived. 



SECTION XIX. 



INFINITE SERIES. 

Art. 487. IT is frequently the case, that, in attempting to 
extract the root of a quantity, or to divide one quantity by 
another, we find it impossible to assign the quotient or root 
with exactness. But, by continuing the operation, one term 
afLer another may be added, so as to bring the result nearer 
and nearer to the value required. When the number of 
terms is supposed to be extended beyond any determinate 
limits the expression is called an h^imte series* Tlie quantity^ 
however, may be finite, though the number of terms be un« 
limited. 

An infinite series may appear, at first view, much less sim- ' 
pie than tlie expression from which it is derived. But tho 
former is, frequently, more within the power of calculation 
than the latter. Much of the labor and ingenuity of mathe- 
maticians has, accordingly, been employed on the subject of 
series. If it were necessary to find each of the terms by ac- 
tual calculation, the undertaking would be hopeless. But a 
few of the leading terms will, g^enerally, be sufilcient to de- 
termine the law of the progression. 
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488. AJraeHan majofl^ oe expanded into an infinite 
series, by £vidmg the mtrntrcUor by the denominatar. For the 
value of a fraction is eqyal to the quotient of the numerator 
divided by t]ie denomirUitor. (Art. 135.) When this quotient 
cannot be expressed, in a limited number of terms, it may be 
represented by an infinite series. 

Ex. To reduce the firaction to an infinite series^ 

1 -a 

1 by 1 -- a, according to the rule in Art. 4C2. 

l-a)l (1 +a+a»+ci^, &c. 

1-a 






By cmitinuing the operation, we obtain the terms 

l^-ii^a*-|-a*-|-a:'-f^+^» &c. which are suflicient to 
show that the series, after the first term, consists of the 
powers of a, ridiig regulariy one above another. 

That the Beries may converge^ that is, come nearer and 
nearer to the exact value of the fraction, it is necessary that 
the first term of the divisor be greater than the second. In 
the example just given, I must be greater than a. For at 
each step of the division, there is a remainder ; and the quo« 
tient is not complete, till this is placed over the divisor and 
annexed. Now the first remainder is a, the second a\ the 
third a', &c. If a then is greater than 1, the remainder con- 
tinually increases ; which shows, that the farther the division 
is carried, the greater is the quantity, either positive or nega- 
tive, wliich ought to be added to the quotient. The series 
is^ therefore, diverging instead of ccnverging, 

B*i. if a l>e less than 1, tiie remainders, a, a\ a', &.c. will 
contiKually decrease. For powers are raised by multipHca- 
tion ; and if the multiplier be less than a unit, the product 
will be less than the multiplicand. (Art. 90.) If a be taken 
eqiud to i, then by Art. 223, 

o«=i, rf=i, a*=i>i, a» = A, &c. 
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andwejiaye/ 

Here the two first terms =:14-i> which is less than 2, by | ; 
iht three first =:1-|-|, less than 2, by ^ t 

the fotar first = l-j-f , less than 2, by f ; 

So that the farther the series is carried, the nearer it ap- 
proaches to the value of the ^iven fraction, which is equal 
to 2. 

2. If be expanded, the series will be the same as that 

1+a ^ 

from , except that the terms which consist of the odd 

I — o 

powers of a will be negative. 

So that -JL= 1 - a+a*-- o»+a* - o^+a*, &c. 
1+a ^^ ^ ^ 

3. Reduce — i^ to an infinite series. " 

a-6 



/ \a a* or 



h^^l 



* 6A . 
— , &c. 

a 

Here h divided by a gives . for the first term of the quo* 

a 

tient (Art. 124.) This is multiplied into a - i^-and the product 

is &-— ; (Arts. 159, 158.) which subtracted from h leaves 
a 

™ This divided by a gives ^ (Art. 163.) for the second 
a a 

term of the quotient. If the operation be continued in the 

same manner, we shall obtain the series, 

in which the exponents of b and of a increase regulaiiy by 1. 



t6t 
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4. Reduce -it!? to an infiMite series. 
1 -a 

Ans, l+2a+2a«+2rf+8a*, &c. 

489. Another method of forming an infinite series is^ by 
extracting the root of a compoiincf surd. 

Ex. 1. Reduce Va^+fc' to an infinite series, by extractinff 
ine square root according to the rule in Art. 485. 



-+a 



*•+ 



4a* 






4? 



Here a the root of the first term, is taken for the first term 
of the series ; and tlte power a* is subtracted from the given 
quantity. Tlie remainder b* is divided by 2a, which gives 

— , for the second term of the root. (Art. 124.) The divi- 

2a ... 

sor, with this term added to it, is then multiplied into the 

term, and the product is ft^-f — ^. (Arts. 155, 159.) This 

subtracted from 6' leaves - — ^ which divided by 2a gives 

4a'^ 

- ly for the third term of the root.^ (Art. 163.) &c. 



2. V?:i?=a.L-i:.. 



jy^ 

2a 8a' 16a^ 



&c. 
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490. A binomial which has a negative or fractional expo- 
nenty may be expanded into an infinite series by the hmaniial 
theorem. See Arts. 480, 482, and the examples at the end 
of Sec. xvii. 



INDETERMINATE CO-EFFICIENTS. 

480. &• A fourth method of expanding an algebraic ex- 
pression, is by assuming a series, with indelerminate co-ejffi' 
dents ; and aRerwards finding the value of these co-efficients. 

If the series, to which any algebraic expression is assumed 
to be equal, be 

A+Bx+Cx'+Dx'+Esi*, &c. 

let the equation be reduced to the form in which one of the 
members is 0. (Art. 178.) Then if such va'ues be assigned 
to Jlf By C, &c. that the co-efficients of the several powers 
of X, as well as the aggregate of the terms into which x does 
not enter, shall be each eqtud to ; it is evident that the uhole 
will be enual to 0, and that, upon this condition, the equation 
is correctly stated. 

The values of .4, £, C, &c. are determined, by reducing 
the equations in which they are respectively contained. 

Ex. 1. Expand into a series 



c-^-bx 



Assume — ^=jJ+J?a?-|.C«*+I>«»+jB«*, &c. 
C'{-bx 

Then multiplying by the denominator c-|-frx, and trans- 
posing 0, we have 

0= {Ac''a)+{M+Bc)x+{Bb+Cc)x*+{Cb+Dc)3^, &c. 

Here it is evident, that if (j9c-a), {M+Bc)^ (Bb+Cc), 
*&c. be made each equal to 0, the several parts of tlie second 

member of the equation will vanish, (Art. 112,) and the 
- vfhole will be equal to 0, as it ought to be, according to the 

assumption wliich has been made. 
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Reducing the following equations. 




•fic-a=0, we 


have •a=£, 

€ 


Jlb+Bc=0, 


c 


J?fc+Ctf=0, 


€ 


C5+JDc=0, 


€ 


&c. 


&C. 



That is, each of the co-efficients, C, D, and £, is equal to 
the preceding one multiplied into - — We have therefore 



e-^x c c* {^ c* c* 

2. Expand into a series . y ,.^— ,. 

Assume -J!±*£_==wJ+J?a?+Ca;^+/)a:», &c, 
o-f-Aar+cor 

Then multiplying by the denominator of the fraction, and 
transposing fC-{-bxj we have 0=(«/9({-a)-|-(£(i-f-«i9A-6)« 
+{Cd+Bh+dcy+{Dd+Ch+Bey, &c. 

•Therefore A:=t C= - ^J' - ^^ 

a a a 

d d d d 

S. Expand into a series "*" ^ . 

Ans. l+3a;+4a;*+7a;'+llar*+18a;'+29ai«, &c. 

In which, the co-efficient of each of the powers of Xy is equal 
to the sum of the co-efficients of the two preceding terms. 



i 



4. Expand into a series 
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d 



b -oar 



6. Expand into a series "^ ' 



Ana. l+«+5a:«+13j'+41*^4.121a^+S65a«, &c 
6. Expand into a series 



Ans. l4.ap+2a^+2a:»+3*«+S«»+4x»4.4r', &c. 
7. Expand --f_ 8. Expand * "* 



9. Expand ^f+*^, , 10. Expand J+* ■ 

SUMMATION OP SERIES. 

491. Though an infinite series consists of an unlimited 
number of terms^ yet, in many cases, it is not diiRcult to find 
what is called tlie mm of the terms; that is, a quantity which 
differs less, than by any assignable quantity, from the value 
of the whole. This is also called the /tint/ of the series.—* 
Thus the decimal 0.33333, &c. may come infinitely near to 
the vulgar fraction f, but never can exceed it, nor, indeed, 
exactly equal it. See Arts. 453, 4. Therefore i is the limit 
of 0.33333, &c. that is, of the series 

m I r og I TH OU I mooa I ! Boddp » &C. 
If the number of tenns be supposed infinitely great, the 
difference between their sum and i, will be infinitely small. 

492. The sum of an infinite series whose terms decrease 
by a common divisor, may be found, by the rule for the sum 
of a series in geometrical progression. (Art. 442.) Accord- 
ing to this, iSzrIiZi!, that is, the sum of the series is found 

by multiplying the greatest term into the ratio, subtracting 
the least term, and dividing ky the ratio less 1. But, in an 
infinite series decreasing, the least term is infinitely small.-— 
It may be neglected therefore as of no comparative value. 
(Art. 456.) The formula will then become. 



i^^ r-1 
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Ex. 1 . What is the sum of the infinite series 

Here the first tenn is ^^9 ^^^ the ratio is 10 

Then S=-IL =H21j!3=:|=i, the answer. 
r-1 10-1 

S. What is the sum of the infinite series 

l+i+i+i+ A+ A+A, &c, 1 

rz 2X1 



Ans. iS=-L!_= 



=2. 



r-1 2-1 
3. What is the sum of the infinite series 

1+1+*+.-^+ A, &c. 1 Ans. J=l+i. 

49S. There are certain classes of infinite series, whose 
•urns may be found by $ubtractunu 

By the rules for the reduction and subtraction of firaction% 

1 l_S-2_ 1 
«""S 2x8 2X8* 
l_l_4-3_ 1 
8"4 3x4 3x4* 

l.l=«i:i=JL,&c. 
4 6 4x5 4x8 

If then the fractions on the right be formed into a series, 
tliey will be equal to the difference of two series formed from 
the fractions on the left. This difierence is easily found ; 
for if tlie first term be taken away from one of these two 
series, it will be equal to the other. 

Suppose we have to find the sum of the infinite series 

1.1.1.1 



■^3-4"'"4T^ 



-y &C. 



2-3 ' 3-4 • 4-5 ' 6-6 

From this, let another be derived, by removing the last 
factor from each of the denominators ; and let the sum of 
the new series be represented by jS, 



That is, let 



Then 



5=1+1+1+1, &c. 
2^3^4^5 

5-1=1+1+1+1, &c. 
2 3^4^5^6' 



And ay subtraction 1=-1-+-L+_L+-L, &c. 
^ 2 2-3^ 3-4^ 4-5^ 6-6 
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Here the new series is made one side of an equation, and 
directly under it, is written the same series, after the first 
term | is taken away. If the upper one is equal to S^ it is 
evident that the lower one must be equal to 5- ^. Then 
Bubtnicting the terms of one equation from those of the 
other, (Ax. 2,) we have the sum of tlie proposed series 
equal to J. For S - (S - J) = S - S+J =i. 

S. What is the sum of the infinite series 

Here a new series may be formed, as before, by omittmg 
the last factor in each denominator. 

Let S=l+|+|+»+^ &c. 

Then S- ^=1+1+1+1+^ &c. 
2 S^4^5^6^f 



And by subtracUon |=A^+l--f ^..+ *_+i &c 
' S 1-3 2-4 S'6 4-6 '^ 



Or ?= J_+J_+i_4- -L+J., &c. 
4 l-3^2-4^S-6^4-6^6^ 

In repeating the new series, in this case, it is necewary to 
omit the two first terms, whicli are l-|-i=}. 

3. What is the sum of the infinite series 



2-4-6 • 4-6-8 ' 6-810 * 8-1012 

Here a new series may be formed by omitting the last fac- 
tor, and retaining the two first, in each denominator* And 
we shall find 

8 2-4-6^4-6-8^6-810^81012' 

Or ^-- V ^- ^ -i- ^ J- ^ , frf- 

S2 2-4-6^4-6-8^6-810^S-1012* 



4. What is the sum of the infinite series 

* ^-i-r+^-l-T+m. «t<^-' Ana. * 



1-2-3 ' 2-3 4' 3'4'5 ' 4o-6 4 



mma 



2C8 ALGEBRA. 

493. b. Series whose sums can be determined, may also 
be found l»y the foiiowing methcNL Assume a decreasing 
series, containing ihe powers of a variable quantity x, whose 
Bum =S. Muhiply both sides of the equation, by a com- 
pound factor, in which x and some constant quantity are con* 
lained ; and give to x such a value, that the compound fac* 
tor shall be equal to 0. If one or more of the first terms be 
then transposed, these will be equal to the sum of the re* 
mauling series. 

Ex. 1. Let S=l+?+^+^+^+?!, &c 
Multiplying both sides by « - 1, we have 

^v / ^l-2^2-3^3-4^4-5^6-6' 

If we make «= 1, the first member of the equation becomes 
Sx{l- 1)=0. (Art. US.) Then transposing -1 from the 
other side, we have 

1 •T^2-3^3-4^4-5^6-6* 
2. Let Sf=I+f +!?+??+?!, &c. as before. 

Multiplying by i* - 1, we have, 

^ ' 2^1S^2-4^S^ 

Making x=l, and transposing the two first terms of the 
series, we have 

i+l=?=A.+A+^^-LA.+-i., &c. 

•2 2 lS^2 4^S-5^4-6^5-7 

8. Multiplying S:=zl+l+^+^ &c. by 2«»-Sx+l 

S 4 



4 



I 



we have 

And if « be put equal to 1, \ 

2 l-2-3^2-3-4^3-4-5 4-6-6 
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From the two last examples it will be seen, that different 
eeries may have the eisane sum. 

RECURRING SERIES. 

493. c. When a series is so constituted, tliat a certain 
number of contiguous terms, taken in any part of the series, 
have a given relation to the term inmieduitely succeeding, 
it is called a recurring series ; as any one of the following 
terms may be found, by recurring to those which precede. 

Thus in the series l+3a:+4jc'+7a;'+lla;*+18«*, &c. 

the sum of the co-efficients of any two contiguous terms^ is 
equal to the co-efficient of the following term. If the series 
be expressed b}' 

Then •4=1, the first term. £=Sar, the second, 
C=Bx+A3f^A3?^ the third, 
Dz=zCx^B3f:=zlx', the fourth, &c 

That is, each of the terms, after the second, is equal to the 
XHie mmediaJtely preceding multiplied by «, 4- ^^ ^^^ next 
preceding multiplied by x\ 

In the series l-j-2a;+3a;'+4r»+5a;*4-6a;*, &c, 
each term, after tne second, is equal to %x raultiphed by the 
term immediately preceding, -x* multiplied by the term 
next preceding. The co-efficients of x and x', that is -{-^- If 
constitute what is called the scale of relation. 

in the series l-f 4x46x*+lla:»+28a;*-f«S^, Ac, 
any three contiguous terms have a constant relation to th^ 
succeeding term. The scale of relation is 2 - l-f-3 ; so that 
each term, after the third, is equal to tx into the term imme* 
diately preceding, -> a^ into the term next preceding, 4-^ 
into the third preceding term 

Let any recurring series be expressed by 

Ji^B+C+D+E+F, &c. 

If the law of progression depends upon two contiguoiia 
terras and the scale of relation consists of two parts, m 
andn, ^ 
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Then C^Bmx-\'*9nx\ the third tenn, 
D-^Cmx-^-B^hs^y the fourth, 
JB=/>mx4-CiM:*, the fifth, 

If tlie law of progression depends on ihrtt contiguouf 
terms, and the scale of relation is m^-n-|-r, 

Then Z>=Cma:+jB»M:*-fj}ra:', the fourth term, 
JB=I>>rr-f-Cnx«+£ra:*, the fifth, 
F^Enu+Dnaf+Crx'^ the sixth, 
&c. &c. 

If the law of progression depends on mart than three terms^ 
the succeeding terms are derived from them in a similar 
manner. ' 

493. d. In any recurring series, the scale of relation^ if it 
consists of two parts, may be founds by reducing the equa- 
tions expressing the values of two of the tenns ; if it con- 
sists of three parts, k may be found by reducing the e(|uation9 
expressing the values of three terms, &c. As the scale of 
relation is the same, whatever be the value of xin the series, i 

the reduction may be rendered more simple, by making x=: 1. 

Taking then the fourth and fifth terms, in the first exam« 
pie above, and making 0;= 1, we have ^ 

£— Dnic^ > to find the values of m and n. 

These reduced, (Art. 339,) give 

DC --B E ^_ CE-^DD 

CC^BD CC^BD 

In the series ^^ B C D E F t 

in ine series ^ i^.s^^5^^7^^_9^4^_i j^^ ^^ \ 

Making ar=l, we have 

6«-3x7 5«-3x7 

Therefore, the scale of relation is 2 - 1. * 

To know whether the law of progression depends on *iw), ^ 

fAree, or more terms ; we may first make trial of two terms ; 
and if the scale of relation thus found, does not correspond i 
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with the given series, we may try three or more terms. Or 
1/ we begin with a number of terms greater than is neces- 
sary, one or more of the values found will be 0, and the 
others will constitute the true scale of relation. 

493. e. "WTien the scale of relation of a decreasing recur* 
ring series is known, the sum of the terms may be found. 

Let 5-* ^ ^ D E F 

I a+bx+ex'+dx'+ex'+fa^, &c. 

be a recurring series, of which the scale of relation is ni-f>ik 

Then ^ss the first term, Bz=i the second, 
C=Bxwar+.5xna?, the third, 
D=Cx«Mp+-Bx««*, the fourtli, 
£=jDx»m?4-Cx»w*, the fifth, 
&c. &c. 

Here mx is multiplied into every term, except the first and 
the last ; and iw* into every term except the two last. If 
the series be infinitely extended, the last terms may be neg- 
lected, as of no comparative value, (Art. 456,) and if S=s 
the sum of the terms, we have 

S=A+B+mxX{B+C+D, &c.)+n^x(^+B+C, ke.) 
But S-wa=J?+C+A &c. And S-Jl+B+C, &c. 
Therefore S-A+B+rnxxlS-- A)+nx'xS. 
Reducing this equation, we have 

cr •«-{- Jj ■— •nlmx 
I -mar-iMj'* 
Ex. 1. Wliat is the smn of the infinite series 

l+6ar+12x«4-48a:»+120a?*, &c. 1 
The scale of relation will be found to be 14-6. 
Then.;9=l, i9=6x, m=:l, ns6. 

The series therefore = — li_-. . 

2. What is the sum of the infinite series 

l4.3x+4a?+7«»+ll«*+18x»+29j;», fcc! 

Ans. ^+^^ 
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S. What is the sum of the infinite series 
l4.-r4.S«»+lS«»+41**+121«»+S65«*, &c. t 

Ans. '•* 



1 ->&r-Sa; 
4. What is the sum of the infinite series 

Ans. }+|^^'= » 
& What is the sura of the infinite series 



Ans. 



l+ar 



(l.x)« 
6. What is the simi of the infinite series 

1-a: 



Ans. 



l-3»-2jr* 



ir m the senes ^ ^ j^^^^^^^^^y^^ &c. ^ 

the scale of relation consists of three parts, m-f-ti-f-^* 

Then Jl^ the firsrt term» B=z the second, C= the thurd, 
D=:CXfi^+Bxn:^+^Xra^> the fourth, 
JBr=Dxwwp+Cxna:*4-J?Xra?, the fifth, 
jP=£xnMP+-DXiw'+Cx^«*, the sixth, 

&c. &e. 

Therefore 
5:=-fl4-J?+C+mxX(C+Z>4.JS &c.)+na*X 

(B+C+D &c.)+ra:^X(^+J?+C&c.) Tliat is, 

S=^4.jB4-C4-TOa:x('S-^--y)+nx'x('S--^)+rat'xfif 
Reducing tliis equation, we have 

1 -mx-iiar— ra* 



\ 
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Ex. 1. What is the sum of the infinite series 
in whica the scale of relation is 2 - 1+3 1 

^"^- riai+^r^ '(i-rt)»-s*» 

8. What is the sum of the infinite series 
l+x+2x»+2»»+Sa?'+3a^+4x«+4a?^ &c. 
in which the scale of relation b 1+1-11 

METHOD OP DIFFERENCES. 

493. e. In the Summation of Series, the object of inquiry 
IS not, always, to determine the value of the whole when in- 
finitely extended ; but frequently, to find the sum of a ««r- 
tain number of terms. If the series is an incretmng one, the 
sum of all the terms is infinite. But the value of a limited 
number of terms may be accurately determined. And it is 
frequently the case, that a part of a decreasing series, may 
be more easily smnmed than the whole. A moderate num- 
ber of terms at the commencement of the series, if it conver- 
ges mpidly, may be a near approximation to the amount of 
the whole, when indefinitely extended. 

One of the methods of determining the value of a limited 
nurnber of terms, depends on finding the several orders of dif^ 
ferences belonging to the series. The differences between 
the terras themselves, are called the first order of differences; 
the differences of these differences, the second order, &c. la 
the series, 

1,8,27,64,125, &c. 

by subtracting each term from the next, we obtain the first 
order of differences 

7, 19, 37,61, &c. 
and taking each of these from the next, we have the sec<»id 
order, 

12, 18, 24, &c. 

Proceeding in this manner with the series 

a, 6, c, d, c, /, &c. 

we obtain the following ranks of differences, 

24» 
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1st. Diff. 6-0, c-iy d-c, t-^iyf-t^ &c. 
M. Diff. c - 264-0, d- 2c+6, «- U^c^f^ 2e+il, &c. 
Sd. Diff. d - Sc-j-Sft - o, e - 3d+Sc - 6, /- Se-f-Sd - c, &c 
4ih. Diff. «-4d+6c-464.a,/-4«+6d-4c+6 &c. 
6th. Diff. /- 6«4- 1 Od - 1 Oc-)-^56 - o, &c. 

In these expressioils, each difference, here pointed off by 
commas, though a compound (quantity, is called a term. Thus 
the first term in the first rank is 6 - a ; in the second, c - 26-[-a; 
in the third, d-3c4-36-o; &c. The first ienMy in the 
several orders, are those which are principally employed, in 
investigating and applpng the method of differences. It will 
be seen, that in the preceding scheme of the successive dif- 
ferences, the co-efficierUs of the first term. 

In the second rank, are 1, 2, 1 ; 
In the third, 1, 3, 3, 1 ; 

In the fourth, 1, 4, 6, 4, 1 ; 

In the fifth, 1, 5, 10, 10, 5, 1; 

Which are the same, as the co-efficients in the powers ofbi* 
nomials. (Art. 471.) Therefore, the co-efficients of the first 
term in the nth order of differences, (Art. 472,) are 

i,«,«x^«x!L2lx!iz2,&c. 

493. / For the purpose of obtaining a general expression 
for any term of the series a, 6, c, d, &c. let D\ iy\ iy'\ iy"\ 
&c. represent the first termsy in the first, second, third, fourth, 
&c« orders of differences. 

Then ly =6-0, 

I>''=c-26+o, 
I>^''=d-3c+36-o, 
I>''''=e-.4d4.6c-46+a, 
&c. &c. 

Transposing and reducing these, we obtain the following 
expressions for the terms of the original series, o, 6, c, d, &C. 

The second tenn 6=a4--D'> 

Tlie third, c=o+2J9'+l>'', 

The fourth d:=a+SD'+Siy'+iy'\ 

The fifth, e=:za+4iy+ejy'+4D'''+iy''\ 
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Here the co-efficients observe the same law, as in the pow^ 
ers of a binomial; with this difference, that the co-efficients 
of the nth term of the series, are the co-efficients of the 
(n- l)th power of a binomial. 

Thus the co-efficients of the fifth term are 1, 4, 6, 4> 1 ; 
which are the same as the co-efficients of the fourth power 
of a binomial. Substituting, then, n - 1 forn, in the formula 
for the co-efficients of an involved binomial, (Art. 472,) and 
applying the co-efficients thus obtained to 2)', JD'^ D'^\ iy^^\ 
&c. as in the preceding equations, we have the following gen- 
eral expression, for the nth term of the series, a, 6, c, d, &c« 

The nth term 
=a+(»-l)iy+(»-l)!^22y'+«-l!^X~J5^ &c. 

"WTien the differences, after a few of the first orders, beconrje 
0, any term of the series is easily found. 

Ex. 1. What is the nth term of the series 1, 3, 6, 10, 15, 211 
Proposed series 1, 3, 6, 10, 15, 21, &c. 
First order of diff. 2, 3, 4, 5, 6, &c. 
Second do 1, 1, 1, 1, &c. 

Third da 0, 0, 0, 

Herea=l, iy=2, I>"=1, 2y''=0. 

Therefore the nth term =l4-(n-l)2-fn-l^ill?. 

The20th term =l-|-38+171=210. The50th = 1275. 

2. What is the 20th term of the series V, 2\ S\ 4», 6% &c. 1 
Proposed series 1, 8, 27, 64, 125, &c. 
First order of diff. 7, 19, 37, 61, &c. 
Second do. 12, 18, 24, &c. 

Third do. 6, 6, &c. 

Hereiy=7, J3!;^=12, iy''=:6. 
Therefore the 20th term =8000. 

S. What is the 12th term of the series 2, 6, 12, 20, 30, &c.t 

Ans. 156. 

4 What is the 15th term of the series 1% 2% S\ 4\ 5\ 6% &c^1 

Ans. 225. 



^ ^.\ 
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493. g To obtain an exprenrion for the sum of any mnnber 
of terms of a series a, 6, c, <1» &c. let one, two, three, &c. terms 
be successively added together, so as to form anew striet. 

Taking the differences in this, we have 

Ist DifT. 0, 6, Cy d^ e, f, &c. 
Sd Diff. 6-a,c-6, rf-c, e-rf,/-€, &c. 
Sd Diff. e - 264-a, d - 2c-f 6, e - 2d-f c, /- 2«+il, &c. 
4th Diff d-3c-f36-a,e-8d-f3c-6,/-3«+8d-c, &c. 

&c. &c. 

Here it will be observed that the second rank of differences 
in the new series, is the same asthejfirsi rank in the Grigmal 
series a, 6, c,(2, e, &c. and generally, that the (n-f-l)th rank 
in the new series is the same as the nth rank in the original 
series. If, as before, D^= the first term of the first differen* 
ces in the original series, and d^= the first term of the first 
diSerences in the new series ; 

Then (f=a, df'=:jyy ef'^V^ &'"^iy''yhz. 

Taking now the formula (Art. 493./.) 

o+(n-i)iy+(n-i)!iz«iy/+(»-i):iz!x!iJ^"+&3. 

which is a general expression for the nth terra of a series in 
which the first term is a ; applying it to the new series, in 
which the first term is 0, and substituting n-|-l for n, we have 

^ % ^23 ^334 ^ 

[&c. 

'Which is a general expression for the (n4-l)th term of the 
aeries 

0, a, a-y^hy a4-&+^> a^h^cJ^dy &c. 

or the nth term of the series 

a, a-f-^y c^h'\'Cy a-f-b+^H"^ ^^* 
But the nth term of the tatter series, is evidently the mm 
of n terms of the series, a, 6, c, d, &c. Therefore (Ae 



I 

N 



i 
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general expresHon far the sum of n terms of a series of Vfhkh a 
ts the first term, is 

[4.&C. 

Ex. 1. What is tlie sum of n tenns of the series of odd 
mmbers, 1, 3, 6, 7, 9, &c.1 

Series proposed 1> 3, 5, 7, 9, &c. 

First order of diff 2, 2, 2, 2, &c. 

Second do. 0, 0, 0, 

Herea=l, 1^=2, iy'=0. 

n— 1 

rhereibre the sum of n- terms =:n4-n "" x8=wF. 

^2 

That is, the sum of the terms is equal to the square of the 

mmber of terms. See Art. 431. 

2. What is the sum of n terms of the series 

1», 2*, 3*, 4% 6*, &c. 1 
y. Herea=:I, 2^=3, iy'=2, IT'^zzzO. 

Therefore n terms =i(2n»+3n«+n)x=in(n4.1) x(2»4-l). 
Thus the sum of 20 terms =2870. 

3. What is the sum of n terms of the series 

J, i\ S\ 4\ &C.1 
Herea=l, 1>'=7, D'^=12, I^'^G, iy'''^(k 



Therefore n terms =4(n*+2n'4-n«) = (inx»4-^)** 
Thus the sum of 50 terms =1625625. 

4. What is the sum of n terms of the series 

2, 6, 12, 20, 30, &c. 1 

Ans. in(n+l)x(«+2.) 

5. What is the sum of 20 terms of the series 

1,3,6, 10, 15,&c.? 

6 What is the sum of 12 terms of the series 

l\ 2\ 3*, 4^ 5\ &C.1 * 



^■^NTW" 



* See Note U. 
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SECTION 



COMPOSITION AND RESOLUTION OF THE HIGHER 

EQUATIONS. 



Art. 494. EQUATIONS of any degree may be produced 
from simple equations, by multiplication. The manner in 
which they are compounded will be best understood, by 
taking them in that state in which they are all brought on 
one side l)y transposition. (Art. 178.) It will also be neces- 
sary to assign, to the same letter, diifferent values, in the 
difTereut smiple equations. 



Suppose, that in one equation, «=z2 ) 
And, that iu another, a?=:d > 

By transposition, x - 2 =0 

And «-3=:0 



Multiplying them together, a^ - &r4-6=r0 
Next, suppose a? - 4 = 

And multipl)ring, 3^ - 9a:"-f 26a: - 24=0 

Again suppose, jt - 5 = 

And mult; as before, **- Hr'+Tla;'- 164«+ 120=0, &c. 

Collecting together the products, we have 
(r- 2)(ar - 3) =«•- 5a:+6=0 

(r-2)(x-S)(r-4) =ar»-9«'+26a:-24=0 
(r-2) («-8) (ar-4) (x- 5) =«*- 14a:»4.7la;«- 1 54x+ 120=0 &c 
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That is, the product 

of two simple equcations, is a quadratic equation ; 
of tfuree siuiple equations, is a ctMc equation ; 
of four simple equations, is a btquadraJtic^ or an equa 
lion ot* the fourth degree, &c. (Art. 300.) 

Or a cubic equation may be considered as the product of & 
quadratic and a simple equation ; a biquadratic, as the 
product of two quadratic ; or of a cubic and a simple equa- 
tion, &c. 

495. In each case, the exponent of the unknown quantity, 
in the first term, is equal to the degree of the equation ; and, 
in the succeeding terms, it decreases regularly by 1, like the 
exponent of the leading quantity in the power of a binomial. 
(Art. 468.) 

In a quadratic equation, the exponents are 2, 1. 

In a cubic equation, 3, 2, 1. 

In a biquadratic, 4, 3, 2, 1, &c. 

496. The number of terms, is greater by 1, than the degree 
of the . equation, or the number of simple equations from 
which it is produced. For besides the terms which contain 
the different powers of the unknown quantity, there is one 
which consists of knovm quantities only. The equation is 
here supposed to be complete. But if there are in the partial 
products, terms which balance each other, these may disap^ 
pear in the result. (Art. 110.) 

497. Each of the values of the unknown quantity is cal- 
led a root of the equation. 

Thus, in the example above. 

The roots of the quadratic equation are 3, 2, 

of the cubic equation 4, 3, 2, 

of the biquadratic 5, 4, 3, 2. 

The term root is not to be understood in the same sense 
iiere, as in the preceding sections. The root of an equation 
is not a quantity which multiplied into itself will produce the 
equation. It is one of the values of the unknown quantity; 
and when its sign is changed by trans|X)sition, it is a tenn in 
one of the binomial factors which enter into the composition 
of the equation of which it is a root. 
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The value of the unknown letter x, in the equation, is a 
quantity which may be substituted for x, without atfecting 
the equality of the members. In the equations whicii we 
are now considering, each member is equal to ; and the 
first is the product of several £Qu:tors. This product will con* 
tinue lo be equal to 0, as long as any one of its factors is 0. 
(Art. 112.) If then in the equation 

(«-2)X(«-3)x(x-4)-(«-5)=0, 
we substitute 2 for x, in the first factor, we have 
Ox(x-3)x(a:-4)-(«-5)=a 

So, if we substitute 3 for Xy in the second factor, or 4 in 
the third, or 5 in the fourth, the whole product will still be 0. 
This will also be the case, when the product is formed by an 
actual multiplication of the several factors into each other. 

Thus, as x* - 9a;»-f «6x- 24=0 ; (Art. 494. 
So 2» - 9 X 2«-f 26 X 2 - 24=0, 
And3»-9xS*+26xS-24=0, &c. 

Either of these values of x, therefore, will satisfy the con- 
ditions of the equation. 

498. The number of roots, then, which belong to an equa^ 
tion, is equal to the degree of the equation. 

Thus, a quadratic equation has two roots ; 
a cubic equation, three ; 
a biquadratic, /otir, &c. 

Some of these roots, however, may be tmagmary. For an 
imaginary expression may be one of the factors from wliich 
the equation is derived. 

499. The resohtXiim of equations, which consists in finding 
their roots^ cannot be well understood, without bringing into 
view a number of principles, derived from the manner in 
which the equations are compounded. The laws by which 
the co^fficierUs are governed, may be seen, from the follow.iug 
view of the multiplication of the factors 

« — a, a; — 6, a; — c, « — d, 

each of which is supposed equal to 0. 

The several co-efficients of the same power of x, are pla^ 
ced tinder each other. 
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Thus, -a« - io: is written I? ( * > wid the other co-effi 

cients in the same manner. 

The product,, then 

Of («-a)=0 
Into (OP- 6) =0 

»« ^Zt I ^+«*=0, a quadratic equation. 
This into a; -c=0 




x^abc=zO^ a cubic equation. 



Isa^ 



abc 

acd ^ *+^^^=^> * l^^^Muiratic, 

bed 

&c. 



500. By attending to these equations, it will be seen that. 

In the first term of each, the co-efBcient of jp is 1 : 

In the second term, the co-efficient is the sum of all the 

roots of the equation, with contrary signs. Thus the roots 

of the quadratic equation are a and by and the co-efficients^ 

in the second term, are - a and - fr. 

In the third term, the co-efficient of x, is the sum of all 
the products which can be made, by multiplying together 
any two of the roots. Thus, in the cubic equation, as the 
roots are a, 6, and c, the co-efficients, in the third term, are 
a6, oe, be. 

In the fourth term the co-efficient of x is the sum of all 
the products which can be made, by multiplying together 
any three of the roots after their signs are changra. Thus 
the roots of the biquadratic equation ^re a, fc, c, and d, and 
the co-efficients in the fourth term are - a6c, - obd, - ac(^ 
-frcd. 

The last term is the product formed from ofi the roots of 
the equation after the sigite are changed. 
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in the cubic equaticm, it is-ax-^X-c^^-Ai^ 
111 the biquadratic, -aX-^X-^X -^ d=-{-abcd^ &c« 

501. In the preceding examples, the roots are all posUhei 
The signs are changed by tnusspoeitian, and when the seve- 
ral factors are multiplied together, the terms in the product, 
as in the power of a residual quantity, (Art. 476,) are alter- 
nately positive and negative. But if the roots are all negH" 
twey they become positive by transposition, and aU the terms 
in the product must be positive. T*hus if the several values 
of X are - a, - ft, - c, - d, then 

x4.a=0, x4-fc=0, ar-|-c=0, a:-f.d=0; 

and by multiplying these together. We shall obtain the same 
equations as before, except that the signs of all the ierms 
will be positive. In other cases, some of the roots may be 
positive, and some of them negative. 

502. As equations are raised, from a lower degree to a 
higher, by multiplication, so they may be depressedj from a 
higher degree to a lower, by dmsion. The product of (x - a) 
into (x - 6) is a quadratic equation ; this into (x - e) is a 
cubic equation ; and this into (x - d) is a biquadratic. (Art. 
494.) If we reverse this process, and divide the biquadratic 
by (x-d), the quotient, it is evident, will be a cubic equa- 
tion; and if we divide this by (x-c) the quotient will be 
quadratic, &c. The divisor is one of the factors from which 
the equation is produced ; that is, it is a binomial consisting 
of X and one of the roots with its sign changed. Wheup 
therefore, we have found either of the roots, we may divide 
by this, connected with the unknown quantity, which wiU 
reduce the equation to the next inferior degree. 

RESOLUTION OP EQUATIONS. 

503. Various methods have been devised for the rtsoluium 
of the higher equations ; but many of them are intricate and 
tedious, and others are applicable to particular cases only. 
The roots of numerical equations may be found, however, 
with sufficient exactness by successive approximaHana. From 
the laws of the co-efficients, as stated in Art. 500, a general 
estimate may be formed of the values of the roots. They 
must be such, that, when their signs are changed, their 
product shall be equal to the last term of the equation, and 
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their sum equal to the co-efficient of the second term. A tnal 
may- then be made, by substituting, in the place of the un- 
known letter, its supposed value. If this proves to be too 
tsonall or too great, it may be increased or diminished, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values, and calculated the errors 
which result from them, we may obtain a more exact cor- 
rection of the root, by the following proportion. 

Jls the difference of the errors^ to the difference of the msumtd 
numbers ; 

So is the least error^ to the correction required, in the correS" 
wmding assumed number. 

This is founded on the supposition,. that the errors in the 
esuUs are proportioned to the errors in the assumed numbers 

Let JV* and n be the assumed numbers ; 

jS and Sy the errors of these numbers ; 

R and r, the enors in the results. 

Then by the supposition R:r:: S :s 

And subt. the consequents (Art. 389.) JR-r: S-'Siir: s. 

But the difference of the assumed numbers is the same, 
as the difference of their errors. If for instance, the true 
number is 10, and the assumed numbers 12 and 15, the er- 
rors are 2 and 5 ; and the difference between 2 and 5 ia the 
same as between 12 and 15. Substituting, then, ^—n for 
<S - «, we have jR - r : JV*- n r : r : 5, which is the proportion 
stated above. 

The term difference is to be understood here, as it is com^ 
monly used in algebra, to express the result of subtraction 
according to the general rule. (Art. 82.) In this sense, the 
difference of two numbers, <me of which is positive and the 
other negative, is the same as their sum would be, if their 
signs were alike. (Art. 85.) 

The supposition which is made the foundation of the rule 
for finding the true value of the root of an equation, is not 
strictly correct. The errors in the results are not exactly 
proportioned to the errors in the assumed numbers. But 
as a greater error in the assumed number, will generally lead 
to a greater error in the result, than a less one, the rule will 
answer the purpose of approximation. If the value which is 
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first found, is not sufficiently correct, this maybe taken as one 
of the numbers for a second trial ; and the process may be 
repeated till the error is diminished as much as is required. 
There will generally be an advantage in assuming two num- 
bers whose difference is .1, or .01, or .001, &c. 

Ex* 1. Find the value of ar, in the cubic equation. 

Here as the signs of the terms are alternately positive and 
negative, the roots must be all positive ; (Art. 501.) their 
product must be 10 and their sum 8. 

Let it be supposed that one of them is 5*1 or 5*2. Then, 
substituting these numbers for x, in the given equation, we 
have, 

Bythelstsuppos*n,(51)»-8x(5-l)»4-17x(51H0«l-271. 
By the second (5-2)*-8x(5-2)»+17x(5-2)- 10=2-688. 
That is, By the first supposition. By the second supposition. 

The 1st term, :c*= 132*651 140*608 

The 2d - 8«»= - 208-08 - 21 6-32 
The 3d 17a:= 86.7 88*4 

The 4th -10=- 10. - 10- 



Sums or errors, 4-1*271 4-2*688 

Subtracting one from the other, 1*271 

Their difference is 1 -4 1 7 

Then stating the proportion 
1*4 : 0*1 : : 1*27 : 0*09, the correction to be sub- 
tracted firom the fiist assumed number 5*1 : The remainder 
m 5*01, which is a near value of «. 

To correct this farther, assume rr=5*01, or 5*02. 

By the first sufqposition. By the second 8U][qposition.' 

riie Ist term si^=: 125*751 126*506 

The 2d - 8a;»= - 200*8 - 20f*6 

The 3d 17ar = 85*17 85*34 

The 4th -10 = - 10- -10. 



Errors 4- 0*121 4. 0*246 

0-121 



Difference 0*125 
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Tlien 0-125 : 0*1 : : 0121 : 001, the correclion. This 
subtracted from 5*01, leaves 5 for the value of x; which will 
be found, on trial, to satisfy the conditions of the equation. 

For 6»-8x5*+17x6-10=0. 

We have thus obtained one of the three roots. To find 
the other two, let the equation be divided by a;-5, acccM-ding 
to Art 462, and it will be depressed to the.next inferior de- 
gree. (Art. 602.) 

;,. - 5)ar» - 8««+ 1 7« - 1 0(«« - 3a:+2 == 0. 

Here, the equation becomes quadratic. * 
By transposition, op* - 3dPs= - 2» 

Completing the square, (Art. 305.) «*-8ar4-f=i-2=l* 
Extract, and transp. (Art. 303,) a?=3±Vi=iii- 
The first of these vahies of :r, is 2, and the other !• 

We have now found the three roots of the proposed equa- 
tion. YHien their signs are changed, their sum* is -8, the 
co-efficient of the second term, and their product -"10, the 
last term. 

2. What are the roots of the equation 

x^^Sx'+Ax+AS^zOI Ans. -2,+4,-f6. 

3. What are the roots of the equation 

a;3 _ ie3^^e5x - 50=0 ] Ans. 1, 5, la 

4. What are the roots of the equation 

af84.2a;»^ 33a?z=90 ? Ans. 6, - 5, - 3 

5. What is a near value of one of the roots of the equation 

«»4-9a:*-f4a:=801 

6. What is a near value of one of the roots of the equation 

:r>+x»+ar=100l 

503. 6. Another method of approximating to the roots of 
numerical equations, is that of Newton, by successive subsd^ 
hUions. 

. Let r be put for a number found by trial to be nearly equal 
to the root required, and let z denote the difference between f 
and the true root x. Then in the given equation, substitute 
rtz for X, and reject the terms which contain the powers of «. 
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This will reduce the equation to a simple one. And if z 
be less than a unit, its powers will be still less, and therefore 
the error occasioned by the rejection of the terms in which 
they are contained, will be comparatively small. If the 
value of Zf as found by the reduction of the new equation, 
be added to or subtracted from r, according as the latter is 
found by trial be too great or too small, the assumed root will 
be once corrected. 

By repeating the process, and substituting the corrected 
value of r, for its assumed value, we may come nearer and 
nearer to the root required. 

Ex. 1. Find one of the values of rr, in the equation 

a;»-16a:»4-66x=60. 

Letr-zrrar. 

Then ] - 16a?= - 16(r-«)'= - 16f^4-32rr-16jr« 
( 65*^ 65(r-2;) = 65r -65z 

Rejecting the terms which contain a? and ^r", we have 
e - 1 6f*+65r - Sr»z+S2rz - 66z= 6a 

This reduced gives 

-3»* 4.32r-65 
If r be assumed =11, then z= — =0*8 neaily. 

and af=r-r nearly =11 -0'8=10*2. 

To obtain a nearer approximation to the root, let the cor- 
rected value of 10-2 be now substituted for r, in the preceding 
equation, instead of the assumed value 1 1 , and we shall have 

;r=-188 a:=r-2r=10-012. 

For a (fctrd approximation, let r=10012, and we have 
z=*012 ar=r-ar=10. 

2. What is a near value of one of the roots of the equation 
a»^ 1 0r»+5a:= 2600 1 Ans. 1 1 -0067. 

8. Wliat are the roots of the equation 

«»+2a?-llx=12t 



EQUATIONS. 287 

4 Wliat are the roots of the equation 

50S.C. An equation of the mth degree consists of o^, the 

several inferior powers of x with their co-efficients, and one 

term in which x is not contained. If .^S, jB, C, . . • • T, be 

put for the several co-efficients, and U for the last term, 

then a;*4.w9af»-»+J5ar-«4.Cjr-» +Tx-\-U=iO^ 

will be a general expression for an equation of any degree. 

« 

Ifo, ft, c, &c. be roots of any equation, that is, such quan* 
tities as may be substituted for x ; (Art. 497.) it may h% 
shown, without reference to the method of produc;ing the 
equation by multiplication^ that the first member is exactly 
divis^k by x-a, X - 6, ap - c, &c. 

For by substituting a for or, we have 

ar4.^a'-*+jBa"'-«4-C(r-» \-Ta+U:=0. 

Ana transposing terms, 

V=: - or -wSflT-' - Bif"'^-' Car--* ^Ta. 



Substituting this value for (7, in the original equation. 



Or, uniting the corresponding terms, 

(Car- »- Ca"-») . . . ^ + r(a?-a)=0. 

In this expression, each of the quantities (a^-af"), 
(jJx*"* -•fla"""'), &c. is divisible by «- a; (Art. 466.) there- 
fore the whole is divisible by a? - a. 

In the same manner it may be shown, that the equation is 
divisible by a: - 6, a? - c, &c. 

503.ci. The quotient produced by dividing the original 
equation by a? - a, is eviaently equal to th^ aggregate of the 
particular quotients arising from the division of the several 
quantities (i^-a"»), («'"-'-a— 0, &c. 

The quotient of {txT" a'")-^(a?- o), (Art. 466) is 

The quotient of Jl {sT"^ -a"" 0-T-(a?-a) is 
jjx— «+jJaa;*"'+jiIaV-* . . . +^cr-* 
&c. &c 
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Collecting these particular quotients together, and |dacing 
imder each other the co^fBcieiits of the same power of x, we 
hare the following expression for the quotient of 

«"-Mj("-'+5a?— •+Cjr-» .... -{-Tx-^U 

diTidedby«-a. 

+P ) +Ba i +B<r-* 



The quotient of the same equaticm divided by a; - 6, is 

.+ 6— « 

—BIT-* 

-I-C6— ♦ 



+B ) +Bb 
IL 4-C 



k— 4 



• • 



The quotient from dividiog by x - e, is 

III. 



:^-+c, \ ^_rf e! 




• • • 



— « 



+T. 



+Cir-« 



• • • 



+T. 



In the same manner may be found the quotients produced 
by introducing successively into the divisor the several roots 
of the equation ; which are equal in number to m. 

503.e. From the known relations between the roots and 
the co-efficients of equations, as stated in Art. 5OO9 Newton 
has derived a method of determining the co-efficients, from 
the mm of the roots, the sum of their squares^ the sum of 
their ciibes^ &c., though the roots themselves are unknown ; 
and 3n the other hand of determining from the co-efficients, 
the sum y[ the roots, the sum of their squares, the sum of 
their cubes, &c. For this purpose, the following plan of no- 
tation is adopted. Si is put for the sum of the roots, Sa for 
the sum of their squares^ S^ for the sum of their cubes, ^c. 
If the roots are a, 6, c» (2, . . {, then 
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St =a"+6^+c«+d« f^P 

&c. &c. 

By means of this notation, we obtain the following expres 
sion for the sum of all the quotients marked I, 11, 111, &c 
(Art. SOS.d.) and continued till their number is equal to m. 




+mT. 



In the original equation, 

«-+Jar-»+J5j^-«+Car-« . . . +Tx+U==Oy 

the co-efficients, •/}, B, C, &c. have determinate relations to 
the sum and products of the roots,^ a, 6, c, &c. (Art. 500.) 
But the quotient marked I, (Art. 503. d.) produced by divid- 
in^ by x^Oy is the first member of an eqyation of the next 
vnjeriar degree^ (Art. 502.) from which the root a is excluded. 
So b is excluded fi-om the quotient II, c from the quotient III, 
&c. In the expression above marked F, which is the sum 
of m quotients, the co-efficient of x in the second term is 
Si -f-nLd. But wS, which is the co-efi|cient of « in the second 
term of the original equation, is equal to the sum of the 
roots 0, 6, c, &c. with contrary signs ; (Art. 500.) that is 
<Si = -A Therefore, 

. iSj-fmw2=(m-l)w9. 

In the third term of the original equation, B the co-effi- 
cient of X, is equal to the sum of all the products which can 
be made by multipljring together any two of the roots. (Art. 
500.) But each of these products will be excluded fi'om 
two of the quotients, I, II, III, &c. For instance, oA will not 
be found in the first, from which a is excluded, nor in the 
second, firom which b is excluded. Therefore in the expres- 
sion Yy the co-efficient of x in the third term is equal to 
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ml?- Soft - Sac -Soilyltc. Bot-Sofr, - Sac, - 2ai, &c. = - 
SjB. So that 

In the /ourtA term of the original equation, C the co-effi- 
cient of Xy is equal to the sum of all the products which can 
be made by multiplying together any three of the roc^ after 
their signs are changed. But each of these products will be 
excluded from three of the quotients, I, II, Hi, &c. So that, 
in the expression F, the co-efficient of x in the fourth term, 
is equal to mC - Soiio - Sofrct, &c. That is, 

Sg+JlSr+SSi+mC^z (m - 8) C. 

In the same manner, the values of the co-efficients of x in 
succeeding terms may be found ; the number of the co-effi- 
cients being one less than the number of roots in the equation* 

Collecting these results, we have 






iS,+mjJ=(m-l)jJ, 



JBiS,+mC=(m.-$)C, 
Sr-\'^Sr\'BSt+ CSi+mD^ (i»- 4)2), 
&c. &c. 

Transposing and uniting termis, 

I. iS,+w9=0, 



04-|-«4og-[-J5<Sj 



CSi+4I>=0, 



&c. &c. 

Substituting for Si^ 89, St^ &c. their values, and reducing, 
11. «,= -•«, 

S,= j*-4ja«^+4^C+SB»-4A 
&c. &c. 

We have here obtained symmetrical expressions for the 
sum of the roots of an equation, the sum of their squares^ 
the sum of their cubes, &c. in terms of the co-efficienta. 



By transposing the terms m the expressiorui marked I, we 
have the following values of •$, Bi U, &c^ 

IIL w9=-iSf» 

Z>= - ilcS^+BSA^JlSri-S,) 

By which the co-efficietUs of an equation may be found, 
from the sum of its roots, the sum of their squares, the sum 
of their cubes, &c. 

Ex. 1. Required the sum of the roots, the sum of theii 
squares, and the sum of their cubes, in the equation 

ar* - 10ar»+S&»«- 50ar - 24:=0. 

Here./9= - 10. J?r=S5. Cs= -50. 

Therefore 5i=:10^ 

S»=:10«-(2x35)=80. 

S8=10»+(3x - 10x35) - (3x - 60)=:100. 

2. Required the terms of the biquadratic equation in which 
^,=1, S'a=39, Si=z^89^ and tlie product of all the root^v 
after their signs are changed is - 30. 

Ans. x^-a:'- 19«»+49a?-S0=0.« 
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SECTION XXL 



APPLICATION OP ALGEBRA TO GEOMETRY.* 

Art. 504. It is often expedient to make use of the alge- 
Draic notation, for expressing th^ relations of geometrical 
quantities, and to throw the several steps in a demonstration 
into the form of equations. By this, the nature of the reason- 
ing is not altered. It is only translated into a different hm^ 
guage. Signs are substituted for toordsy but they are intend- 
ed to convey the same meaning. A great part of the de- 
monstrations in Euclid, really consist of a series of equa- 
tions, though they may not be presented to us under the al- 
gebraic forms. Thus the proposition, that the .sum of the 
three angles of a triangle is equal to two right angles^ (Euc. 32. 
1.) may be demonstrated, either in common language, or by 
means of the signs used in Algebra. 

Let the side AB^ of the triangle ABCy (Fig. 1.) be con- 
tinued to D; let the line BE he parallel to AC; and let 
GHI be a right angle. 

The demonstration, in words, is as follows : 

1. The angle EBD is equal to the angle BAC^ (Euc. 29. 1.) 

2. The angle CBE is equal to the angle ACB. 

S. Therefore, the angle EBD added to CBE^ that is, the 
angle CBD, is equal to BAC added to ACB. 

4. If to these equals, we add the angle ABC^ the ande CBD 
added to ABC, is equal to BAC added to ACB and 
ABC. 



* This and the fdlowjng section are to be read tfi«t the Eteaeiits ot 
Geometry. 
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6. But CBD added to JlBC, is equal to twice GHI^ that is, 
to two right angles. (Euc. 13. 1.) 

6. Therefore, the angles BAC, and ACB, and ABCy are to- 
gether equal tQ twice OHI^ or two right angles. 

Now by substituting the sign +, for the word added^ or 
andy and the character =, for the word equals we shall have 
the same demonstration in the following form. 

1. By Euclid 29. 1. EBD=BAC 

2. And CBE=ACB 

8. Add the two equations EBD+CBE=:BAC+JtCB 
4. Add ABC to both sides CBD+ABC=:zBAC+ACB+ 

ABC 
6. But by Euclid 13. 1. CBD+ABC=2GHI 

6. Make the 4th & 6th equal BAC+ACB+ABC=2GHL 

By comparing, one by one, the steps of these two demon- 
strations, it will be seen, that they are precisely the same, ex- 
cept that they are differently expressed. The algebraic mode 
has often the advantage, not only in being more concise than 
the other, but in exhibiting th^ or(2er of the quantities more 
distinctly to the eye. Thus, in the fourth and fifth steps of 
the preceding ^example, as the parts to be comparea are 
placed one under the other, it is seen, at once, what must be 
the new equation derived from these two. This regular ar- 
rangement is very important, when the demonstration of a 
theorem, or the resolution of a problem, is unusually complin 
cated. In ordinary language, the numerous relations of the 
quantities, require a series of explanations to make them un- 
derstood ; wbale by the algebraic notation, the whole may be 
placed distinctly before us, at a single view. The disposi- 
tion of the men on a chess-board, or the situation of the ob- 
jects in a landscape, may be better comprehended, by a 
glance of the eye, than by the most laboured description in 
words. 

505. It will be observed, that the notation m ttie example 
just given, differs, in one respect, from that which i. general- 
ly used in algebra. Each quantity is represented, not by a 
9mgle letter^ but by several. In common algebra when one 
letter stands immediately before another, as afr, without any 
character between them, they are to be considered as mtiftl- 
plied together. 
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But in geometry, AB is an expresEdonfcNr a wigU Kne, and 
not for the product of A into B. Multiplication is denoted, 
cither by a point or by the character X* The product of 
AB into CD, is JlBCD, or ABxCD. 

506. There is no impropriety, however, in representing a 
geometrical quantity by a single letter. We may make i 
stand for a line or an angle, as well as for a number. 

If, in the example above, we put the angle 

EBD=:ay ACB=zd, JiBC=:h, 

BAC^b, CBD=zg, GHI^l; 

CBEz=zc^ 

the demonstration will stand thus ; 

U By Euclid, 29. 1. a=:b 

2. And c:=zd 

3. Adding the two equations, a-|-c=g=64~' 

4. Adding h to both sides, g-^-h^b-^-d+h 

5. By EucUd 13. 1. g+h=zfU 

6. Making the 4th and 5tk equal, b+d+h=SL 

This notation is, apparently, more simple than the other ; 
but it deprives us of what is of great importance in geometri- 
cal demonstrations, a continiud and easy reference, to the 
figure. To distinguish the two methods, capUdh are gener- 
ally used, for that which is peculiar to geometry ; and smdU 
letters, for that which is properly algebraic. The latter has 
the advantage in long and complicated processes, but the 
other is often to be preferred, on account of the faciUty with 
which the figures are consulted. 

507. If a line, whose length is measured from a given 
point or line, be considered pontioe ; a line proceeding in the 
{tpposite direction ic to be considered negathe. If AB (Fig. 
2.) reckoned from BE on the right, is positive ; AC on the 
kft is negative. 

A line may be conceived to be produced by the mofkm of 
a ptmU. Suppose a point to move in the direction of AB, 
and to describe a line varying in length with the distance of 
the point from A. While the point is moving towards B, its 
distance from A will mcreMe. But if it move firom B to- 
wards C, its distance from A will dimmish, till it is reduced 



APPLICATION TO GEOMETRY. 295 

to uothing, and then will increase on the opposite side. As 
that which increases the distan(ie on the right, diminishes it 
on the left, the one is considered positive, and the other nega- 
tive. See Arts. 59, 60. 

Hence, if in the course of a calculation, the algebraic 
value of a line is found to be negative; it must be measured 
in a direction opposite to that which, in the same process, 
has been considered positive. (Art. 197.) 

608. In algebraic calculations, there is frequent occasion 
for multiplication^ division, involution, &c. But how, it may 
be asked, can geometrical quantities be multiplied into each 
other 1 One of the factors, in multiplication, is always to be 
considered as a number, (Art. 91.) The operation consists in 
repeating the multiplicand as many times as there are umt9 
in the multiplier. How then can a line^ a surface^ or a solid^ 
become a multiplier ? 

To explain this it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another, 
some particular extent is to be considered the unit. It is imma- 
terial what this extent is, provided it remains the same, in 
different parts of the same calculation. It may be an inch, 
a foot, a rod, or a mile. If an inch is taken for the unit, 
each of the lines to be multiplied, is to be considered as made 
up of so many parts, as it contains inches. The multiplicand 
will then be repeated, as many times, as there are units in 
the multiplier. If, for instance, one of the lines be a foot 
long, and the other half a foot ; the factors will be, one 12 
inches, and the other 6, and the product will be 72 inches. 
Though it would be absurd to say that one line is to be re- 
peated as often as another is long; yet there is no impropriety 
in saying, that one is to be repeated as many tunes, as there 
are feet or rods in the other. This, the nature of a calcula- 
tion often requires. 

609. If the line which is to be the multiplier, is only a 
part of the length taken for the unit ; the product is a like 
part of the multiplicand. (Art, 90.) Thus, if one of the 
factors is 6 inches, and the other half an inch, the product is 
3 inches. 

510. Instead of referring to the measures in common use, 
as inches, feet, &c. it is often convenient to fix upon one of 
the lines in a figure, as tne unit with which to compare all the 
others. lYheii there are a number of lines drawn withio 
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and about a eirele, the radiui is commonly taken for the unit. 
This is particiilarly the case in trigonometrical calculations^, 

511. The obsenrations which have been made concerning 
lines, may be applied to 9urface$ and ioUds. There may be 
occasion to multiply the area of a figure, by the number of 
inches in some given line. 

But here another difficulty presents itself. The product 
of two lines is often spoken of, as being equal to a nuface ; 
and the product of a line and a surface, as equal to a 9oKd. 
Thus the area of a parallelogram is said to be equal to the 
product of its base and height ; and the scdid contents of a 
cylinder, are said to be equal to the [N^oduct of its length inio 
the area of one of its ends. But if a line has no breadth, 
how can the multiplication, that is the repetition^ of a line 
produce a surface 1 And if a surface has no thickness, how 
can a repetition of it produce a solid 1 

If a parallelogram, represented on a reduced scale by 
JIB CD, (Fig. 3.) be five inches long, and three inches wide ; 
the area or surface is said to be equal to the product of 5 into 
3, that is, to the number of inches in JiB, multiplied by the 
number in BC, But the inches in the lines .SB and BC are 
linear inches, that is, inches in length only; while those 
which compose the surface •SC are superficial or square 
inches, a different species of magnitude. How can one of 
these be converted into the other by multiplication, a process 
which consists in repeating quantities, without changing 
their nature ? 

512. In answering these inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
magnitudes with superficial or solid measures ; and that none 
of the steps of a calculation can, properly speaking, trans- 
form the one into the other. But, though a line cannot be- 
come a surface or a solid, yet the several measuring units in 
common use are so adapted to each other, that squares, 
cubes, &c. are bounded by lines of the same name. Thus 
the side of a square inch, is a linear inch ; that of a square 
rod, a linear rod, &c. The length of ,a linear inch is, there- 
fore, the same as the length or breadth of a square inch. 

If then several square inches are placed together, as from i 

Q to R^ (Fig. 3.) the number of them bi the parallelogram | 

OR is the same as the number of linear inches in the side 
QR : and if we know the length of this, we have of course 
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the area of the parallelogram, which is here supposed to be 
one inch wide. 

But, if the breadth is several inches, the larger parallelo- 
gram contains as many smaller ones, each an inch wide, as 
there are inches in the whole breadth. Thus, if the paral- 
lelogram AC (Fig. S.) is 5 inches long, and 3 inches broad, 
it may be divided into three such parallelograms as OR. To 
obtain, then, the number of squares in the large parallelo- 
gram, we have only to multiply the number of squares in 
one of the small parallelograms, into the number of such 
parallelograms contained in the whole figure. But the num- 
ber of square inches in one of the small parallelograms is 
equal to the number of Unear inches in the length JIB, And 
the number of small parallelograms, is equal to the number 
of linear inches in the breadth BC. It is therefore said con- 
cisely, that the area of the parallelogram is equal to the length 
multiplied into the breadth. 

513. We hence obtain a convenient algebraic expression, 
for the area of a right-angled parallelogram. If two of the 
sides perpendicular to each other are AB and BC^ the expres- 
sion for the area is ABxBC ; that is, putting a for the area, 

a=JlBxBV. 

It must be understood, however, that when AB stands for 
a Uney it contains only linear measuring units ; but when it 
enters into the expression- for the area^ it is supposed to con- 
tain superficial units of the same name. Yet as, in a given 
length, the number of one is equal to that of the other, they 
may be represented by the same letters, without leading to 
error in calculation. 

514. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning vari- 
able quantities^ in the 13th section. Let a (Fig. 4.) represent 
a square inch, foot, rod, or other measuring unit ; and let b 
and I be two of its sides. Also, let Jl be the area of any 
right-angled parallelogram, B its breadth, and L its length. 
Then it is evident, that, if the breadth of each were the 
same, the areas would be as the lengths ; and, if the length 
of each were the same, the areas would be as the breadths. 

That is, «d : a : : L : {, when the breadth is given ; 
And Ax a:iB xby when the length is given ; 

26* 
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Therefore, (Art. 420.) Ji: a:: Bx^ : bt, when both vary. 
That is, the area is as the product of the length and breadtlL 

515. Hence, in quoting the Elements of EucUd, the term 
product is frequently sutetituted for rectangk. Ajad what- 
ever is there proved concerning the equality of certain rect- 
angles, may be appUed to the product of the Unes which 
contain the rectangles.* 

516. The area of an obUque parallelogram is also obtained, 
by multiplying the base into the perpendicular height. Thus 
the expression for the area of the parallelogram •d^JWIf (Pig. 
6.) is MJ^X^D or ABxBC. For by Art. 513, ABxBC 
is the area of the right-angled parallelogram ABCD ; and 
by Euclid 36, l,t parallelograms upon equal bases, and be- 
tween the same parallels, are equal ; that is, ABCD is equal 
to ABJSTM. 

517. The area of a square is obtained, by multiplying one 
of the sides mto itself. Thus the expressi(»i for the area of 



the square w3C, (Fig. 6,) is AB^ that is. 



az=zAB. 

For the area is eoual to ABxBC. (Art. 513.) 

But AB=BC, therefore, ABxBC=ABx^B=zAB. 



I 518. The area of a triangle is equal to half the product of 

the base and height. Tlius the area of the triangle ABGy 
(Fig. 7.) is equal to half AB into OH or its equal BCy that is, 

a-\ABxBC. 

For the area of the parallelogram ABCD is ABxBC^ 
(Art. 513.) And by Euc. 41, l,t if a parallelogram and a tri- 
angle are upon the same base, and between the same paral- 
lels, the triangle is half the parallelogram. 

159. Hence, an algebraic expression may be obtained for the 
area of any figure whatever, which is bounded by right lines. 
For every such figure may be divided into triangles. 



♦ See Note W. 

t Legendre's Geometry, American Edition^ Art. 166. 

i Legendre, 168. - 
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Thus the right-lined figure 

ABODE (Fig. 8,) is composed of the triangles 
ABC, ACE, and ECD. 

The area of the triangle ABC^\ACxBL, 

That of the triangle ACE=iACxEH, 

That of the triangle ECD=l ECxDG. 

The area of the whole figure is, therefore, equal to 
{iACxBL)+{iACxEH)+{iECxDG). 

The explanations in the preceding articles contain the 
first principles of the mensuration of superficies. The ohject of 
introducing the subject in this place, howeYer, is not to make 
a practical application of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan- 
tities in algebraic language. 

520. The expression for the superficies has here, been de- 
rived from that of a line or Unes. It is frequently necessary 
to reverse this order ; to find a side of a figure, from knowing 
its area. - 

If the number of square inches in the parallelogram 
ABCD (Pig. S.) whose breadth BC is 3 inches, be divided 
by 3 ; the quotient will be a parallelogram ABEF, one inch 
wide, and of the same length with the larger one. But the 
length of the small parallelogram, is the length of its side 
AB. The number of square inches in one is the same, as 
the number of linear inches in the other. (Art. 512.) If 
therefore, the area of the large parallelogram be represented 

by 0, the side AB=i.^-p that is, the length of a parallelogram 

is found by dividing the area by the breadtL 

521. If a be put for the area of a sqtuire whose side laAB, 

Then by Art. 517 a=wiB* 

And extracting both sides- /^a^AB, 

That is, the side of the square is found, by extracti$hg the 
square root of the nunier of rneasvring umJts in Us area. 

522. If AB be the base of a triangle and BC its perpea 
dicular height ; 
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Then by Art. 518, a^^BCxJiB 

And dividing by JBC, -£-=^J9. 

That is, the bcue of a triangle is found, by dividing ike area 
by half the height. 

62S. As a surface is expressed, by the product of its length 
and breadth ; the contents of a solid may be expressed, by 
the product of its length, breadth and depth. It is necessary 
to bear in mind, that the measuring unit of soUds, is a cube ; 
and that the side of a cubic inch, is a square inch ; the side 
of a cubic foot, a square foot, &c. 

Let ABCD (Fig. 3.) represent the base of a parallelopi- 

fed, 5 inches long, three inches broad, and one inch deep, 
t is evident there must be as many cubic inches in the solid,, 
as there are square inches in its base. And, as the product of 
the lines AB and BC gives the area of this base, it gives, of 
course, the contents of the solid. But suppose that the depth 
of the parallelepiped, instead of being one mch, iBfour inches. 
Its contents must be four times as great If, then, the 
length be AB, the breadth jBC, and the depth CO, the ex« 
pression for the soUd contents will be, 

JlBxBCxCO. 

624. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (Euc. 
4. 2.) that when a straight line is divided into two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with twice the product of the parts, is demon- 
strated, by involving a binomial. 

Let the side of a square be represented hys; 
And let it be divided into two parts, a and 6. 

By the supposition, s=za-\-b 

And squaring both sides, t^^za^-^-Zab-^-b^. 

That is, ^ the square of the whole line, is equal to a* and 
b\ the squares of (he two parts, together with 2ab, twice the 
product of the parts. 

525. The algebraic notation may also be applied, with 
great advantage, to the solution of geometrical problems. In 
doing this, it will be necessary, in the first place, to raise an 
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algebraic equation, from the geometrical relations of the 
quantities given and required ; and then by the usual reduc- 
tions, to find the value of the unknown quantity in this equa- 
tion. See Art. 192. 

Prob. 1. Given the base, and the sum of the hypothenuse 
and perpendicular, of the right angled triangle, ^BC^ (Fig. 
9.) to find the perpendicular. 

Let the base ABz=.h 

The perpendicular BC=^x 

The sum of hyp. and perp. x+ACz^a 
Then transposing Xj •flC= a-x 



r. By EucKd 47. !,♦ BC +AB z=iJlC 

2. That is, by the notation, a*4.6'=(a-«)'=ra'-2aar+a* 

Here we have a common algebraic equation, containing 
only one unknown quantity. The reduction of this equa- 
tion in the usual manner, will give 

«= — Z — xzBCf the side required. 

The solution, in letters, will be the same for any right 
angled triangle whatever, and may be expressed in a gene- 
ral theorem, thus ; ^ In a right angled triangle, the perpendi- 
cular is equal to the square of the sum of the hypothenuse 
and perpendicular, diminished by the square of the base, and 
divided by twice the simi of the hypothenuse and perpendi- 
cular.' 

It is applied to particular cases by substituting numbers^ for 
the letters a and b. Thus if the base is 8 feet, and the sum 
of the hypothenuse and perpendicular 16, the expression 

?-_. becomes — Z — =6, the perpendicular : and this sub- 

tracted from 16, the sum of the hypothenuse and perpendi- 
cular, leaves 10, the length of the hypothenuse. 

Prob. 2. Given the base and the difference of the hypothe- 
nuse and perpendicular, of a right angled triangle, to find the 
perpendicular. 



* Legendre, 186. 
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i Let the base AB (Fig. 10.)=&=20 

The perpendiculaTi BC=x 

The given difference, =d=10. 

^ Then will the hypothenuse ACziizx-^d, 

Then 



1. By Euclid 47. 1, AC =AB +BC 

2. That is, by the notation, (x+dy=V^+3* 

3. Expanding {x+d)\ «'+24aF+iP=:6'+a;* 

4. Therefore a:= -— = 15, 

2d 

Prob. 3. If the hypothenuse of a right angled triangle is 
' SO feet, and the difference of the other \wo sides 6 feet, what 

is the length of the base 1 Ans. 24 fee^ 

^ Prob. 4. If the hypothenuse of a right angled triangle is 

50 rods, and the base is to the perpendicular as 4 to 3, what 
is the length of the perpendicidar 1 Ans. 30. 

Prob 6. Having the perimeter and the diagonal of a par 
allelogram ABCD, (Fig. 11.) to find the sides. 

Let the diagonal •dC=h=10 

The side w9i?=x 

Half the perimeter 5C-f •flJB=jBC+a:=6= 14 
Then by transposing x, BCz^b^-x 



By EucUd 47. 1, AB+BC =AC 

That is, a:«4.(6-a:)«=fc« 

Therefore a:=J6+Vi6«+itf-i6'^=8. 

Here the side AB is found ; and the side BC is equal to 
t-«=14-8=6. 

Prob. 6. The area of a right angled triangle ABC (Fig. 
12,) being given, and the sides of a parallelogram inscribed 
m it, to find the side BC. 



Let the given area =0, DE==BF=:zb 

EB:=LDF=zd, BC 

Then by the figure, CF— BC - BF 



=6 > 
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1. By similar triangles, CF : DF\ : BC : JIB 

2. That is a?-6: d::x:AB 

5. Therefore, dxz={xTb)xJiB 

4. By Art. 518, a=,4Bxi5C=wJJBxi« 

6. Dividing by iar, ?f=w3JB 

X 

6. Therefore dir=(«-6) x— =2a-?^ 



7. And :r=?+^5-?^=BC. 

Prob. 7. The three sides of a right angled triangle, ABCj 
^Fig. 13.) being given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle, into 
two right angled triangles, BCD and dBD. (Euc. 8 6.)* 

1. By Euc. 47. 1, BD + Cd'=5C 

2. By the figure, CD = AC - AD 

3. Squar. both sides, CD= {JIC - AD)» 

4. Therefore, BD+(^C- AD)=5C 

6. Expanding, BD+I5C - 2wJC. AD+AD*==5C 

6. Transposing, . BD=^-;5c+2w8C.AD-A15' 

7. By Euc. 47. 1. BJjLZB- AD 

8. Mak. 6th & 7th eq. 5C-5a4-2wiC.AD=SB 

9. Therefore AD=^±^I^ 

2AC 

The unknotm lines, to distinguish them from those which 
are known, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DEFG (Pig. 
14,) inscribed in a given triangle, ABC^ to find the sides of 
the parallelogram. 



* Legendre, SlSi 
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Draw CI perpendicular to j9J7. By suppoeitioii, DO in 
parallel to AB. Therefore, 

The triangle CHG^ is similar to CIB > 
And CDG, toCJlB J 

Let C/=i DG=x } 

AB:=zb The given area =a J 

L By eimilar triangles, CBi CG::JU3:DG 

t. And CB: CGi.CI: CH 

8. By equal ratios, (Art. 384.) AB:DG::CI:CH 

4. Therefore £^^l:=.CH 

taB 

6. By the figure, C/- CH=IH=DE 

6. SubsUtuting for CH, CI-^^^^=DE 

mB 

7. That fa, d-^=DE 



8. ByArt.51S, a=DGxDE=xX{dJ^\ 

9. That is, o=cfa-^ 

b 

10. This reduced gives «=*"^^ /^-^ —=:DG 

2-V (4 rf 

The side DE is found, by dividing the area by DG. 

Prob. 9. Through a given point, in a given circle, so to 
draw la right line, that its parts, between the point and the 
periphery, shall have a given difference. 

In the circle AQJBR^ (Fig. 16.) let P be a given point, iq 
the diameter AB. 

Let AP=a, PR=:x, 

BPszb, The given difrerence=(^ 

Then will Pq=:x+d 
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1. By Euc. S6. S.* PRxP9.=^APxBP 

8. That is, a:x(iP+rf)=aX* 

3. Or, a?+«^=^ 

4. Completing the square, «*+(la:+4d'=J«P+a6, 

6. Extract and transp. • «= - \d±A^yP'\'ab:=iPR. 

With a little practice, the learner may very much abridge 
these solutions, and others of a similar nature, by reducing 
several steps to one, 

Prob 10. If the sum of two of the sides of a triangle be 
1 155, the length of a perpendicular drawn from the angle in* 
eluded between these to the third side be 300, and the differ* 
ence of the segments made by the perpendicular, be 495 ; 
what are the lengths of the three sides 1 

Ans. 945, 375, and 780. 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the right angle on 
the hypothenuse be 144 ; what are the lengths of the sides % 

, Ans. 300, 240, and 180. 

Prob. 12. The difference between the diafiponal of a square 
and one of its sides being given, to find the length of the 
sides. 

If jr=s the side required, and d=z the given difference ; 

Then«=rf+(iV2» 

Prob. 14. The base and perpendicular height of any plane 
triangle being given, to find the side of a square inscribed \sk 
the triangle, and standing on the base, in the same mann^ 
as the parallelogram I>£l'G, on the base AB^ (Fig. 14.) 

If x:=z a side of the square, 6= the base, and A= th(| 
height of the triangle ; 

hh 



Then«= 



6+& 



Prob. 15. Two sides of a triangle, and a line bisecting the 
included angle being given ; to find the length of the base 
or third sido, upon which the bisecting line falls, 

* Legendro SS4. 
87 
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If xrs the base, a=3 one of the given sides^ t^ the other, 
and 6= the bifiecting line ; 

Then af= {a+e) X^^"^* 

Prob. 16. If the hypothenuse of a right angled triangle 
be S5, and the side of a square inscribed in it, m the same 
manner as the parallelogram ^fiJDJP, (Fig. 12.) be 12 ; what 
are the lengths of the other two sides of the triangle 1 

Ans. 28, and 21. . 

Prob. 17. The nmnber of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area ; and the base is to the perpendicular as 4 to 3. Re- 
quired the length of each of the sides. 

Ans. 6, 8, and 10. 

Prob. 18. A grass plat 12 rods by 18, is surrounded by a 
gravel walk of uniform breadth, whose area is equal to that 
of the grass plat. What is the breadth of the gravel walkl 

. Prob. 19. The sides of a rectangular field are in the ratio 
of 6 to 5 ; and one sixth of the area is 125 square rods. 
What are the lengths of the sides 1 

Prob. 20. There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of the tri- 
fiBgle adjacent to the right angle, is equal to the diagonid of 
the parallelogram. Required the area of each 1 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vats, the greater of 
which contains 20 cubic feet more than the other. Their 
capacities are in the ratio of 4 to 5 ; and their bases ar« 
squares, a side of each of which is equal to the depth of the 
other vat Required the depth of each 1 

Ans. 4 and 5 feet. 

Prob. 22. Given the lengths of three perpendiculars, 
drawn from a certain point in an equilateral triangle, to the 
llu^e sides, to find the length of the sides. 

If a, 6, and c, be the three perpendiculars, and «= haU 
the length of one of the sides ; 

Then x=°+^+^ 

V* 
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Prob. 23. A square public green is surrounded by a street 
of uniform breadth. The side of the square is 3 rods less 
than 9 times the breadth of the street ; and the number of 
squase rods in the street, exceeds tlie number of rods in the 
perimeter of the square by 228. What is the area of the 
square 1 Ans. 676 rods. 

Prob. 24. Given the lengths of two lines drawn from the 
acute angles of a right angled triangle, to the middle of the 
opposite sides : to find the lengths of the sides. 

If x= half the base, y= half the perpendicular, and a 
and b equal the two given lines ; 

The. .=^*^ >-s/^- 

♦SmNouX. ' 
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. Art 626. IN the preceding section, algebra has been 
apphed to geometrical figures, bounded by right lines. Its aid 
is required also, in investigating the nature and relations of 
ctirvef. The advances which in modem times have been 
made in this department of geometry, are, in a great measure, 
owing to the method of expressing the distinguishing proper- 
ties of the different kinds of lines, in the form of equations. 
To understand the principles on which inquiries of this sort 
are conducted, it is necessary to become familiar with the 
plan of hotation wliich has been generally agreed upon. 

6S7. T%e posiiions of the several points in a curve drawn on 
a plane, are aetermined, by taking the distance of each from tu)0 
right l^us perpendicular to each other. 

Let the lines AF and AG (Fig. 16.) be perpendicular to 
each other. Also, let the lines DJS, iX^', ly^JB'^ be perpen- 
dicular to AF; and the lines CD, Ciy, C'iy\ perpendicu- 
lar to AO. Then the position of the point D is known, by 
the length of the lines BD and CD. In the same manner, 
the point D' is known by the lines Wiy and Ciy ; and the 
point JO", by the lines B'D'' and C'D". The two lines 
which are thus drawn, from any point in the curve, are, to- 
gether, called ths coordinates belonging to that point. 

But, as there is frequent occasion to speak of each of .the 
lines separately, one of them for distinction's sake, is called 
an ordinate, and the other, an abscissa. Thus BD is the or- 
dinate of the point D, and CD, or its equal AB, the abscissa 
of the same point. It is, generally, most convenient to take 
the abscissas on the line AF, as AB is equal to CD, ABf 
to Cy/y, and AB' to a^U'. Euc. S3. 1 The Unes At 
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and JlGj to which the coordinates are drawi^ are called the 
axes of the co-ordinates. 

• 

528. If co-ordinates could be drawn to every point in a 
.curve, and, if the relations of the several abscissas to their 
corresponding ordinates could be expressed by an equation ; 
the position of each point, and consequently, the nature of 
the curve, would be aetermined. Many important proper- 
ties of the figure might also be discovered, merely by tlu-ow- 
ing the equation into different forms, by transposing, dividing, 
involving, &c. But the number of points in a line is unlim- 
ited. It is impossible, therefore, actually to draw co-ordi» 
nates to every one of them. Still there is a way in which an 
equation may be obtained, that shall be applicable to all the 
parts of a curve. This is effected by malang the equation 
depend on some property, which is common to every pair ofco^ 
ordinates. In explaining this, it will be proper to begin with 
a straight line, instead of a curve. 

Let AH (Fig. 17.) be a line from which co-ordinates are 
drawn, on the axes AF and AG perpendicular to each other. 
And let the angle FAH be such, that the abscissa CD or AB 
shall be equal to twice the ordinate BD. 

The triangles ABD, AWU, AB^U' &a are all dmilar. 
(Euc. 29. 1.)* Therefore, 

ABxBBwABf .BIVwAW.Bf'U', ' 
Andif wJB=2BA thenj3Jl'=2B'iy,andw4B''=:22y'iy',4c 

That is, each abscissa is equal to twice the corresponding . 
ordinate. But, instead of a separate equation for each psur 
of co-ordinates, one will be sufficient for the whole. Let x 
represent any one of the abscissas, and y, the ordinate be- 
longing to the same point. Then, 

x=2y, ory=:J«. 

This IS an equation expressing the ratio of the co-ordinatai 
of the line All to each other. It differs from a common 
equation in this, that x and y have no determinate mami- 
tude. The only condition which limits them is, that uey 
shall be the abscissa and ordinate of the eamt poUni^ 

If x=AB, then y=BD 

If x^AB", y^BU 

If x:^AB\ y=B''iy', &c. 
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From this it is evident, that, if one of the co-ordinates be 
taken of any particular length, the other will be given by tha 
equation. If, for instance, the abscissa x be two inches long, 
the ordinate y, which is half Xy must be one inch. 
If «=8, then j/=4, If a?=30, then y=15, 

If ar=10, y=5. If a?=100, j/=50, &c 

On the other hand, if y=2, then x=4, &c. 

529. If the angle HAF be of any different magnitude, as 
m Fig. 18, the general equation will be the same, except the 
co-efficient of x. Let the ratio of y to op be expressed by a, 
that is, let y : x::a : 1. Then by converting this into an 
equation, we have 

ar=y. 

The co-efficient a will be a whole number or a fraction, 
according as y is greater or less than x. 

530. To apply these explanations to ciurves, let it be re- 
iquired to find a general equation of the common parabQla. 
i¥ig. 19.) It is the distinguishing property of this figure, as 
will be shown under Conic Sections, that the abscissaisi 
are proportioned to the squares of their ordinates. Let the 
fatio of the square of any one ordinate to its abscissa, be 
expressed by a. As the ratio is the same, between the 
square of any other ordinate of the parabola and its abscissa, 
we have universally y* : x : : a : 1 ; and by converting this 
into an equation, 

ax=y\ 

This is called the equation of the curve. The important 
advantages gained by this general expression, are owing to 
this, that the equation is equally applicable to every poini of 
the curve. Any value whatever may be assigned to the ab- 
scissa OP, provided the ordinate y is considered as belonging 
to the same point. But, while x and y vary together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola, ax=y^, and extracting the 
foot of bf th sides, (Art. 297.) 

* y=^\^ax.\ If a=2, theny=\/2£. And 
If x=z 4.5=,d^(Fig;19.)thcny=V2x4.5=V9=8=BD 
If ar= 8. =j3jB^ y=V2x 8=^/1 6=4= JBIX 

If ar=12.5=.4JS'' y= V2xl2 .5=V25=5=J^^iy^ 

If «=18. =JiB''^ y=V2xi8 =VS6=6=2y''2>'^ 
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531. When ordinates are drawn on both sides of the axis 
to which they are applied ; those on one side will be jjosiiive^ 
while those on the other side will be negative. Thus, in Pig. 
1 9, if the ordinates on the upper side of AF be considered posi- 
tive, those on the under side will be negative. (Art. 507.) 
The abscissas also are either positive or negative, according 
as they are on one side or the other of the point from which 
they are measured. Thus, in Fig. 20, if the abscissas on the 
right, JlBj AB!y &c. be considered positive, those on the left, 
ACy AO^ &c. will be negative. And in the solution of a 
problem, if an abscissa or an ordinate is found to be negative. 
It must be set off on the side of the axis opposite to that on 
which the values are positive. 

532. In the preceding instances, the straight line or curve to 
which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19.) and the straight line £'IK(Fig. 
20.) cross the axis AF^ in the point Ay where it is cut by the 
axis AG, But this is not always the case. The abscissas on 
the axis QF, (Fig. 21.) maybe reckoned from the line 6riV. 

Let X represent any one of the abscissas, MB^ MH^ &c. 
and y the corresponding ordinate. 

Letz=wJJ5i, h^MA. 

And a= the ratio of BD to AB^ as before. 

Then a3r=y, (Axt. 529.) that is, z^^ 

But by the figure, AB=MB - JO, i. e. z=:x - b 

Making the two equations equal, x - 6=? 

a 

Therefore a:=?4-5. 

533. In investigating the properties of curves, it is impor* 
tant to be able to distinguish readily the cases in which the 
abscissas or ordinates are positive^ from those in which they 
are negative ; and to determine under what circumstances, 
either of the co-ordinates vanishes. An abscissa vanishes al 
the point where the curve meets the axis from which the abscissas 
are measured. And an ordinate vanishes, at the point where 
the curve meets the axis from which the ordmates are 
measured. 
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Thus, in Fig. 19, the ordinates are measured from the line 
•9F. The length of each ordinate is the dUtanu of a particu- 
lar point in the curve from the line. As the curve approaches 
the axisy the ordinate diminishes, till it becomes nothing, at 
the point of intersection. For, here, there is no distance 
between the curve and the axis. 

The abscUsas are measured from the line w9Gr. These ^ 

must diminish also, as the curve approaches this line, and * 

become nothing at j9. 

6S4. From this it is evident, that v(rhen- the two axes meet 
the curve at the same pointy the two co-ordinates vanish fo- 
gether. In Fig. 19, the two axes meet the curve at A^ the 
one cutting, and the other touching it But in Fig. 21, the 
axis MF crosses the line JV2> at A ; while GJV* crosses it at 
JV*. The ordinate, being the distance from Jlf jP, vanishes at 
•/9, where the distance is nothing. But the abscissa, being 
the distance from 6JV*, vanishes at JV* or Jlf. 

535. An abscissa or an ordinate changes from positioe to 
negatwe^ by passing through the point where it is* equal to 0. 
Thus the ordinate y, (Fig. 20.) diminishes as it approaches 
the point Jl ; here it is nothing, and on the other side of t^, 
it becomes negative, bec(*use it is below the axis CF. (Art. 
507.) In the same manner the absfAssa^ on the right of AG^ 
diminishes, as it approaches this line, becomes at A, and 
then negative on the left 

In this case, the two co-ordinates change from positive to 
negative, at the same point. But in Fig. 21, the ordinates 
change from positive to negative at A ; while the abscissas 
continue positive to 6JV*, being still on the right of that line. 
On the right from A^ the co-ordinates are both positive : be- 
tween A and the line 6A*, the abscissas are positive : and 
the ordinates negative: and, on the left of 6JV* both are 
negative. 

536 The most important applications of the principles 
stated in this section, will come under consideration, in suc- 
ceeding branches of the mathematics, particularly in Flux- 
ions. A few examples will be here given to illustrate the 
observations which have now been mode. 

Prob. 1. To find the equation of the drcle. 

In the circle FGM^ f Fig. 22,) let the two diameters OJf 
and FM be perpendicular to each other. From any point 
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ih the curve, draw the ordinate DB perpendicular to AFi 
and AB will be the corresponding abscissa. 

Let the radius ^42?i=:r, JlB=x, BD=zy. 



Then, by Euc. 47. 1,* BD^Jtl)-- AB 

That is, y«=:r*-a? 

And by evolution, y=:j>\/r* - a? 

In the same manner, «=±\/r* - y*. 

That is, the abscissa is equal to the square root of the dif- 
ference between the square of the radius and the square of 
the ordinate; 

If the radius of the circle be taken for a wniiy (Art. 510) its 
square will also be 1, and the two last equations will become 

=JV1 - «*> and x=ztA/r^. 
These equations will be the same, in whatever part of the 
arc GDF the point D is taken. For the co-ordinates will be 
the legs of a right angled triangle, the hypothenuse of which 
will be equal to AD^ because it is the radius of the circle. 

537. To understand the application to the other quarters 
of the circle, it must be observed/ that, in each of the 
equations, the root is ambiguous. The values of y anc of s 
may be either positive or negative. This results from the 
nature of a quadratic equation. (Art. 297.) It corresponds 
also with the situation of the different parts of the circle, with 
respect to the two diameters FM and 6JV*. In the first 
quarter GF, the co-ordinates are supposed to be both positive. 
In the second, GJif, the ordinates are still positive, but the 
abscissas become negative. (Art. 531 .) In the third, J/JV^ 
both are negative, and in the fourth, .ArF, the ordinates are 
negative, but the abscissas positive. That is, 

{FGy X is +, and y+> 
^Lcgendre, 186. 
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538. In geometry, lines are suppoeed to be produced bj 
the motion of a wnxiL If the point moves uniformly in one 
direction, it produces a itraight line. If it continually varies 
its direction, it produces a curve. The particular nature of 
the curve depends on certain conditions by which the motion 
is regulated. If, for instance, one point moves in such a 
manner, as to keep constantly at the same distance ftom 
another point which, is fixed, the figure described is a circle, 
of which the fixed point is the centre. It is evident from 
the preceding problem, that the equation of this curve de- 
pends on the manner of description. For it is derived from 
the property that different parts of the periphery are equally 
distant from the center. In a similar manner, the equations 
of other curves may be derived from the law by which they 
are described ; as will be seen in the following examjdes. 

Prob. 2. To find the equation of the curve called the Oif- 
$oid of Diocles. (Fig. 23.) 

The description, which may be considered as the definition 
qf the figure, is as follows. 

In the diameter w9J?, of the semi-circle AJfB^ let the point 
J{ be at the same distance from JB, as P is from j9. Draw 
JRJV* perpendicular to AB^ to cut the circle in JV*. From A, 
through JV, draw a straight line, extending if necessary be« 
yond the circle. And from P, raise a perpendicular, to cut 
this line in JIf. The curve passes tlirough the point M. 

By taking P at different distances from Ay as in Fig. 24^ 
any number of points in the curve may be determined. As 
the line PJIf moves towards J?, it becomes longer and longer; 
so as to extend the Cissoid beyond the semi-circle. 

To find the equation of the curve, let AH and AB be the 
axes of the co-ordinates. 



Also, let each of the abscissas AP^ AP' AF^ &c. 

each of the ordinates PM, FM^ F'M'^ &c. 

and the diameter AB 
Then by the construction, PB^AB-AJPz:^h 



=zX, 



zl 



» 



As PJIf and AJV* are each 
gles APM and ARJ^ are 
Therefore, 




ndicular to AB^ the trian 
ar. (Euc. 27 and 29. 1.) 
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1. By siimlar triangles, AP : PMi : AR : JUV 

2, Or, by putting PB for its eqiial j3A, 

AP:PM::PB:RJ^ 

8. Therefore, ^'^^^^ -RJ^ 

4. Squaring both sides, PMxPB ^-^ 

IP 



5, By Eua 36. 3, and 3. 3,* ARxRB=RJf 
6. Or, putting PB for its equal AR^ and ^P for its equal RB^ 



PBx^P^RJ^ 

% 



7. Making 4th and 6th equal, PBx^P=^^^ ^ f^ 

8. Therefore, AP -PMxPB 

9. Or, a*=»^X(6-«). 

That is, the cube of the abscissa is equal to the square of 
the ordinate, multipUed by the difference between the diame- 
ter of the circle, and the abscissa. The equation is the same 
for every pair of co-ordinates. 

Prob. 3. To find the equation of the Conchoid of Nico- 
medes. 

To describe the cij rve, let AB^ Fig. 25, be a line g^ven in 
position, and C a poii )t without the line. About this point, let 
the line Ch revolve. From its intersections with ABj make 
the distances EM, iTM, B'M', &c. each equal to AD. 
The curve will pass through the points Z), JIf, Jlr, JIf' , &c. , 

To find its ef tiofion, let CD and AB be the axes of the co^ 
ordinates. Draw FM parallel to AP, and PM parallel to CJP. 
From the construction, AD is equal to EM. 

Let the abscissa APzsFM:sx, 

the ordinate PM=:AF=zy, 

the given line CA = a, 

and AD=:EM=b^ 

Then wiU CjP= CA-^AFzzza+y. 



* Legendre, 105, 8S4. 
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4s CM cuts the parallels CD and PJIf, and also the paral* 
lels AP and FM^ the triabgles CFM and MPF, are similar. 
Then 



1. By similar triangles, 

8. Therefore, 

S. Squaring both sides, 

4. By Euc, 47. 1 



CF:FM::PM:PE 
CF 



jk 



CF 
PE^EM --PM 



5. Mak. Sd and 4th equal, EJS"^ pj^^jVM_><Pjf 

CF 

6. Thatis, y^y«= ^^, 

7. Or, (a+y)«x(6'-!/^=aY- 
639. In these examples, the equation is derived from the 

description of the curve. But this order may be reversed. 
If the equation is given, the curve maybe described. For 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
by talang abscissas of different lengths^ and applying ordinates to 
each. The line required, will pass through the extremities of 
these ordinates. 

Prob. 4. To describe the curve whose equation is 
2x=zy\ or y=\/2af. 

On the' Ime AF^ (Fig. 19.) take abscissas of diflferent 
lengths; 

For instance, •dB=:4.5, then the ordinate £D=:3, (Art. 530.) 

AB" =8. B'ly = 4, 

•flJ8"=lS.6 B^'iy'z^Sy 

•fl5^"=18. jy''iy'''=6, 

&c. 
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Apply these several ordinates to their abscissas, and con- 
nect the extremities by the line JiI)W\ &c. which will be 
the curve required. The description will be more or less 
accurate, according to the number of points for which ordi- 
nates are found. 

540. If a pomt is conceived to move in such a manner, as 
to pass through the extremities of all the ordinates assigned 
by an equation ; the line which it describes is called theTocti^ 
of the point, that is the path in which it moves, and in which 
it may always be found. The line is also called the b>cu5 oj. 
the equation by which the successive positions of the point are 
determined. Thus the common parabola (Fig. 19,) is called 
the locus of the points, X>, iy, XK', &c. or of the equation 
ax=:y\ (Art. 530.) The arc of a circle is the locus of the 

equation a:=±\/r*-j/*. (Art 536.) To find the locus of 
an equation, therefore, is the same thing, as to find the 
straight line or curve to which the equation belongs. 

Prob. 5. To find the hcus of the equation 

«=5L or ax=:y. 

in which x and y are variable co-ordinates, while a is a deter- 
minate quantity. 

If the abscissa x be taken of difierent lengths, the ordinate 
y must vary in such a manner as to preserve ax=zy ; or con- 
verting the equation into a proportion, y : x:: a : 1. There- 
fore, as a is a determinate quantity, the ratio of ^ to y will be 
invariable ; that is, any one abscissa will be to its ordinate as 
any other abscissa to its ordinate. Let two of the abscissas 
be AB and Ajffy (Fig. 17.) and their ordinates, BD and 
ffiy; then, 

JlBiBDiiAB'iffiy. 

The line ADiy, is, therefore, a straight line ; (Euc. 32. 6.) 
and this is the locus of the equation. 

If the proposed equation is or =^4-^9 ^^^ additional term h 

a 

makes no difference in the nature of the locus. For the only 
effect of by is to lengthen the abscissas, so that they must not 
be measured firom Ay but firom some other point, as M 
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(Pig. 81.) The ratio oiAB,AW, &c. to Biy^BUy &c. still 
remaiofi the same. See Art. 532. The locus of the equatioa 
is, therefore, a straight line. 

541. From this it will be easy to prove, that the locus of 
every equation in which the co-ordinates x and y are in sepa- 
rate terms, and do not rise above the first power^ is a straight 
line. For every such equation may be brought to the form 

«=l^±fr. All the terms may be reduced to three, one con- 

taining x, another y, and a third, the aggregate of the con- 
stant quantities which are not co-efficients of x and y ; as will 
be seen in the following problem. 

Prob. 6. To find the locus of the equation 

ex - d-^hx - y-^mzz^n. 
By transposition, cx-^-hx^y-^'n - m-{-dL 

Dividing by c+h g=: JL, +'*"^+^. 

Here the constant quantities, in each term, may be repre- 
sented by a single letter. (Art. 321.) If, then, we make 

c-^h^Oy and IZ-^tt-ssft; the equation will become a?=l?4-5, 

C'\-h a 

whose locus, by the last article, is a straight line. 

542. But if the ordinates are as the squares, cubes, or 
higher powers of the abscissas, the hcus of the equation, in- 
stead of being a straight line, is a curve, For the ordinates 
applied to a straight hne, have the same ratio to each other 
which their abscissas have. But quantities have not the 
same ratio to each other, which their squares, cubes, or higher 
Dowers have. (Art. 354.) Thus, if a;^=y, the ordinates 
will increase more rapidly than the abscissas. If the abscis- 
sas be taken, 1, 2^ 3, 4, &c. the ordinates will be equal to 
their squares, 1, 4, 9, 16, &c. 

543. As an unlimited variety of equations may be produ- 
ced, by different combinations and powers of the co-ordi- 
nates, and as each of these has its appropriate locus ; it is 
evident that the forms of curves must be innumerable. They 
may, however, be reduced to classes. The modem mode of 
classing them, is firom the. degree of their equations. The 
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different orders of lines are disHngmshedy by the greatest index^ 
or sum of the i$idices of the co-^ordtnates^ in any term of the 
equation, 

, Thus the equation ax=zy belongs to a line of the first or- 
der, because the index of each of the co-ordinates is 1. But 
this order includes no curves. For, by Art. 541, the locus of 
every such equation is a straight line. 

The equation ca^--axy=y% belongs to the second order of 
lines, or the first kind of ciuves, because the greatest index 
is t. Tlie equation ay-^xy^bx also belongs to the second 
order. For, although there is here no index greater than 
1, yet the sum of the indices of x and y, in the second term, 
is 2. 

The equation jf'-3aa?y=6a? belongs to the third order of 
lines, or the second kind of curves, because the greatest in- 
dex of y is S. 

644. In curves of the higher orders, the ordinate belong- 
ing to any given abscissa may have different values^ and may 
therefore meet the curve in several points. For the length 
of the ordinate is determined by the equation of the curve, 
and if the equation is above the first degree, it may have two 
or more roots^ (Art. 498.) and may, therefore, give different 
values to the ordinate. 

An equation of the first degree has but one root ; and a 
bne of the first order, can be intersected by an ordinate, in 
one point only. Thus the equation of the line JlH (Fig. 
17.) is ax=y, in which it is evident y has but one value, 
while X remains the same. If the abscissa x be taken eaual 
to JIB, the ordinate y will be £2>, which can meet the line 
AH in D only. 

But the equation of the parabola j^z^ax, (Art. 530.) has 
tuo roQts. For, by extracting both sides, y=zt\^ax. (Art. 
297.) It is true, that in this cade, the two values of y are 
equal. But one is posUivCy and the other negative. Thin 
shows that the ordinate may extend both ways from the end 
of the abscissa, and may meet the opposite branches of the 
curve. Thus the ordinate of the abscissa «A£ (Fig. 19.) may 
be either BD above the abscissa, or Bd below it. 

A cubic equation has three roots ; and an ordinate of the 
curve belonging to this equation, may have three different 
values, and may meet the curve in three different points 
Thus the ordinate of the abscissa«AJ? (Fig. 26.) may be BL 
or Biy, or Bd. 
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545. When the curve meets the axis on which the abscis- 
sas are measured, the ordinate, after becoming less and less, 
is reduced to nothing. (Art. 533.) But, in some cases, a 
curve may continually approach a line, without ever meeting 
it. Let the distances AB^ BB, BB"^ &c. on the Une AFy 
(Fiff. 27.) be equal; and let the curve UiyD", &c. be of 
such a nature that of the several ordinates at the points B^Wy 
Vy &c. each succeeding one shall be halj the preceding, 
that is, BlVy half J?A ^'I^ half BBy &c. It is evident 
that, however far the straight line be carried, the curve will 
become nearer and nearer to it, and yet will never quite reach 
it. A line which thus corUinwdly approaches a curve mihout ever 
meeting it, is called an asymptote of the curve. The axis AF 
is here the asjrmptote of the curve Diyiy'f &c. As the ab- 
scissa increases, the ordinate diminishes, so that, when the 
abscissa is mathematically infinite, (Art. 447.) the ordinate 
becomes an infinitesimal, and may be expressed by 0. (Art. 
455.)* 
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Note A. Page 1. 

As the tenn ^^jumtity is here used to signify whatever is 
the object of mathematical inquiry, it will be obvious that 
munber is meant to be included ; so far at least, as it can be 
the subject of mathematical investigation. Dugald Stewart 
asserts, indeed, that it might be easily shown, that number 
does not fall under the definition of quantity in any sense of 
that word. Philosophy of the Mind, Vol. 11. Note G. For 
proof that it is included in the common acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term quantity is explained, and particu*- 
larly to the familiar distinction between continued quantity or 
magnitude, and JUscrete quantity or number. 

But does number ** fall under the defimiian of quantity 7* 
Mr. Stewart after quoting the observation of Dr. Reid, that 
the object of the mathematics is commonly said to be quan- 
tity, which ought to be defined, that u>hkk may be measured^ 
adds, ^^The appropriate objects of this science are such 
things alone as admit not only of being increased and dimin- 
ished, but of being multiplied and divided. In other words, 
the common character which characterizes all of them, ia 
their mensurMlUy.^ That number may be multiplied and 
divided, will not probably be questioned. But it may per- 
haps be doubted, whether it is capable of mensuration. If, 
as Mr. Locke observes, ^^ number is that which the mind 
makes use of, in measuring all things that are measurable,** 
can it measure itself, or be measured 1 It is evident that it can 
not be measured geometrically^ by applying to it a measure of 
length or capacity. But by measuring a quantity math^ 
maticcdly, what else is meant, than determining the rcUio 
which it bears to some other quantity of the same kind ; in 
other words finding how often one is contained in the other^ 
either exactly or with a certain excess 1 And is not this as 
appUcable to number as to magnitude 1 The ratio which a 
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given number bears to unity cannot, indeed, be the subject 
of inquiry ; because it is expressed by the number itsel£ 
But the ratio which it bears to other numbers may be as pro- 
per an object of mathematical investigation, as the ratio of a 
mile to a furlong. 

FcHT proof that number is not quantity, Mr. Stewart refers 
to Barrow's Mathematical Lectures. Dr. Barrow has start- 
ed an etymological objection to the application of the term 
quantity to number, which he intimates might, with more 
propriety, be called (juotity. He observes, ** The general ob' 
jeci of the mathematics has no proper name, either in Greek 
or Latin.'' And adds, ^^ It is plain the mathematics is con- 
versant about two things especially, quantity strictly taken, 
and quotity ; or magnitude and multitude." There is fre- 
quent occasion for a common name, to express number, dura- 
tion, &c. as well as magnitude ; and the term quantity will 
probably be used for this purpose, till some other word is sub- 
stituted in its stead. 

But though Dr. Barrow thus distinguishes between mag- 
nitude and nmnber, he afterwards gives it as his opinion, 
(page 20, 49,) that there is really no quantity in natme dif- 
ferent from what is called magnitude or continued quantity, 
and consequently, that this alone ought to be accounted th€ 
object of the mathematics. He accordin^y devotes a whole lec- 
ture to the purpose of proving the ideatUy of arithmetic and 
Seometry. (Lect. S.) He is "convinced that number really 
iffers nothing from what is called continued quantity ; but 
is only formed to express and declare it ;" that as " the con- 
ceptions of magnitude and number could scarcely be separa- 
ted," by the ancients, " in the name^ they can hardly be so 
in the mind^^ and " that number includes in it every conside- 
ration pertaining to geometry." Hq admits of metaphysical 
number, which is not the object of geometry, or even of the 
mathematics. But, in his view, magnitude is always inclu- 
ded in mathematical number, as the units of which it is com- 
posed are equal. On the other hand, magnitudes are not 
to be considered as mathematical quantities, except as they 
are measured by number. In short, quantity is magnitude 
measured by number. 

It would seem, then, that according to Dr. Barrow, nmn- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as magnitude considered as seiK 
arate from number. If arithmetic and geometry are the 
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same; quantity is as much the object of one, as of the other. 
How far this scheme is applicable to duration, motion, &c. it 
is not necessary^ in this place to inquire. 

Note B, p. 1. 

It is to be regretted, that the science of Fluxions has re- 
ceived its name from the particular manner in which its in« 
ventor, Sir Isaac Newton, explained its principles, rather than 
from the ncUvre of the science itself. This has served to 
countenance the opinion, that the doctrine of fluxions, and 
the differential and integral calculus, in which a different lan- 
guage, and different mode of explanation have been adopted, 
are distinct methods of investigation. Whereas the funda- 
mental laws of calculation are the same in both. These 
have no necessary dependence on motion, or even on geo- 
metrical magnitudes. The method of fluxions has been 
greatly enlarged and modified since Newton's day. But it 
is difficult to change the name, to adapt it to the present 
state of the science, without seeming to derogate from that 
profound regard which is due to the original inventor. 

Note C. p. S2. 

It is common to define multiplication, by saying that * it is 
finding a product which has the same ratio to the multipli- 
cand, that the multiplier has to a unit.* This is strictly and 
universally true. But the objection to it, as a definition^ is, 
that the idea of ratio, as the term is understood in arithmetic 
and algebra, seems to imply a previous knowledge of multi- 
plication, as well as of division. In tliis work at least, the 
expression of geometrical ratio is made to depend on division, 
and division on multiplication. Ratio, therefore, could not 
be properly introduced into the definition of multiplication. 

It is thought, by some, to be absurd to speak of a unit as 
consisting of parts. But whatever may be true with respect 
to number m the abstracty there is certainly no absurdity in 
considering an integer, of one denomination, as made up of 
parts of a different denomination. One rod may contain 
several feet : one foot several inches, &c. And in multipli- 
cation, we may be required to repeat the whole, or a part of 
the multiplicand, as many times as there aie inches in a fooC^ 
or part of a foot 
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Note D. p. 66. 

It is perhaps more philosophically exact, to consider an 
equation as affirming the equivalence of two different expres- 
sions of the same quantity, than to speak of it as expressing 
an equality between one quantity and another. But it is 
doubted whether the former definition is the best adapted to 
the apprehension of the learner; who in this early part of his 
mathematical course, may be supposed to be very little accus- 
tomed to abstraction. Though he may see clearly, that the 
area of a triangle is equal to the area of a parallelogram of 
the same base and half the height ; yet be may hesitate in 
pronouncing that the two surfaces are precisely the same. 

Note E. p. 86. 

As the direct powers of an integral quantity have posUici 
indices, while the reciproad powers have negoHve indices ; it 
is common to call the former positive powers^ and the latter 
negaifce powers. But this language is ambiguous, and may 
- lead to mistake. For the same terms are applied to powers 
with positive and negative signs prefixed. Thus -^Sa^ is 
called a positive power ; while - Saf is called a negative one. 
It may occasion perplexity, to speak of the latter as being 
both positive and negative at the same time ; positive, be- 
cause it has a positive indexy and negative because it has a 
negative co-efficient. This ambiguity may be avoided, by 
using the terms direct and reciprocal ; meaning, by the for- 
mer, powers with positive exponents, and by the latter, pow- 
ers with negative exponents. 

Note F. p. 109. 

I have been unwilling to admit into the text the rules of 
calculation which are commonly applied to imaginary quan-. 
tides ; as mathematicians have not yet settled the logic of 
the principles upon which these rules must be founded. It 
appears to be taken for granted by Euler and others, that the 
product of the imaginary roots of two quantities, is equal to 
the roo of tlu pro duct of the quantities ; for instance, that 
V^XV-6==V -ax-b. If this principle be admitted, 
certain limitations must be observed in the application. If 

we make V^xV^=V-aX -a, and this in confor- 
mity with the common rule for possible quantitiesi t=>\/(^; 
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yet we are not at liberty to consider the latter expression as 
equivalent to a. For though \/a^, when taken without re- 
ference to its origin, is ambiguous, and may be either -^a or 
- a ; yet when we know that it ha& been produced by mul- 
tiplying^ - a into itself, we are not permitted to give it any 
other value than -a. (Art. 262.) 

On the principle here stated, imaginary expressions may 
K>e easily prepared for calculation, by resolving tlte qua$UUy 
under the radical sign into two factors^ one of which is ^l ; 

thereby reducing the imaginary part of the expression to V-1. 

As -a=4-^X - h the expression ^ -a=/\/^X - 1=V^X 

V^. So V-a-6=:VS+6xV^. The first of the 
two factors is a real quantity. After the impossible part of 

imaginary expressions is thus reduced to V-1, they may be 
multiplied and divided by the rules already given for other 
radicals. 

T hus i n Multiplicatim, 

1. V^xV^=VaxV^XV*xV^==VaiX-l== 

5. V~9 X V^= - V36= - 6. 

4. (i+vrr)x(i-v~r)=2. 

From these examples it will be seen, that according to the 
principle assumed, the product of two imaginary expressions 
IS a real quantity. 

6. V~axV*=V«xV^XV*=V«*xV^. 

6. V^xVis=6xV^. 

Hence, the product of a real quantity and an imagii\aiy 
expression, is itself imaginary, 

In Dimsian, 

Hence, the quotient of one imaginary expression divided 
by another is a real quantity. 



2. I-Hf^L 



3. ^.y:2^=^.^vrT. 
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y-a yaxV-l V-* 



Hence, the quotient of an imaginary quantity divided by a 
real one, or of a real quantity divided by an imaginary one, 
is itself imaginary. 

By multiplying V - 1 continually into itself, we obtain the 
following powers. 



(V-ir==+i_ 

&c. 



&c. 



The even powers being alternately - 1 and +1 and the 
odd powers, - V- 1 and 4-V- 1- 

On the nature and use of imaginary expressions, see Eu- 
lefs Algebra, Rees* Cyclopedia, the Edinburgh Review, Vol. 
L and the London Philosophical Transactions for 1801, 1802 
and 1806. 

Note G. p. 146. 

Every affected quadratic equation may be reduced to one 
of the three following forms. 

1. «*-|-aa:= b 

2. a^-aar= 6 
S. a*-aa:=-6 

These, when they are resolved, become 



2. x= la±V\c^±b 

3. ar= iolVK"* 

In the two first of these forms, the roots are never imagi 
nary. For the terms under the radical sign are both posi 
tive. But in the third form, whenever 6 is greater than ^tf, 
tlie expression ia* - 6 is negative, and therefore its root is 
impodsible. 
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Note H. p. 175. 

For the sake of keeping clear of the multiplied controver- 
sies, a great portion of them verbal, respecting the nature ol 
ratio, I have chosen to define geometiical ratio to be that 
which is expressed by the quotient of one quantity divided by 
another, rather than to say that it consists in this quotient. 
Every ratio which can be mathematically assigned, may be 
expressed in this way, if we include surd quantities among 
those which are to be admitted into the numerator or denomi- 
nator of the fraction representing the quotient. 

Note L p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given in Euclid. That is included in 
this, but is limited to a particular case, which is stated in 
Art. 353. It may answer the purposes of geometry} but is 
not sufficiently general for algebra. 

Note K. p. 178. 

It is not dem'ed that very respectable waters use thesft 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
difference between tvnce this ratio, and the square of it, that 
is, between twice three, and the square of three. All are 
agreed to call the latter a duplicate ratio. What occasion is 
there, then, to apply to it the term double also 1 This is 
wanted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the common acceptation of the 
word, in familiar language. 

Note L. p. 185. 

The definition here given is meant to be applicable to 
quantities of every description. The subject of proportion as 
it is treated of in Euclid, is embarrassed by the means which 
are taken to provide for the case of incommensurable quanti* * 
ties. But tliis difficulty is avoided! by the algebraic nota- 
tion which may represent the ratio even of inconunensur- 
ables. 

Thus the ratio of 1 to a/2 is _-. 
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It is impossible, indeed, to express in rational numbers, 
che square root of 2, or the ratio which it bears to 1. But 
this is not necessary, for the purpose of showing its equality 
with another ratio. 

The product 4x2=8. 

And, as equal quantities have equal roots, 

2x\/2=V8> therefore, 2 : \/S : : 1 : \/2. 

Here the ratio of 2 to \^y is proved to be the same, as 
that of 1 to V^ ; although we are unable to find the exact 
value either of a^S or \/2. 

It is impossible to determine, with perfect accuracy, the 
ratio whicli the side of a square has to its diagonal. Yet it 
is easy to prove, that the side of one square has the same ra- 
tio to its diagonal, which the side of any other s^quare has to 
its diagonal. When incommensurable quantities are once 
reduced to a proportion, they are subject to the same laws as 
other proportionals. Throughout the section on proportion, 
the demonstrations do not imply that we know the value of 
the terms, or their ratios ; but only that one of the ratios is 
equal to the other. 

Note M. p. 190. 

The inversion of the means can be made with strict pro- 
priety in those cases only in which all the terms are quanti- 
ties of the same kind. For, if the two last be different from 
the two first, the antecedent of each couplet, after the inver- 
sion will be different from the consequent, and therefore, 
there can be no ratio between them. (Art. 355.) 

This distinction, however, is of little importance in prac- 
tice. For, when the several quantities are expressed in nuni' 
bersy there will always be a ratio between the numbers. And 
when two of them are to be multiplied together, it is imma- 
tericd which is the multiplier, and which the multiplicand. 
Thus in the Rule of Three in arithmetic, a change in the 
jorder of the two middle terms will make no difference in the 
result. 

Note N. p. 197. 

The terms composition ^uA dmaum are derived from ge- 
ometry, and are introduced here, because they are generally 
used by writers on proportion. But they are calculated rather 
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to perpieZy thaa to assist the learner. The ohjection to tho 
word compysUwn is, that its meaning is liable to be mistaken 
for the composition or compounding of ratios, (Art. 390,) 
The two cases are entirely different, and ought to be carefully 
distinguished. In one, the terms are addedy in the other^ 
they are mulHpUed together. The word compound has a simi- 
lar ambiguity in other parts of the mathematics. The ex- 
pression a-\-bj in which a is (idded to 6, is called a compound 
quantity. The fraction J of f , or J Xt» ^ which i is mulA' 
plied into f , is called a compound fraction. 

The term divisiany as it is used here, is also exceptionable. 
The alteration to which it is applied, is effected by sfjibtractionf 
and has nothing of the nature of what is called division in 
arithmetic and ajgebra. But there is another case, (Art. 
392.) totally distinct from this, in which the change in the 
terms of the proportion is actually produced by division. 

Note O. p. 206. 

The principles stated in this section, are not only expressed 
m different language, from the corresponding propositions in 
Euclid, but are in several instances more general. Thus the 
first proposition in the fifth book of the Elements, is confined 
to eqtmnultiples. But the article referred to, as containing this 
proposition, is applicable to all cases of equal reUios^ whether 
the antecedents are multiples of the consequents or not. 

Note P. p. 222. 

The solution of one of the cases is omitted in the text, he- 
cause it is performed by logarithmsy with which the learner 
is supposed not to be acquainted, in this part of the course. 
When the first term, the last term, and the ratio are given, 
the number of terms may be found by the formula 

log.J 

Note Q. p, 227. 

Wlien it is said that a mathematical quantity may be sup- 
posed to be increased beyond any determinate limits, it is not 
intended that a quantity can be specified so great, that no 
limits greater than this can be assigned. The quantity and 

2« 



^ 



VPi 



S30 ALGEBRA. 

the limits may be aUemately extended one beyond the other. 

If a line be Qonceived to reach to the most distant point in 

the visible heavens, a limit may be mentioned beyond this. 

The line may then be supposed to be extended farther *than 

this limit. Another point may be specified still farther on, 4 

and yet the line may be conceived to be carried beyond it. | 

Note R. p. 230. 

The apparent c<mtr<idic(ton8 respecting infinity, are owing 
to the ambiguity of the term. It is often thought that the 
proposition, that quantity is infinitely divisible, involves an 
absurdity. If it can be proved that a line an inch long can ^ 

be divided into an infinite number of parts, it can, by the 
same mode of reasoning, be proved, that a line two inches 
long may be first divided in the middle, and then each of the 
sections be divided into an infinite number of parts. In this 
way, we shall obtain one infinite twice as great as another. 

If by infinity, here is meant that which is beyond any as- 
signable limits, one of these infinites may be supposed greater 
than the other, without any absurdity. But if it be meant 
that the number of divisions is so great that it cannot be in- 
creased, we do not prove this, concerning either of the lines. 
We make out, therefore no contradiction. The apparent 
absurdity arises from shifting the meaning of the terms. We 
demonstrate that a quantity is, in one sense infinite ; and 
then infer that it is infinite, in a sense widely dififerent. 

Note S. p. 233. 

Strictly speaking, the inquiry to be made is, how often the 
whole divisor is contained in as many terms of the dividend. 
But it is easier to divide by a part oidy of the divisor ; and 
this will lead to no error in the result, as the whole divisor is ! 

multiplied, in obtaiidhg the several subtrahends. 

Note T. p. 244. 

The demonstration of this proposition, particularly in its 
application to fractional indices, could not be introduced, with 
advantage, iq this part of the course. It does not appear 
that Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since ^ 

been given ; yet they are generally founded upon principles 
and methods of investigation not contained in this introduc- 
tion, such as the Jaw? of combination, fluxions, and figurate 
jiinnbers* 
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Those who wish to examine the inquiries on this subject, 
may consult Simpson's Algebra, Section 15, Euler's Algebra, 
Section 2, Chap. 11, Vince's Fluxions, Art 99, Lacroix'a 
Algebra, Art. 138, &c. Do. Ccmp. Art. 71, Rees' Cyclopedia, 
Manning's Algebra, the London Phil. Trans. Vol. xxxy, p. 
298, Woodhouse's Analytical Calculations, Bonnycastle's 
Algebra, and Lagrange's Theory of Analytical Functions. 

Note U. p. 277. 

The very limited extent of this work would admit of no- 
thing more, than a few specimens of the Summation of Se- 
ries. For information on this subject, the learner is referred 
to Emerson's Method of Increments, Sterling's Summation 
of Series, Waring's Fluxions, Maclamin's Fluxions, Art. 828, 
&c. Wood's Algebra, Art. 410, Lacroix's Comp. Alg. Art. 
81, &c. Euler's Anal. Infin. C. xiii, Simpson's Essays and 
Dissertations, De Moivre's Miss. Analyt. p. 72, and the Lou- 
don Philosophical Transactions. 

Note V. p. 291. 

To those who have made any considerable progress in the 
mathematics, this section will doubtless appear very defec* 
tive. But it was impossible to do justice to the subject, 
without occupying more room than could be allotted to it 
here. In going through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those who wish to examine particularly the different meth- 
ods of solution, will find them in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part. 2, Euler's Alg. Part 1. Sec. 4, 
Waring's Algebra, Do, Medit. Algeb., Wallis' Algebra, Simp- 
son's Alg. Sec. 1 2, Fenn's Alg. Ch. 3 ^nd 4., Saunderson's 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions. 

Note W. p. 298. 

It will be thought, perhaps, that it was unnecessary to b^ 
so particular, in obtaining the expression for the area of a 
parallelogram, for the use of those who read Playfair's edi- 
tion of Euclid, in which ^^AD.DC is put for the rectangle 
contained by «3Z> and UC." It is to be observed, however, 
that he introduces this, merely as an article of notation. 
(Book II. Def. 1.) And though a point interposed between 
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the letiera, is, in Algebra, a sign of multiplication; jret he 
does not here undertake to show how the sides of a parallelo- 
gram may be multiplied together. In the first book of the 
Supplement^ he has indeed demonstrated, that <* equiangular 
parallelograms are to one another, as the [M-oducts of the 
numbers proportional to their sides." But he has not given 
to the expressions the forms most convenient for the suc- 
ceeding parts of tills work. . In making the transition from 
pure geometry to algebraic solutions and demonstrations, it is 
important to have it clearly seen that the geometrical princi- 

IAea are not altered ; but are only expressed in a different 
anguage. 

Note X. p. 307. 

This section comprises very little of what is commonly 
understood by the application of algebra to geometry. The 
principal object has been, to prepare the way for the other 
parts of the course, by stating the grounds of the algebraic 
notation of geometrical quantities, and rendering it familiar 
by a few examples. 

On the construction and solution of problems, See New- 
ton's Arithmetic, Simpson's Alg. Sec. 18 and appendix, La- 
croix's App. Alg. &eom., Saunderson's Alg. Book xiii. Ana- 
lyt. Inst, of Maria Agnesi, Book i. Sec. 2, and Emerson's 
Alg Book II, Sec. 6. 

Note Y. p. 320. 

On the equations of curves, the geometrical construction 
of equations, the finding of loci, &c. see Maclaurin's Alg. 
Part III, and appendix, Newton's Arith., Emerson's Alg. 
Book If, Sec. 9, Do. Prob. of Cuitcs, Euler's Anal. Infin., 
Waring's Prob. Alg. and Mansfield's Essays. 

Among the subjects which, for want of room, are entirely 
omitted in this introduction, one of the most interesting is the 
indeterniinate analysis. No part of Algebra, perhaps, is bet 
ter calculated to exercise the powers of invention. But other 
branches of the mathematics are so little dependent on this, 
that it is not absolutely necessary to give it a place in an ele- 
mentary course. 

See, on this subject, Euler's Alg. Vol. ii, with Lagrange's 
additions, Saunderson's Alg. Book vi, Bonnycastle's Algebra^ 
and the Edinburgh Phil. Transactions, Vol. ii. 
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